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ABSTRACT 


(Distribution  Limitation  Statement  B) 

A  successful  computational  and  experimental  procedure  has  been 
developed  for  predicting  shock- induced  damage  in  brittle  and  ductile 
materials.  This  procedure  results  in  the  determination  of  two  material 
functions  namely,  the  nucleation  rate  and  the  growth  rate  for  microscopic 
voids,  which  eventually  coalesce  to  form  fracture.  These  nucleation  and 
growth  rate  material  functions  are  dependent  on  stress,  temperature,  and 
time.  During  this  project  we  have  measured  the  stress  and  time  dependence 
of  these  functions  at  room  temperature  for  1145  Ai,  OFHC  copper,  and  Armco 
iron.  Additional  but  less  complete  data  have  been  obtained  for  2024-T81 
Al ,  high  purity  Al ,  high  purity  iron,  and  Los  Alamos  Scientific  Laboratory 
(LASL)  graphite. 

The  dependence  of  the  growth  rate  functions  on  other  material  prop¬ 
erties  lias  been  found  in  some  detail  for  ductile  aluminum  and  copper  and 
for  brittle  Armco  iron.  A  comparable  understanding  of  the  measured  nu¬ 
cleation  rate  functions  has  not  yet  been  attained. 

In  addition  to  the  progress  listed  above,  the  following  new  contri¬ 
butions  have  been  made  during  the  course  of  the  project: 

•  Development  of  a  computer  code,  BABS  2,  which  converts  observed 
crack  surface  distributions  to  crack  volume  distributions,  and 
which  shows  promise  of  wide  application. 

•  Development  of  computer  subroutines  DFRACT  and  BFRACT  which, 
together  with  SRI  PUFF,  allow  the  computation  of  stress  waves 
in  materials  that  undergo  ductile  fracture  by  void  growth  or 
brittle  fracture  by  crack  growth. 

•  Development  of  the  computer  code  VOID,  which  computes  void 
growth  and  collapse  in  two  space  dimensions.  Modifications 
of  the  code  are  already  in  use  at  Stanford  Research  Institute 
in  applications  ranging  from  cavitation  in  liquid  propellants 

iii 


to  prediction  of  impact  damage  in  human  heads.  This  finite 
element  code  includes  a  new  method  for  computing  momentum 
transfer  and  utilizes  a  multidimensional  stress  relaxation 
model . 

•  Development  of  an  experimental  technique,  using  a  tapered 
projectile  head,  for  obtaining  incipient  damage  data  from 
a  single  impact  experiment. 


Development  of  constitutive  relations  for  damaged  material. 
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SECTION  I 


INTRODUCTION 

Dynamic  fracture  by  plane  (or  nearly  plane)  stress  waves  is  an 
important  response  mode  in  reentry  vehicles  exposed  to  intense  bursts 
of  radiation.  This  response  mode  is  important  for  reentry  vehicle  sur¬ 
vivability  studies  and  also  for  Anti-Ballistic  Missile  (ABM)  fratricide 
studies  because  it  occurs  at  relatively  low  fluence.  It  may  also  be 
important  in  heavy  damage  studies  because  it  can  affect  the  momentum 
distribution  in  the  vehicle  wall.  The  present  program  has  been  motivated 
by  the  reentry  vehicle  survivability  problem;  however,  the  results  apply 
to  the  other  two  problems  as  well.  Dynamic  fracture  caused  by  stress 
waves  is  also  important  in  other  applications,  such  as  in  fragmentation 
weapons  and  lightweight  ceramic  armor. 

The  need  for  understanding  dynamic  fracture  is  particularly  impor¬ 
tant  for  radiation  spectra  for  which  laboratory  simulation  methods  are 
inadequate.  With  such  an  understanding,  it  will  be  possible  to  produce 
a  critical  damage  curve  giving  the  fluence  needed  to  produce  fracture  as 
a  function  of  spectrum.  Such  a  capability  is  important  in  planning  nu¬ 
clear  weapons  effects  tests  and  in  interpreting  and  generalizing  the  test 
results.  An  example  of  the  successful  application  of  the  present  fracture 
work  in  interpreting  nuclear  £est  results  is  given  in  Volume  Two  of 
reference  1. 

The  goal  of  our  work  has  been  to  predict  in  detail  the  microscopic 
damage  induced  in  ductile  and  brittle  materials  by  known  shock-loading 
histories.  This  has  to  a  great  extent  been  reached;  the  degree  to 
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which  successful  predictions  can  now  be  made  is  discussed  in  detail  in 
this  report. 

Dynamic  fracture  by  stress  waves  differs  from  static  fracture  in 
that  the  duration  of  the  stress  causing  fracture  is  very  short — often 
a  microsecond  or  less.  It  has  been  shown  in  this  program  that  under  such 
short  duration  loads  the  fracture  process  can  be  described  by  the  nuclea- 
tion  and  growth  of  voids  or  cracks,  which  ultimately  coalesce  to  produce 
fracture.  The  approach  has  been  to  use  plane  impacts  to  determine  ex¬ 
perimentally  the  stress-dependent  nucleation  rates  and  growth  rates  for 
internal  damage.  These  functions  govern  the  development  of  damage  and, 
hence,  of  fracture  and  can  be  used  with  arbitrary  stress  histories  (as 
observed,  for  example,  in  the  radiation  environment)  to  predict  the  extent 
and  location  of  damage. 

The  nucleation  rate  and  growth  rate  functions  are  determined  from 
experiments  using  known  stress  histories  (from  flying  plates,  for  example). 
The  stress  history  is  calculated  using  a  PUFF  code  with  appropriate  con¬ 
stitutive  relations.  Unmodified  constitutive  relations  ior  the  material 
can  be  used  to  calculate  the  stress  history  for  small  amounts  of  damage. 
However,  for  even  moderate  damage  levels  the  effect  of  the  damage  on  the 
stress  history  is  significant,  and  a  modified  equation  of  state  is  used 
that  treats  the  material  as  a  porous  solid  consisting  of  damaged  regions 
and  undamaged  regions. 

After  loading  by  a  known  pulse,  the  specimen  is  sectioned  normal  to 
the  damage  plane;  this  shows  the  intersection  of  the  damage  with  the  plane 
of  the  section.  In  ductile  fracture  the  internal  damage  appears  as  spher¬ 
ical  voids,  and  in  brittle  fracture  it  appears  as  plane  cracks.  An  im¬ 
portant  aspect  of  the  analysis  is  determination  of  the  volume  distribu¬ 
tion  of  damage  from  such  surface  observations. 
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Thus,  with  this  approach,  the  main  components  in  developing  a  method 
for  predicting  fracture  by  stress  waves  are: 

•  To  load  dynamically  and  to  recover  specimens. 

•  To  achieve  experimental  control  so  that  the  damage  can  be 
stopped  in  different  stages  of  growth. 

•  To  describe  quantitatively  the  size  and  the  spatial  distribu¬ 
tion  of  damage  in  the  volume  of  the  material. 

•  To  specify  the  macroscopic  stress  and  the  stress  duration  at 
any  location  in  the  specimen  under  conditions  of  nucleation  and 
growth  of  damage. 

The  nucleation  rate  and  growth  rate  functions  can  be  determined 
completely  by  combining  the  information  gained  in  the  steps  above.  How¬ 
ever,  theoretical  work  in  the  nucleation  and  growth  processes  has  made 
it  possible  to  obtain  estimates  of  these  functions  for  materials  other 
than  those  tested. 

During  the  course  of  this  project  we  have  studied  dynamic  ductile 
fracture  in  aluminum,  aluminum  alloys,  and  copper,  and  dynamic  brittle 
fracture  in  iron  and  graphite.  In  this  report  we  first  summarize  our 
conclusions  and  recommendations  in  Section  II  and  then  describe  the  main 
features  of  our  work  on  ductile  fracture  (Section  III)  and  on  brittle 
fracture  (Section  IV).  In  addition,  in  a  series  of  ten  appendices  we 
describe  in  detail  our  experimental  techniques  (Appendices  I  and  I I ) , 
our  mathematical  models  related  to  growth  of  damage  (Appendices  III  through 
Vi),  and  the  computer  codes  that  were  developed  for  this  program  (Appendices 
V  and  vil  through  X).  These  codes  calculate  void  growth  in  two  dimensions, 
stress  wave  propagation  in  partially  fractured  material , and  the  statisti¬ 
cal  transformation  of  void  surface  distributions  to  void  volume  distribu¬ 
tions. 
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SECTION  II 


CONCLUSIONS  AND  RECOMMENDATIONS 


A  successful  experimental  and  computational  procedure  has  been 
developed  for  predicting  shock-induced  damage  in  brittle  and  ductile 
materials.  This  procedure  results  in  the  determination  of  two  material 
functions,  namely,  the  nucleation  rate  and  the  growth  rate  for  micro¬ 
scopic  voids  and  cracks,  which  eventually  coalesce  to  form  fracture. 

These  nucleation  and  growth  rate  material  functions  are  dependent  on 
stress,  temperature,  and  time.  During  this  project  we  have  measured  the 
stress  and  time  dependence  of  these  functions  at  room  temperature  for 
1145  A1 ,  OFHC  copper,  and  Arinco  iron.  Additional  but  less  complete  data 
have  been  obtained  for  2024-T81  A1 ,  high  purity  A1 ,  high  purity  iron, 
and  LASL  graphite. 

Although  the  nucleation  and  growth  rate  functions  for  damage  in 
brittle  and  ductile  materials  are  valid  material  properties,  it  is  desir¬ 
able  to  understand  their  dependence  on  other  microscopic  material  proper¬ 
ties  because  damage  predictions  could  then  be  made  for  other,  similar 
materials.  We  have  been  largely  successful  in  gaining  such  an  under¬ 
standing  of  the  growth  rate  functions  for  the  ductile  and  brittle  metals 
studied.  A  comparable  understanding  of  the  measured  nucleation  rate 
functions  has  not  yet  been  attained,  although  several  promising  avenues 
of  research  are  evident. 

In  Table  I  we  list  the  materials  studied  during  the  course  of  our 
dynamic  fracture  work  and  the  varying  levels  of  analysis  completed  for 
each  material. 
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Table 


In  the  course  of  the  project,  computer  codes  were  written  to  calcu¬ 
late  stress  histories  in  fracturing  brittle  and  ductile  materials.  In 
addition,  several  auxiliary  computer  codes  were  developed  that  show 
promise  of  wid  application.  One  of  these  codes,  BABS2 ,  converts  ob¬ 
served  crack  surface  distributions  to  crack  volume  distributions.  Another 
of  these  codes,  VOID,  computes  void  growth  and  collapse  in  two  space 
dimensions.  Modifications  of  this  code  are  already  in  use  at  Stanford 
Research  Institute  (SRI)  in  applications  ranging  from  cavitation  in  liquid 
propellants  to  prediction  of  impact  damage  in  human  heads.  This  code  has, 
of  course,  direct  application  to  wave  propagation  in  porous  materials. 

Productive  areas  of  future  research  include  the  following: 

•  Metals: 

-  Study  the  dependence  of  the  damage  nucleation  rate  on  other 
microscopic  material  properties  in  ductile  and  brittle  metals. 

-  Extend  the  study  to  obtain  the  nucleation  and  growth  rate 
functions  for  other  metals  of  interest.  (This  is  currently 
being  done  for  beryllium  under  contract  to  the  Air  Force 
Weapons  Laboratory.  ) 

-  Correlate  results  of  dynamic  and  static  tests  to  find  the 
values  of  the  nucleation  and  growth  rate  functions  over  a 
wide  range  of  loading  rates.  This  is  a  possible  approach  to 
the  problem  of  determining  fracture  toughnesses  (K  )  ductile 
materials . 

•  Composites:  Apply  the  procedure  for  measuring  nucleation  and 
growth  rate  functions  to  composite  materials  such  as  the  new 
carbon-carbon  heat  shield  materials. 

•  Graphite:  The  preliminary  work  performed  at  SRI  and  elsewhere 

on  the  dynamic  fracture  of  graphite  indicates  that  the  fracturing 
behavior  of  this  brittle  material  is  strongly  dependent  on  micro¬ 
structure  and  porosity.  This  dependence  could  be  profitably  in¬ 
vestigated  further  using  the  techniques  developed  in  this  program. 

•  Correlation  of  underground  nuclear  test  data:  In  reference  1  it 
was  shown  that  the  fracture  model  developed  in  this  project  was 
able  to  predict  correctly  the  location  and  extent  of  shuck  damage 
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SECTION  III 


DUCTILE  FRACTURE 

In  this  section  we  will  discuss  the  work  performed  on  the  metals 
that  exhibited  ductile  fracture  by  nucleation  and  growth  of  spherical 
voids  under  dynamic  loading. 

We  will  first  present  an  overview  of  our  -  jproach  to  the  ductile 
fracture  problem  and  will  then  describe  in  detail  our  experimental 
observations  and  our  methods  of  data  i  'lvsis.  This  will  be  followed 
by  a  discussion  of  the  stress  history  calculations  and  illustrations  of 
the  results  of  these  computations.  We  will  next  describe  simplified 
damage  criteria  that  can  be  used  to  predict  approximate  levels  of  damage 
in  shock-loaded  samples.  Finally,  a  summary  of  the  results  of  our  ductile 
fracture  work  will  be  given. 

1.  DUCTILE  FRACTURE  MECHANISMS 

The  term  "ductile  fracture”  implies  failure  or  fracture  occurring 
after  large  plastic  deformation.  This  is  not  wholly  accurate  since  cleav¬ 
age  or  brittle  failure  can  also  occur  after  substantial  plastic  deformation 
in  some  materials.  Ductile  fracture  under  quasi-static  conditions  is  com¬ 
monly  characterized  by  failure  described  as  cup-and-cone ,  following  the 
formation  of  a  neck  in  the  sample  after  significant  deformation.  This 
classic  form  of  failure  (cup-and-cone)  results  from  a  complex  process 
arising  from  the  stress  distribution  experienced  in  a  uniaxial  tensile 
test  and  the  work-hardening  characteristics  of  the  material  being  tested. 
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Three  general  modes  of  ductile  fracture  are  classified  by  the  macro¬ 
scopic  form  of  the  fractured  sample,  as  shown  in  Fig.  1.  The  first,  the 
cup-and-cone ,  is  the  classic  type;  it  is  observed  in  ductile  materials 
having  an  average  work-hardening  and  a  relatively  high  inclusion  or 
imperfection  content.  The  second  is  a  double  cup-and-cone  that  is  observed 
in  ductile  materials  with  an  average  work-hardening  and  a  low  inclusion 

The  third,  planar,  is  characteristic  of  high-strength  materials 
a  high  inclusion  content  and  a  low  work-hardening  rate. 


(•)  (b)  (c> 

GA  7456-20 


FIGURE  1  MODES  OF  DUCTILE  FRACTURE: 

(a)  Double  cup-and-cone; 

(b)  Cup-and-cone; 

(c)  Planar. 

The  formation  of  these  macroscopic  structures  is  dependent  on  micro¬ 
scopic  fracture  mechanisms  and  the  development  of  the  neck.  Necking 
occurs  when  the  increase  in  tensile  stress  due  to  the  reduction  in  cross- 
sectional  area  resulting  from  instic  deformation  cannot  be  supported  by 
the  concurrent  strain  hardi  ice  t  neck  is  formed  a  triaxial  stress 

state  occurs  in  the  neck  r  ause  of  its  nonuniformity.  This 

stress  state  is  important  in  <.  mrolling  the  fracture  characteristics. 

Metallographic  examination  of  sections  of  the  neck  region  in  deformed 
metals  has  shown  that  in  the  early  stages  of  necking  only  slip  is  occurring. 


Upon  larger  deformation  small  voids  are  observed  that  grow  and 
coalesce  into  cracks  leading  to  failure.  The  nucleation  and  growth  of 
these  voids  is  directly  related  to  the  triaxial  stress  state  in  the  necked 
region.  These  pores  form  at  small  inclusions  or  particles  of  a  second 
phase  in  the  material.  This  has  been  substantiated  for  copper  of  varying 
purity,  aluminum,  iron,  and  various  iron  alloys. 

Electron  micrographs  of  replicas  taken  from  the  fracture  surfaces  of 
ductile  metals  have  shown  that  they  are  covered  with  dimples  varying  in 
diameter  from  a  few  microns  to  over  100  p,.  These  dimples  often  contain 
inclusions  indicating  that  voids  were  nucleated  at  inclusions.  The  areas 
showirg  this  simple  structure  in  Figure  1  are  the  flat  regions.  The  cone 
areas  result  from  rapid  shear  occurring  after  the  central  regions  have 
failed . 

Of  the  materials  studied  here  1145  Al,  pure  Al,  and  OFHC  copper 
represent  low-strength  ductile  materials  that  exhibit  failure  modes  (a)  or 
(b)  shown  in  Figure  1  because  they  have  a  high  strain-hardening  rate  and 
are  of  commercial  purity,  containing  few  microscopically  observable  in¬ 
clusions.  The  2024-T81  aluminum  exhibits  failure  by  mode  (c)  of  Figure  1 
because  of  its  high  strength,  low  strain  hardening,  and  high  inclusion 
content . 

The  observations  above  on  static  fracture  of  ductile  materials  are 
pertinent  to  the  understanding  dynamic  fracture.  Under  plate  impact  load¬ 
ing,  one-dimensional  strain  conditions  are  imposed  on  the  material.  In 
this  state  large  triaxial  tensile  stresses  develop  during  loading.  Then, 
depending  on  the  mechanisms  for  nucleation,  voids  may  nucleate  and  grow 
upon  plate  impact  induced  tensile  loading, 

Nucleation  mechanisms  can  be  separated  into  two  classes,  atomic  and 
microscopic.  In  both  cases  the  mechanisms  are  directly  related  to  the 
deviation  of  a  material  from  a  perfect  lattice.  Further,  almost  all 
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mechanisms  are  based  on  dislocation  motion;  those  that  occur  at  the 
lowest  stresses  are  associated  with  microscopic  imperfections  including 
precipitates  and  inclusions.  Subsequent  growth  of  voids  after  nucleation 
is  necessary  for  failure  to  occur.  In  plate  impact  dynamic  fracture  tests, 
large  triaxial  tensile  stresses  of  5  to  20  times  the  yield  strength  may 
occur.  These  stresses  generate  very  high  rates  of  deformation  about  the 
void|  especially  in  low  strength  materials  such  as  commercially  pure 
aluminum  and  other  ductile  metals.  The  result  is  that  very  rapid  growth 
of  the  voids  occurs,  and  short  time  durations  (0.01  to  1.0  psec)  of 
tensile  stress  loading  are  sufficient  for  development  of  observable 
damage.  Void  growth  mechanisms  have  not  been  investigated  from  an 
atomic  or  microscopic  viewpoint,  however.  Descriptions  based  on 
continuum  mechanics  concepts  and  idealized  material  behavior  are 
available  (Ref.  2).  These  descriptions  have  been  used  in  the  develop¬ 
ment  of  models  (Refs.  3,  4)  for  ductile  failure  by  void  growth  and 
coalescence  under  static  conditions.  Such  models  predict  strains 
rather  larger  than  those  observed  experimentally  but  give  the  correct 
dependence  of  strain  to  fracture  on  void  concentration  in  materials 
studied.  The  essential  result  is  that  at  high  void  densities  the 


material  has  the  lowest  ductility  (strain  to  fi 
inclusion  or  precipitate  content  will  act  to 
fracture  by  providing  nucleation  sites  for  voi 


.  Therefore,  high 


he  strain  to 


. s  generalization 


is  pertinent  to  the  behavior  of  ductile  materials  under  dynamic  con¬ 
ditions  since  the  degree  of  damage  sustained  will  be  a  strong  function 
of  the  number  of  available  nucleation  sites. 

It  has  been  shown  in  quasi-static  tests  (Ref,  5)  that  the  higher 
the  purity  of  a  metal  (aluminum),  the  lower  the  tendency  for  void  for¬ 
mation,  and  the  more  likely  fully  ductile  failure  will  be  observed. 
Similar  work  (Ref.  6)  has  also  demonstrated  that  at  very  low  temperatures 
voids  will  form  in  materials  in  which  void  formation  is  not  observed  at 


1 

: 


room  temperature.  This  indicates  that  some  new  nucleation  mechanism  be¬ 
comes  operative  at  low  temperatures  or  that  the  higher  stress  necessary 
for  low- temperature  deformation  is  sufficient  to  activate  sites  not  ac¬ 
cessible  at  lower  stresses.  This  is  pertinent  to  the  results  on  pure  Al. 

The  distribution  of  inclusions  is  also  important  since  specific 
regions  of  high  inclusion  density  can  act  as  crack  propagators.  Inhomo¬ 
geneous  inclusion  distributions  are  commonly  observed  in  forged,  extruded 
drawn,  and  rolled  stock,  where  material  flow  during  forming  defines  the 
inclusion  distribution.  The  structures  formed  are  termed  stringers  and 
have  a  marked  effect  on  the  fracture  characteristics  of  ductile  materials 
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2. 


DUCTILE  FRACTURE  MODEL 


a.  Nature  of  the  Model 

Observations  of  fracture  damage  in  several  grades  of  aluminum 
led  us  to  the  formulation  of  the  present  theoretical  model  for  ductile 
fracture.  The  model  provides  for  the  nucleation  of  voids  as  a  function 
of  tensile  stress  level,  for  growth  of  the  voids  under  tensile  loading, 
and  for  the  relaxation  of  stress  and  reduction  of  strength  as  a  function 
of  the  developing  damage.  The  growth  and  stress  relaxation  aspects  of 
the  model  are  based  on  material  viscosity,  yield  strength,  bulk  modulus, 
and  other  material  properties.  Because  of  this  dependence  on  standard 
material  properties,  we  believe  that  this  fracture  model  will  be  appli¬ 
cable  to  fracture  in  the  whole  class  of  ductile  materials.  This  belief 
has  been  justified  by  the  results  with  copper. 

The  ductile  fracture  model  differs  greatly  from  other  fracture 
models,  such  as  that  of  Tuler  and  Butcher  (Ref.  7),  the  tensile  impulse 
model,  or  the  ultimate  strength  model.  The  main  differences  are: 

•  The  amount  of  damage  is  computed  as  a  function  of  time  and 

position  in  the  sample;  <'  i mpler  models  indicate  only 
whether  the  sample  has  t  >r  give  the  impact  conditions 

causing  some  arbitrary  c  level. 

•  The  equation  of  state  is  modified  to  account  for  damage; 
hence,  the  stress  is  relaxed  from  the  value  it  would  have 
in  undamaged  material.  In  the  simpler  models  the  stress 
is  unaffected  by  damage. 

in  addition,  because  our  fracture  model  can  be  related  to  material  prop¬ 
erties,  it  is  more  likely  to  lead  to  an  understanding  of  the  nature  of 
ductile  fracture. 

The  ductile  fracture  model  was  developed  primarily  from  a  study 
of  partially  fractured  samples  of  1145  aluminum.  Thin  target  plates  of 
the  aluminum  were  subjected  to  planar  impacts  with  thinner  aluminum  flyer 


plates.  After  the  impact  the  target  plate  was  sectioned  and  mechanically 
polished  (see  Figure  2  for  a  sample),  revealing  the  presence  of  nearly 
spherical  voids.  The  voids  were  counted,  noting  the  number  of  each  size 
as  a  function  of  depth  into  the  target.  This  count  on  the  surface  was 
then  transformed  to  a  volume  distribution  through  a  statistical  trans¬ 
formation  similar  to  Scheil 's  method.  A  series  of  distributions  obtained 
at  six  depths  in  an  aluminum  target  is  shown  in  Figure  3.  The  ordinate 
is  the  cumulative  number  of  voids  larger  than  a  given  radius.  Zone  F01 
is  at  the  expected  spall  plane.  The  size  of  voids  and  total  number  of 
voids  decrease  with  increasing  distance  away  from  the  spall  plane. 

The  stress  histories  computed  for  points  in  the  aluminum  targets 
near  the  incipient  spall  plane  indicated,  as  shown  in  Figure  4,  that  a 
compressive  pulse  was  followed  by  a  tensile  pulse.  The  tensile  pulse  was 
initially  approximated  as  a  square  pulse  characterized  by  a  peak  stress 
and  a  duration  of  stress.  From  these  data  the  nucleation  rate  and  growth 
rate  were  determined  as  described  in  the  following  sections.  These  rates 
were  combined  with  constitutive  relations  for  damaged  material  to  produce 
the  complete  model. 

b.  Nucleation  Rate 

Nucleation  of  voids  in  the  aluminum  appeared  to  occur  by  the 
decohesion  of  aluminum  from  hard  inclusions  distributed  through  the  mate¬ 
rial  . 

The  nucleation  rate  used  in  our  quantification  of  the  damage 
and  in  the  wave  propagation  calculations  is  actually  an  "observation" 
rate,  the  rate  at  which  voids  reach  an  observable  size.  The  nucleation 
rate  was  determined  for  specimens  with  low  damage  by  noting  the  correla¬ 
tion  between  the  number  of  voids  and  the  duration  of  stress  as  shown  in 
Figure  5.  A  comparison  of  the  curves  in  Figure  5  for  either  Shot  847 
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IMPACT  VELOCITY  -  433  fps 


IMPACT  VELOCITY  -  423  fps 


INTERMEDIATE 


INTERMEDIATE 
I*'  »  . 


IMPACT  VELOCITY  -  506  fps 


IMPACT  VELOCITY  -  468  fps 


INTERMEDIATE 


GP-7466-23 


IMPACT  VELOCITY  -  668  fps 


FIGURE  2  DAMAGE  OBSERVED  IN  1145  ALUMINUM  FOR  A  CONSTANT  SHOT 
GEOMETRY  (i.e.,  TIME  AT  STRESS)  FOR  INCREASING  IMPACT 
VELOCITIES  (i.e.,  STRESS).  More  voids  and  larger  sizes  result  from 
increasing  impact  velocities.  Projectile  thickness  is  0.093  in.,  sample 
thickness  is  0.25  in. 


STRESS  kbar 


FIGURE  4  EFFECT  OF  DAMAGE  (voids)  ON  STRESS  HISTORY  AT 
DAMAGE  PLANE  OF  AN  8.2  kbar  TENSION  SHOT  IN 
1145  ALUMINUM.  Calculation  was  done  with  8  kbar 
threshold  rather  than  with  present  model. 
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FIGURE  5  COMPARISON  OF  VOID  DISTRIBUTIONS  WITH  TIME  AT  STRESS 
DISTRIBUTION  IN  1145  ALUMINUM 


TIME  AT  STRESS  —  Usee 


or  Shot  849  with  the  bottom  curve  indicates  a  linear  relation  between 


concentration  of  voids  and  duration  of  the  stress.  A  plot  of  concentra¬ 
tion  versus  duration  gave  the  nucleation  rate  for  each  stress  level. 

For  shots  with  high  damage  (high  enough  that  the  stress  history 
was  seriously  altered  by  the  damage),  an  initial  estimate  of  nucleation 
rate  was  made  from  stress  histories  computed  with  no  damage  permitted. 
Then  wave  propagation  calculations  with  damage  were  made,  and  the  nuclea¬ 
tion  parameters  were  varied  until  a  reasonable  correlation  with  the  ex¬ 
perimental  damage  was  obtained. 


< 

I 
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c.  Growth  Rate  and  Growth  Threshold 

The  voids  appeared  to  increase  in  size  with  time  at  peak  stress 
and  to  retain  their  spherical  shape.  The  void  distributions  in  Figure  3 
show  that  the  larger  voids  are  associated  with  the  longer  durations  of 
peak  stress.  Because  the  whole  distribution  appears  to  shift  as  a  func¬ 
tion  of  stress  duration,  the  series  of  distributions  can  be  visualized 
as  a  historical  sequence  at  one  location.  Considered  in  this  way,  the 
curves  provide  a  growth  rate  when  we  consider  the  rate  of  change  of  the 

radius  of  a  particular  void.  For  example,  consider  the  void  that  is 

6 

number  1  million  when  ranked  by  size,  i.e.,  N  =  10  .  Under  our  assump¬ 
tions,  this  void  will  remain  number  1  million  throughout  the  loading. 

A  plot  of  successive  radii  of  this  void  as  a  function  of  time,  as  shown 
in  Figure  6,  yields  the  growth  velocity  for  the  imposed  stress  level. 

From  these  plots  the  radius  was  found  to  have  the  form 


R  =  Rq  exp  (At)  (l) 


or,  by  differentiating, 

R  =  AR  (2) 


i 


GA-7456-40 


FIGURE  6 


VOID  RADIUS  AT  CONSTANT  VOID  CONCENTRATION,  PLOTTED 
AS  A  FUNCTION  OF  TIME  AT  STRESS 


where 


R  =  the  radius 

R  =  the  initial  void  radius 
0 
« 

R  =  the  velocity  of  growth 
A  =  a  growth  parameter 

This  growth  law  is  exactly  that  expected  for  a  slowly  growing  void  in  a 
substance  in  which  growth  is  controlled  by  viscous  forces  (Refs.  2,3,  4 
and  Appendix  III).  The  solutions  for  viscous  void  growth  show  that  A 
should  have  the  form 


A 


(3) 


where 

p  =  the  average  (tensile)  pressure  at  a  large  distance  from  the 
void 

PQ  =  a  threshold  pressure 
T|  =  the  material  shear  viscosity 

The  experimental  results  in  aluminum  at  low  damage  indicated  that  the 
linear  relationship  between  A  and  pressure  in  Eq.  (3)  is  correct.  We 
conclude  that,  for  void  growth,  two  material  parameters  of  interest  are 
the  material  viscosity  and  threshold  stress. 

The  threshold  pressure  is  that  pressure  at  which  significant 
flow  can  occur  in  the  vicinity  of  the  void.  Hence  the  threshold  is 
related  to  the  yield  strength.  For  pressures  above  the  threshold,  the 
flow  is  limited  by  viscosity  rather  than  by  the  material  yield  strength. 
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d. 


Constitutive  Relations 


The  stress-strain  relations  for  a  material  undergoing  damage 
differ  from  those  for  undamaged  material.  The  decreased  elastic  stiff¬ 
ness  of  material  with  voids  has  been  studied  by  MacKenzie  (Ref.  5),  by 
Buch  and  Goldschmidt  (Ref.  6),  and  by  many  others.  More  general  equa¬ 
tions  of  state  for  porous  material  were  developed  by  Herrmann  (Ref.  s) 
and  by  Seaman  and  Linde  (Ref.  9). 

In  the  current  development  the  stress  was  divided  into  a  pres¬ 
sure  and  a  deviator  stress,  and  constitutive  relations  were  derived  for 
each  component.  Thus  the  developing  void  damage  alters  the  bulk  modulus, 
shear  modulus,  and  yield  strength.  As  the  stress  reduces  with  increasing 
damage,  recompression  waves  proceed  away  from  the  regions  of  damage. 

These  recompressions  lead  to  reduced  damage  in  adjacent  areas  and  hence 
to  a  marked  peak  of  damage  at  one  point.  (in  low-damage  experiments 
large  areas  of  nearly  uniform  damage  are  found;  at  high  damage,  an  area 
of  maximum  damage,  the  incipient  spall  plane, is  clearly  defined.)  The 
recompression  waves  lead  to  a  compressive  hump,  or  spall  signal,  on  stress 
histories,  similar  to  those  observed  experimentally. 
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3.  EXPERIMENTAL  OBSERVATIONS 

In  this  section  observations  of  dynamic  fracture  of  1145  Al,  high 
purity  (99.999  percent)  Al ,  2024-T81  Al ,  and  dead  soft  OFHC  copper 
will  be  described.  Samples  of  the  same  material  were  impacted  at  sev¬ 
eral  different  velocities  in  tests  using  the  experimental  techniques 
described  in  Appendix  II.  Symmetric  shot  design  was  used  to  ensure 
as  accurate  a  stress  calculation  as  possible.  Shot  geometry  (i.e., 
flyer  and  sample  thicknesses)  was  varied  to  vary  the  time  at  stress, 
and  tapered  flyers  were  used  so  that  wide  ranges  of  the  time  -at-stress 
damage  threshold  plane  could  be  studied  in  a  single  experiment  (see 
Appendix  i). 

Two  types  of  data  were  obtained  from  these  experiments.  First, 
inetallographic  observations  of  the  damage  were  made  by  sectioning  the 
recovered  samples  on  planes  parallel  to  the  direction  of  shock  propa¬ 
gation  passing  through  the  center  of  the  sample  and  by  observing  tne  fracture 
surfaces,  using  the  scanning  electron  microscope.  These  observations  were 
used  to  determine  damage  thresholds  and  damage  level  and  to  investigate 
mechanisms  for  nucleation  of  damage.  Quantitative  analyses  of  the 
observed  damage  discussed  in  a  following  section,  were  also  made.  In 
this  section  metallographic  results  pertinent  to  nucleation,  growth, 
and  coalescence  of  damage  are  discussed. 

Second,  experiments  instrumented  using  manganin  piezores istive 
gages  mounted  in  polymethylmethacrylate  (PMMA)  on  the  back  surface 
of  the  samples  were  used  to  measure  the  imposed  stress  history.  The 
techniques  used  are  described  in  detail  in  Appendix  II.  The  manganin 
stress  gage  records  obtained  by  this  technique  are  indicative  of  daina 
formed  in  the  material  directly  in  front  of  the  gage  element  caused  by 
the  modification  of  the  tensile  stress  history  resulting  from  the 
incomplete  stress  release  at  the  sample-PMMA  interface. 
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a.  1145  Aluminum 


The  aluminum  was  received  as  2-in. -thick  plates  24  in.  X  24  in. 
and  was  tested  in  the  fully  annealed,  O-temper  state.  Metallographic 
examination  of  the  1145  A1  revealed  an  elongated  grain  structure  expected 
for  a  rolled  material.  Observations  of  etched  1145  A1  at  higher  magni¬ 
fications  showed  this  material  to  have  a  structure  interpretable  as 
resulting  from  a  recovery  rather  +han  a  full  recrystallization  anneal. 

The  effect  of  this  on  the  fracture  behavior  is  unknown,  and  the  informa¬ 
tion  is  given  only  to  characterize  the  initial  state  of  this  material. 
Typical  compositions  for  these  materials  are  shown  below. 


Material 

^  I 

Fe  I 
Cu 


Mn 


1145  Al* 

( max  %  wt. ) 

0.55 

0.05 

0.05 


The  impurity  levels  are  consistent  with  the  mechanical  properties 
observed.  The  solubilities  of  silicon  and  iron  in  aluminum  are  smaller 
th.r  lcentrations  shown,  and  formation  of  Fe-Si  inclusions  is 

ex  ese  will  have  large  effects  on  the  fracture  characteristics 

but  a-  the  limit  of  optical  resolution  in  size. 

Uniaxial  tensile  tests  were  made  on  1145  aluminum.  The  0.2  per¬ 
cent  offset  yield  strength  of  this  material  was  observed  to  be  4500  psi, 
in  agreement  with  handbook  values.  At  the  higher  strain  rates  a  yield 
plateau  is  seen  that  was  reproducible  in  several  tests.  This  is  not 
expected  but  may  be  the  result  of  the  apparent  incomplete  anneal  this 


*  Minimum  99.45  percent  aluminum. 
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material  received.  Double  cup-and-cone  fractures  were  observed  with 
1145  aluminum  as  well  as  a  very  high  reduction  in  area.  The  Knoop 
hardness  ( 15-g  load)  was  25  for  the  as-received  material. 

Nine  recovery  experiments  were  performed  on  1145  Al.  Four  of 
these  were  tapered  flyer  experiments  (see  Appendix  i),  three  were 
instrumented  with  a  manganin  pressure  transducer  directly  behind  the 
target  sample,  and  two  were  at  a  temperature  of  400° C.  The  experi¬ 
mental  method  is  described  in  Appendices  1  and  II,  and  the  experimental 
details  and  damage  levels  observed  at  50X  on  metallographically  prepared 
section  are  given  in  Table  II.  Damage  observed  in  these  samples  is 
described  in  the  following.  Several  of  the  micrographs  are  taken 
from  samples  impacted  under  Contract  F29601-68-C-0118  for  the  Air 
Force  Special  Weapons  Center,  titled  Dynamic  Fracture  Criteria  of 
Homogeneous  Materials  which  ran  from  8  May  1968  through  15  July  1970. 

Damage  in  the  form  of  individually  nucleated  spherical  voids 
that  grow  and  coalesce  to  induce  failure,  observed  in  1145  Al  for  a 
single  shot  geometry  (i.e.,  time  at  stress),  was  shown  earlier  in 
Figure  2  for  increasing  impact  velocities  (i.e.,  stress).  The  straight 
lines  observed  are  fiducial  marks  used  in  the  quantitative  analysis 
described  in  a  later  section.  Three  characteristics  are  apparent  from 
these  pictures.  First,  the  damage  observed  has  a  circular  cross  section 
in  the  plane  of  view.  These  cross  sections  are,  in  fact,  sections 
through  spherical  voids.  This  was  proved  by  sectioning  the  samples 
normal  to  the  direction  of  shock  propagation.  Circular  cross  sections 
were  observed  in  this  case  also,  showing  that  the  voids  are  spherical. 
Second,  there  is  a  size  distribution  of  voids  within  regions  with  the 
same  shock  history,  which  suggests  that  nucleation  occurs  throughout 
the  loading  time.  Third,  at  higher  damage  levels  it  is  the  interaction 
of  the  growing  voids  that  leads  to  the  formation  of  large  defects  and 
finally  to  fracture. 
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Table  II 


SUMMARY  OF  DYNAMIC  FLYER  PLATE  EXPERIMENTS  IN  1145  ALUMINUM 


Impact 


Shot 

No. 

Velocity 

(mm/dsec) 

Sample 

(mm) 

Projectile 

(mm) 

Comments 

S3a 

0.  118 

6.313 

1.578  to  3. 156 

Incipient  to 
intermediate  damage 

S4a 

0.  163 

3. 156 

0.789  to  1.578 

Incipient  to 
intermediate  damage 

S9a 

0.204 

1.578 

0.394  to  0. 789 

Intermediate  to 
heavy  damage 

S18b 

0.213 

6.313 

2.275 

Intermediate  damage 

S20b 

0.278 

3.156 

1.138 

Intermediate  damage 

S28b 

0.234 

1.578 

0.568 

Intermediate  damage 

S33 

0.  146 

6.313 

2.27 

Temperature  400° C, 
intermediate  damage 

S34a 

0.  172 

6.313 

3.  156  to  1.578 

Tempera  ture  400°  C , 
full  separation 

S60 

0.228 

6.313 

1.0 

Heavy  damage  to  full 
separation 

a  Tapered  flyer  shots  designed  so  that  the  time  at  stress  was  varied 
over  a  wide  range  for  a  constant  stress  experiment, 
b  Instrumented  with  a  manganin  pressure  transducer  directly  behind 
the  sample. 


The  sphericity  of  the  voids  is  consistent  with  a  concept  that 
a  near  hydrostatic  tensile  stress  or  pressure  characteristic  of  one¬ 
dimensional  strain  conditions  is  most  important.  In  uniaxial  stress 
tests  the  voids  are  ellipsoids  of  revolution,  because  of  the  triaxial 
stress  distribution  resulting  from  necking.  Further,  the  existence  of 
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a  size  distribution  is  generally  consistent  with  a  nucleation  and  growth 
concept.  The  coalescence  of  void*  is  also  consistent  with  the  failure 
mode  in  a  standard  tensile  test.  We  can  conclude,  therefore,  that 
observations  of  damage  produced  in  1145  aluminum  under  impact  conditions 
are  consistent  with  observations  on  quasi-static  tensile  test  samples. 

In  the  1145  A1  experiments ,  damage  levels  varying  from  incipient 
to  intermediate  were  observed  in  a  single  tapered  flyer  experiment 
(Shot  S4 )  as  shown  in  Figures  7a  through  7d.  Tha  damage  in  Figure  7a 
is  the  result  of  a  10.8  kbar  tensile  stress  pulse  of  approximately  0.3  1  p,sec, 
a  fairly  high  damage.  Further,  the  damage  is  produced  by  essentially 
midplane  spall  conditions  (i.e.,  the  projectile  is  half  the  sample 
thickness).  The  damage  in  Figure  7b  was  generated  in  0.29  pisec ,  in 
Figure  7c  in0.23|isec,  and  in  Figure  7d  in  0.17  lisec.  The  variation 
in  the  damage  level  and  distribution  with  time  at  constant  stress  is 
very  well  demonstrated  in  this  experiment. 

These  observations  complement  those  given  in  Figure  2  in  that 
they  represent  a  time-at-stress  variation  at  constant  stress  rather 
than  a  stress  level  variation  for  nominally  constant  time  at  stress. 

The  comparability  of  the  two  sets  of  observations  demonstrates  the 
applicability  of  tapered  flyers. 

The  results  obtained  in  the  impact  tests  on  samples  at  400°  C 
were  consistent  with  the  observations  presented  above.  Scanning  electron 
microscope  studies  of  full  fracture  surfaces  of  Shot  S34  were  made. 

These  showed  that  failure  occurred  by  void  coalescence  and  that  random 
nucleation  was  the  mode  of  void  formation.  No  correlation  with  inclusion 
content  was  possible  because  of  contamination  of  the  fracture  surface 
during  recovery.  Typical  results  are  shown  in  Figures  8a  and  8b.  These 
figures  of  the  broken  surfaces  show  that  void  coalescence  occurred 
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FREE  SURFACE 


SHOCK  DIRECTION 


FIGURE  7  MICROGRAPHS  OF  DAMAGE  ACHIEVED  IN  A 
SINGLE  TAPERED  FLYER  SHOT  ON  1145 
ALUMINUM  (Shoi  S4).  Demonstrates  the  depen¬ 
dence  of  the  damage  level  on  the  time  at  constant 
stress. 
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FIGURE  8  MICROGRAPHS  OF  1145  ALUMINUM  SAMPLES 
IMPACTED  AT  400°C  (Shot  S34) 


over  the  whole  surface  to  cause  failure.  The  separation  was  by  knife- 
edge  fracture  in  the  material  surrounding  the  voids.  The  three- 
dimensional  nature  of  the  damage  is  illustrated  in  Figure  8b,  in  which 
one  can  see  through  one  void  to  deeper  voids.  This  suggests  that,  in 
the  vicinity  of  the  plane  of  separation,  the  material  is  honeycombed 
with  voids.  These  amply  verify  the  previously  described  results  and 
show  a  surface  roughness  that  demonstrates  the  distribution  of  voids 
away  from  the  fracture  plane  as  shown  in  Figures  7  and  8.  Further, 
there  was  no  correlation  of  the  damage  structure  with  the  grain  size 
or  with  grain  boundaries  in  the  material.  These  results  will  be  con¬ 
trasted  with  those  for  99.999  percent  pure  A1  later. 

Full  fracture  occurred  at  400° C  at  an  impact  velocity  of 
0.171  mm/ilsec,  whereas  at  room  temperature  full  fracture  was  not 
observed  until  an  impact  velocity  of  approximately  0.244  mm/psec  was 
achieved.  Further,  as  shown  in  Figure  9,  the  damage  levels  resulting 
from  impacts  at  velocities  of  0.145  mm/|isec  at  room  temperature  and 
400° C  are  different,  with  higher  damage  occurring  at  400°C.  These 
differences  indicate  in  a  quantitative  manner  the  effect  of  temperature 
on  the  dynamic  fracture  threshold  of  1145  Al.  It  is  likely  that  this 
results  from  a  decrease  in  the  yield  strength  with  temperature,  which 
lowers  the  threshold  stress  for  void  nucleation. 

The  general  result  here  is  that  at  temperatures  about  75  per¬ 
cent  of  the  absolute  melting  temperature  a  large  decrease  in  the  fracture 
strength  of  1145  Al  occurs.  Also,  the  fracture  morphology  remains  the 
same,  indicating  that  the  mechanisms  are  the  same  but  that  physical 
properties  are  changing  to  produce  a  lower  damage  threshold. 
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(b)  1145  ALUMINUM  AT  ROOM  TEMPERATURE;  477  ft/**c  -  0.145  mm/p»c 


FIGURE  9  MICROGRAPHS  OF  1145  ALUMINUM  SAMPLES 
IMPACTED  AT  ROOM  TEMPERATURE  AND 
400°C.  Impact  velocity  =  0.145  mm/ps*c. 


High  Purity  Aluminum 


The  dynamic  fracture  study  of  high  purity  aluminum  (HP  Al) 
was  designed  to  investigate  the  effects  of  sample  purity  on  the  nuclea- 
tion  of  voids  and  the  subsequent  failure  process.  This  was  intended 
to  ascertain  the  effects  of  inclusion  content,  and  possibly  of  material 
structure,  on  the  fracture  process.  The  basic  premise  was  that  the 
increased  purity  would  decrease  the  frequency  of  nucleation  and  possibly 
raise  the  stress  threshold  for  nucleation.  The  structure  of  the  mate¬ 
rial  studied  was  large  equiaxial  grain  size,  ~  3  mm.  It  was  in  the 
dead  soft  annealc  1  state,  having  been  annealed  at  a  temperature  of 
500° C  for  6  hours  in  an  inert  atmosphere. 

Four  recovery  experiments  were  performed  on  HP  Al.  The  experi¬ 
mental  details  are  described  in  Table  III  along  with  a  description 
of  damage  observed  at  50X  on  metallographically  prepared  sections. 
Scanning  electron  microscope  studies  of  fracture  surfaces  were  also 
carried  out. 


Table  III 

SUMMARY  OF  DYNAMIC  FLYER  EXPERIMENTS  IN  99.999%  PURE  ALUMINUM 


Shot 

No. 

Impact 
Velocity 
( mm/ilsec) 

Sample 

(mm) 

Projectile 
( 1145  Al) 

(mm) 

Comments 

S30 

0.168 

6. 313 

2.35 

Intermediate 

S31a 

0.166 

6.313 

3.156  to  1.578 

Incipient  to 
intermediate 

S32 

0. 184 

6.313 

2.35 

Full  separation 

S43 

0.136 

6.313 

2,27 

No  damage 

a  Tapered  flyer  shots  designed  so  that  the  time  at  stress  was  varied 
over  a  wide  range  for  a  constant  stress  experiment. 
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First,  it  is  necessary  to  note  that  the  impact  velocity  at 
which  damage  was  not  observed  was  0.136  mm/(Asec  for  the  high  purity 
aluminum.  In  the  1145  A1  the  damage  threshold  was  observed  to  be,  for 
experiments  of  identical  geometry,  0.129  mm/M'Sec.  Therefore,  a  material 
of  higher  yield  strength  exhibited  a  lower  damage  threshold  stress.  The 
threshold  stresses,  in  these  cases,  for  unbounded  void  growth  are  con¬ 
siderably  different  and  can  be  estimated  from  the  known  yield  strengths 
of  these  materials  and  the  rate  dependence  of  the  yield  strength. 

In  the  growth  equation  for  voids  the  threshold  stress  for  void 
growth  is  taken  to  be 

oo  -  mi +  <4> 

where 

E  is  the  Young's  modulus,  and  Y  the  yield  strength.  ( See  Appendix  IV) 
For  1145  Al,  the  predicted  threshold  stress  is  approximately  3  kbar, 
whereas  for  HP  Al  the  threshold  stress  is  2.0  kbar.  Therefore,  the 
stress  necessary  for  void  nucleation  may  be  controlling  in  the  develop¬ 
ment  of  damage  in  the  HP  Al. 

Since  we  observe  voids  when  a  size  of  1.0  M-  is  attained,  it 
is  possible  that  the  size  attained  in  the  experiments  may  be  smaller 
than  that  in  1145  Al  since  the  initial  nucleation  size  is  smaller.  The 
major  result  is  that  either  the  growth,  the  initial  size,  or  the  thres¬ 
hold  stress  for  void  nucleation  is  determining  the  behavior  of  the  HP  Al. 
At  present  it  is  not  possible  to  determine  which  of  these  is  controlling. 
In  all  likelihood,  a  smaller  void  nucleation  size  is  present  in  this 
material  and  the  growth  time  to  observation  is  longer.  It  is  also 
likely  that  nucleation  stress  may  be  larger  leading  to  a  higher  threshold 


Observation  on  Shot  S31  shows  that  the  damage  structure  differs 
greatly  from  that  observed  in  the  1145  A1 .  This  is  shown  in  Figure  10. 

The  voids  are  very  definitely  arranged  in  an  ordered  manner,  indicating 
an  ordered  nucleation  size  distribution.  These  rowv  of  voids  (as  planes) 
are  essentially  parallel  to  the  plane  of  first  tension.  Also,  for  any 
given  area  of  the  specimen,  the  spacing  of  voids  appears  to  be  uniform; 
in  Figure  10  this  is  approximately  40  (J..  Another  characteristic  is  that 
the  voids  are  not  of  uniform  size  for  any  one  group.  This  shows  either 
that  the  line  of  voids  is  skew  to  the  surface  of  polish  or  that  they  are 
nucleated  at  different  times  and  the  line  of  voids  is  parallel  to  the 
polish  surface.  Whatever  the  significance  of  the  appearance  of  the 
voids  on  the  surface  in  terms  of  their  size  distribution,  it  is  their 
spatial  distribution  that  is  important.  This  spatial  distribution  leads 
to  a  failure  mode  that  probably  occurs  in  a  systematic  manner  because 
of  the  correlations  between  adjacent  voids.  This  is  also  seen  in  the 
fully  fractured  sample  (shot  S2)  and  shown  in  Figure  11.  Fracture  has 
obviously  occurred  by  coalescence  of  the  voids  in  the  correlated  struc¬ 
ture  shown  in  the  surface  distribution,  forming  a  failure  plane.  The 
concentration  of  voids  away  from  this  fracture  plane  is  low,  indicating 
that  this  ordered  nucleation  of  voids  has  a  large  effect  on  the  fracture 
process. 

At  low  magnifications  the  fracture  surface  definitely  shows 
the  ordered  structure  implied  from  the  previous  two  figures.  Figure  12a 
is  an  SEM  micrograph  of  the  fracture  surface  of  Shot  S32.  The  center 
of  the  sample  lies  at  the  lower  right  hand  corner  of  the  picture,  and 
the  damage  structure  indicates  a  rough  planar  surface,  A  fracture 
surface  observed  on  1145  A1  is  shown  in  Figure  12a  and  shows  a  much  more 
random  void  nucleation  structure  than  that  seen  in  Figure  12b  for  HP  A1 . 
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FIGURE  10  SHOCK  DAMAGE  IN  HIGH  PURITY  ALUMINUM 


FIGURE  12  COMPARISON  OF  FRACTURE  SURFACES  FOR  1145  AND  HIGH 
PURITY  ALUMINUM 
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The  degree  of  surface  roughness  is  seen  in  Figure  13,  which 
is  a  stereo  pair  of  the  fracture  surface  on  Shot  S32  ( IIP  Al).  This 
micrograph  also  shows  the  ordered  structure  of  the  voids  on  a  given 
fracture  plane.  This  is  better  demonstrated  in  Figure  14,  which  shows 
a  higher  magnification  view  of  the  same  area.  Nucleation  at  what 
appears  to  be  an  inclusion  is  also  shown  in  this  micrograph  (Figure  14). 
This  indicates  that  even  in  high  purity  aluminum  heterogeneous  nucleation 
sites  are  present. 
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FIGURE  14  NUCi_EATION  SITES  AND  STRUCTURE  AT  JOINING 
OF  VOIDS.  Knife-edge  failure  around  voids. 


c.  2024-T81  Aluminum 

The  stock  used  in  this  study  was  received  in  the  form  of 
rolled  plates  24  inches  X  24  inches  X  1.1  inches,  and  samples  were 
prepared  with  the  expected  damage  plane  parallel  to  the  rolling  plane 
of  the  plates.  The  2024  aluminum  is  an  age-hardening  alloy  having 
the  typical  composition  given  below. 
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Mat' 


2024-T81  Aluminum 

(wt  %) 


3.8  to 

4.9 

0.5 

Fe 

0.  5 

Zn 

0.  25 

Mn 

0.3  to 

0.9 

Mg 

1.2  to 

1.8 

Cr 

0.  10 

The  Si,  Fe,  Mn,  and  Mg  form  basically  insoluble  inclusions  that  act 
as  strengthening  agents.  These  inclusions  also  lorm  into  stringer 
planes  during  rolling  and,  in  this  form,  have  a  large  effect  on  the 
fracture  charaiyteristics  of  this  material. 

The  designation,  T81,  describes  the  fabrication  history  of 
this  material,  and  indicates,  according  to  ASTM  standards,  that  it 
has  been  solution  heat  treated,  cold  worked,  and  then  artifically  aged. 
High  strength  and  improved  corrosion  properties  are  achieved  by  this 
thermomechanical  sequence. 

The  as-received  2024  A1  showed  an  elongated  grain  structure, 
indicating  that  the  material  was  heavily  rolled  before  solution  treatment 
and  artificial  aging.  Inclusions  are  observed  that  lie  parallel  to  the 
planes  of  the  grains  in  the  form  of  stringers.  These  stringers  are 
regions  of  weakness  in  the  material  and  are  preferred  sites  for  failure 
initiation  and  propagation. 

The  dynamic  fracture  of  2024-T81  aluminum  was  also  studied  and 
recovery  experiments  were  carried  out.  The  details  of  these  experiments 
are  presented  in  Table  IV. 
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Table  IV 


SUMMARY  OF  DYNAMIC  FLYER  PLATE  EXPERIMENTS  IN  2024-T81  ALUMINUM 


Shot 

No. 

Impact 

Velocity 

(mm/|isec) 

Sample 

(mm) 

Projectile 

(mm) 

Comments 

S6a 

0.133 

3.156 

1.578 

to  0.789 

Inclusion  cracking 

S7a 

0.161 

1.578 

0.789 

to  0.394 

Inclusion  cracking 

S10a 

0. 153 

3.156 

1.578 

to  0.789 

Inclusion  cracking 

S29b 

0.233 

1.578 

0.568 

Inclusion  cracking 

a  Tapered  flyer  shots  designed  so  that  the  time  at  stress  was 
varied  over  a  wide  range  for  a  constant  stress  experiment. 
b  Instrumented  with  a  manganin  pressure  transducer  directly 
behind  the  sample. 


The  damage  produced  in  the  2024-T81  aluminum  differs  from 
that  found  in  the  1145  aluminum  and  the  HP  aluminum  in  that  it  is  very 
localized  and  in  the  form  of  ductile  cracks.  These  damage  structures 
are  shown  in  Figure  15  for  three  samples,  impacted  at  velocities  of 
343,  474,  and  660  fps.  Fractures  are  nucleated  in  thi  'erial  by 
cracking  of  the  inclusions  as  shown  in  Figure  16.  T  -e  also 

shows  that  cracks  propagate  along  the  stringer  planes.  o  is  the 
damage  mechanism  observed  in  similar  aluminum  alloys  tested  under 
quasi-static  conditions  at  room  temperature. 
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These  experiments  show  that  failure  is  a  function  of  the 
inclusion  distribution,  as  well  as  of  the  intrinsic  properties  of  this 
alloy.  This  is  consistent  with  the  observations  of  Butcher  (Ref.  10), 
who  determined  the  incipient  spall  thresholds  for  6061-T6  aluminum 
samples  oriented  so  that  the  stringer  planes  were  parallel  to,  at  a 
45°  angle  to,  and  normal  to  the  spall  plane.  Damage  was  observed  at 
the  same  stress  level  for  all  sample  orientations.  The  morphology 
of  the  fractures  was  identical  to  the  morphology  of  the  stringers  of 
inclusions  (i.e.,  parallel  to  the  spall  plane  when  the  stringers  were 
parallel  to  the  spall  plane  and  normal  to  the  spall  plane  when  the 
stringers  were  normal  to  the  spall  plane). 

Butcher  also  observed  that  the  damage  produced  is  less  con¬ 
nected  in  samples  oriented  at  90°.  Therefore,  a  larger  amount  of 
plastic  deformation  (shear  between  cracks  lying  on  the  spall  plane) 
of  the  material  is  necessary  before  fracture  can  occur  in  this  orien¬ 
tation.  The  sample  oriented  at  90°  should  therefore  have  a  higher  full- 
spall  stress  than  a  sample  oriented  at  0°  ,  since  more  energy  must  be 
expended  in  plastic  deformation.  This  behavior  is  in  agreement  with 
the  observed  variation  with  respect  to  the  rolling  direction  of  KjC, 
the  plane  strain  fracture  toughness  (Ref.  ll),  in  several  forged 
aluminum  alloys.  The  toughness  is  largest  parallel  to  the  rolling 
direction  for  sheet  or  the  extrusion  direction  for  extruded  shapes. 

It  is  lowest  normal  to  the  rolling  plane  of  sheet  and  in  the  direction 
of  the  smallest  dimension  in  extruded  stock.  These  directions  correspond 
to  the  0°  and  90°  orientations  of  the  stringer  planes,  respectively. 

This  simple  correlation  indicates  that  it  may  be  possible  to  make  at 
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least  qualitative  conclusions  about  the  spall  fracture  characteristics 
of  a  material  from  fracture  toughness  data,  particularly  for  high- 
strength  materials. 


One  can  also  describe  the  fracture  characteristics  of  2024- 
T81  aluminum  as  localized  ductile  fracture.  Voids  are  nucleated  at 
the  large  inclusions  contained  in  stringer  planes.  These  interact 
with  other  closely  spaced  inclusions  to  nucleate  new  voids.  Fracture 
or  damage  development  is  therefore  localized  because  the  nuclei  are 
ordered  within  the  material.  Thus,  despite  superficial  brittle  appear¬ 
ances,  the  cracks  are  of  a  ductile  type. 

The  primary  conclusion  of  this  work  is  that  the  incipient 
spall  threshold  observed  for  2024-T81  A1  is  determined  not  only  by 
the  matrix  itself  but  also  by  the  inclusions.  If  the  inclusions  were 
removed,  substantially  higher  spall  stresses  would  be  observed. 

d.  OFHC  Copper 

A  total  of  eight  symmetric  impact  experiments  were  carried 
out,  using  the  2-1/2-inch-diameter-barrel  light  gas  gun  to  investigate 
the  dynamic  fracture  of  ductile  OFHC  copper.  The  details  of  these  ex¬ 
periments  are  given  in  Table  V. 

Three  tapered  flyer  experiments  were  carried  out,  as  indi¬ 
cated  in  Table  V.  Damage  developed  in  these  experiments  as  shown  in 
Figure  17. 

The  damage  was  very  similar  to  that  in  aluminum,  and  the 
void  nucleation  and  growth  behavior  is  discussed  later.  A  further 
discussion  of  the  behavior  of  copper  is  found  in  reference  1,  where 
it  is  shown  that  the  damage  levels  produced  in  the  tapered  flyer  shots 
of  Table  V  were  successfully  predicted  before  the  experiments  by  extrap¬ 
olating  the  results  for  aluminum. 
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Table  V 


SUMMARY  OF  DYNAMIC  FLYER  PLATE  EXPERIMENTS  IN  OFHC  COPPER 


Shot 

No. 

Impact 

Velocity 

(mm/(isec) 

Sample 

(mm) 

Projectile 

(mm) 

'Comments 

S12a 

0.0269 

6.313 

3 . 156  to 

1.578 

Incipient  to 

Intermediate 

damage 

S13a 

0.0883 

3.156 

1.578  to 

0. 789 

Incipient  to 

intermediate 

S14a 

0. 119 

1.578 

0.789  to 

0.394 

Incipient  to 

intermediate 

S17b 

0.0984 

6.313 

2.275 

Intermediate 

damage 

S21b 

0.129 

3.156 

1.  138 

Intermediate 

damage 

S23b 

0.121 

6.313 

2.275 

Intermediate 

damage 

S24b 

0. 1585 

1.587 

0.622 

Intermediate 

damage 

S27b 

0.128 

3.175 

1.  143 

I ntermediate 

damage 


a  Tapered  flyer  shots  designed  so  that  the  time  at  stress  was 
varied  over  a  wide  range  for  a  constant  stress  experiment. 
b  Instrumented  with  a  manganin  pressure  transducer  directly 
behind  the  sample. 
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FIGURE  17  DAMAGE  OBSERVED  IN  THREE  TAPERED  FLYER  EXPERIMENTS 
ON  OFHC  COPPER 
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4. 


QUANTIFYING  THE  DAMAGE 


To  predict  shock-induced  microscopic  damage  in  ductile  and  brittle 
materials,  we  must  first  define  what  we  mean  by  damage.  Previous  inves¬ 
tigators  have  usually  been  content  to  describe  shock  damage  qualitatively 
as  "incipient  spall,"  "heavy  spall,"  and  the  like.  However,  a  more  de¬ 
tailed  description  of  damage  is  needed  if  we  are  to  build  a  predictive 
model  that  is  good  for  damage  levels  ranging  from  the  presence  of  a  few 
voids  or  microcracks  to  levels  that  cause  appreciable  loss  of  structural 
strength.  The  method  that  we  use  is  described  in  a  previous  report  by 
Barbee  et  al.  (Ref.  12)  and  reviewed  briefly  in  the  following  paragraphs. 

In  our  experiments  the  impact-loaded  material  samples  are  discs  that, 
except  for  a  region  near  the  outer  rim,  have  experienced  uniaxial  strain 
only.  These  shocked  samples  are  sectioned  parallel  to  the  direction  of 
impact,  lapped,  and  polished.  As  explained  earlier,  in  a  typical  impact 
experiment  all  elements  of  the  samples  have  experienced  the  same  peak 
tensile  stress,  but  the  stress  duration  varies  with  distance  into  the 
sample  in  the  direction  of  impact,  as  shown  in  Figure  18.  The  plane  of 
polish  of  a  sectioned  sample  is  divided  into  zones  several  microns  wide 
and  parallel  to  the  free  surfaces,  as  shown  in  Figure  19.  Each  zone  is 
assumed  to  have  experienced  a  different  constant  stress  duration.  Photo¬ 
graphic  enlargements  ( 100X)  of  the  polish  plane  are  made.  It  usually 
requires  five  to  ten  photographs  to  cover  the  entire  plane  of  polish  of 
a  sample.  The  microscopic  damage  in  the  ductile  metals  is  in  the  form 
of  spherical  voids  that  intersect  the  plane  of  polish  as  circular  holes. 
Each  photograph  is  placed  on  a  Telereadex  machine,  and  the  locations  and 
apparent  diameters  of  every  hole  in  each  zone  are  recorded  on  punched 
cards. 
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Thus,  for  each  zone  (and  corresponding  stress  duration)  a  distribution 
is  obtained,  giving  the  number  density  of  holes  per  unit  area  of  surface 
in  the  plane  of  polish  as  a  function  of  apparent  hole  diameter.  In  short, 
we  describe  the  microscopic  damage  with  statistical  distribution  func¬ 
tions.  This  is  a  fruitful  approach  because  it  eliminates  the  difficult 
problem  oi  analyzing  individual  void  behavior  and  provides  a  link  between 
the  discrete  microscopic  damage  and  continuum  mechanics.  The  same  general 
approach  is  used  in  the  kinetic  theory  of  gases,  in  dislocation  dynamics, 
and  in  many  other  fields  of  study  where  a  large  number  of  interacting 
objects  must  be  investigated. 

Thus,  for  each  zone  we  obtain  a  surface  size  distribution  count 

N  (a,  t)  ,  where  N.(a,  t)  is  the  number  of  voids  intersecting  a  unit  area 

of  polish  plane  with  hole  radii  between  r  and  r  ,  and  where  a  refers 
v  H  i  i+1 

to  the  peak  tensile  stress  and  t  is  the  stress  duration  corresponding  to 
the  given  zone.  This  surface  distribution,  however,  is  not  the  distri¬ 
bution  of  interest.  We  really  want  to  know  the  size  distribution  of 
voids  per  unit  volume  in  the  material,  that  is,  what  is  the  volume  dis¬ 
tribution  of  voids  that,  when  the  material  is  intersected  by  a  plane  of 
polish,  results  in  the  observed  surface  distribution?  This  statistical 
question  has  arisen  in  various  other  guises  over  the  years,  and  standard 
statistical  procedures  have  been  developed  for  mapping  such  surface  dis¬ 
tributions  into  volume  distributions.  This  question  is  reviewed  in  the 
previous  report  by  Barbee  et  al.  (Ref.  12),  and  a  computer  program,  I1ABS  1, 
which  was  developed  by  SRI  for  the  Air  Force  Weapons  Laboratory  to  perform 
this  operation,  is  described  in  that  report. 

An  extension  and  generalization  of  BABS  1  has  been  developed  to  handle 
the  much  more  difficult  case  of  brittle  cracks.  It  is  discussed  later 
in  this  report  and  described  in  detail  in  Appendices  IX  and  X. 


Examples  of  an  observed  surface  count  size  distribution  and  the 
corresponding  computed  volume  count  size  distribution  are  shown  in 
Figures  20  and  21.  The  bounds  in  Fig.  21  are  probable  error  limits  on 
given  mean  values. 
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FIGURE  20  SURFACE  DISTRIBUTIONS  OF  VOIDS  ON  THE 
FREE  SURFACE  SIDE  OF  THE  SPALL  PLANE 
IN  OFHC  COPPER:  SHOT  S24 
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FIGURE  21  VOLUME  DISTRIBUTION  OF  VOIDS  ON  THE 
FREE  SURFACE  SIDE  OF  THE  SPALL  PLANE 
IN  OFHC  COPPER:  SHOT  S24 


5' 


5. 


WAVE  PROPAGATION  CALCULATIONS  AND  COMPARISON  WITH  DATA 


The  equations  used  for  nucleation  and  growth  of  voids  and  the  con¬ 
stitutive  relations  for  damaged  material  are  derived  in  this  section. 
These  equations  are  then  used  in  wave  propagation  calculations  to  compute 
the  damage  in  impacts  of  aluminum  and  copper  plates.  The  correlations  of 
computed  and  observed  damage  are  shown. 

a.  Nucleation  Rate 

The  experimentally  obtained  nucleation  rate  of  voids  appears 
to  have  the  following  form 


N 


n 

0 


where 

p  „  =  threshold  (tensile)  pressure  for  nucleation 

nO 

n  ,  p  =  constants 
0  1 

This  form  of  nucleation  function  is  consistent  with  static  results  in 
which  no  voids  appear  for  stresses  less  than  the  yield  or  ultimate  strength. 

The  voids  are  assumed  to  be  nucleated  with  various  initial  radii. 
The  assumed  distribution  is 

pfR)  =  "  “  exp  (-R/Rn)  (6) 

n 


where 

p(R)  =  the  concentration  of  voids  at  the  radius  R  (number/cm3) 

3 

AN  =  the  total  number  nucleated/cm 

R  =  a  parameter  of  the  nucleation  distribution 
n 
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The  nucleated  number,  AN  ,  larger  than  a  radius  R  is 

g 


AN  (R)  =  r  o(r.)dR  =  AN  exp  -R/R  ) 

E  ~  n 


The  nucleated  volume  of  voids  is  found  by  multiplying  the  volume  of  each 
void  by  the  number  of  voids  having  that  radius 


„  4rr  f  3  4ttAN  f  : 

=  7  J  "  R(R)dR  '  -  —  J  “ 


-R/R  )dR 
n 


=  8rrANR 


b.  Void  Growth 


Void  growth  is  assumed  to  follow  the  simple  viscous  law 


p  -  p0; 


R  5  AR 


where 


p,  =  (tensile)  pressure  and  threshold  pressure 

T)  =  material  viscosity 

This  form  for  the  growth  relation  was  observed  in  the  experimental  data 
for  aluminum.  According  to  the  dynamic  analysis  of  Appendix  Ill,  the 
viscous  law  is  accurate  within  5  percent  up  to  a  radius  of 


cr  p(p  -  p  ) 
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For  aluminum  in  the  stress  range  tested  .and  with  71  =  200  poise,  the 
limiting  radius  is  about  10  microns.  For  larger  radii,  inertia  effects 
become  important  and  the  growth  velocity  is  less  than  that  given  by 
Eq.  (9). 

In  a  planar  impact,  the  stress  field  is  not  spherically  sym¬ 
metric  as  it  is  in  the  analysis  that  led  to  the  viscous  growth  law, 

Eq.  (9).  Our  macroscopic  stress  field  more  closely  resembles  a  one¬ 
dimensional  flow.  The  two-dimensional  calculations  of  Appendix  V  show 
that  the  viscous  growth  law  is  also  valid  for  the  case  of  one-dimensional 
flow. 

The  threshold  pressure  for  growth  is  the  pressure  at  which 
yielding  hroughout  the  region  near  the  void.  According  to  the 

static,  y  symmetric  calculations  of  Appendix  IV,  the  threshold 

stress  is  1  to  five  times  the  yield  strength.  However,  in  one¬ 
dimensional  flow  without  voids,  overall  yielding  occurs  at  the  lower 
stress  of 


where 

ct  =  the  Hugoniot  elastic  limit, 

y 

v  =  Poisson's  ratio, 

Y  -  the  yield  strength. 

For  V  =  1/3,  CTy  is  twice  the  yield  strength.  Therefore,  the  threshold 

pressure,  p  equals  ct  -  2Y/3  and  thus  is  only  slightly  larger  than  the 
0  y 

yield  strength.  The  value  of  Y  used  in  the  estimate  of  threshold  should 
be  increased  both  for  dynamic  effects  and  for  the  work  hardening  that 
may  occur  during  the  preceding  compressive  pulse. 
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The  material  viscosity  used  in  the  growth  equation  must  pertain 
to  the  stress  levels,  loading  rates,  and  temperatures  that  occur  during 
the  void  growth.  Since  the  stress  levels  and  loading  rates  are  similar 
to  those  in  shock  fronts,  data  on  shock  l'ront  thicknesses  may  be  use'1  co 
estimate  the  viscosity.  Appendix  VI  contains  an  analysis  of  viscosity- 
governed  shock  front  thickness  to  aid  in  the  estimate.  It  should  be  noted 
that  the  viscosities  apparent  in  the  shock  front  are  one  or  two  orders 
of  magnitude  less  than  those  obtained  by  other  methods. 

In  our  analysis  of  growth  and  nucleat  ion  of  voids  as  part  <>i 
the  one-dimensional  wave-propagation  calculations,  it  is  assumed  that  the 
void  size  distribution  law, 

N  (R)  -  N  exp  ( -R/R  )  1 12 ) 

g  0  1 

holds  at  all  times.  This  assumption  is  consistent  with  the  equation  for 
growth  or  nucleation  but  not  for  the  combination.  To  investigate  the 
compatibility  of  this  assumption  with  the  growth  law,  let  N  (R)  =  N^t-R/R^) 
at  t  =0.  Then,  allow  some  growth  to  occur  at  a  constant  stress  The  new 
radii  are  obtained  by  integrating  Eq.  (9) 

R  '  ( t )  =  Re  U  Id. 

whe  re 

R'  =  the  radius  at  the  current  time 
R  =  the  radius  at  t  =  0 

The  new  distribution  function  is  determined  from  Eq .  (12)  by  inserting 

the  new  values  of  radius  and  solving  for  R  from  the  condition  that 

N'(r')  =  N  (R),  that  is,  that  the  numbers  have  not  changed, 
g  g 
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(1-0 


N'(R')  =  N  exp  (-ReAt/R  ) 

g  0  1 


=  N  (R)  =  N  exp  (-R/R  ) 

g  '  0  v  10 


Solving  for  R 


1’ 


we  find  that 


R 

1 


R 


At 

e 

10 


(15) 


Hence,  the  radius  parameter  is  independent  of  R  and  grows  at  the  same  rate 
as  other  radii.  Therefore,  the  new  distribution  has  the  same  form  as  the 
old.  In  fact,  it  can  be  shown  that  for  any  distribution  of  the  form 


N 

g 


(16) 


the  distribution  function  and  parameters  a  after  growth  are  the  same 

n 

as  the  function  and  parameters  before  growth,  and  R^  is  altered  as  in 
Eq .  ( 15  ) . 


If  only  nucleation  occurs 
function  does  not  change  with  time; 


it  is  clear  that  the  distribution 

only  N  varies  with  time: 

0 


N  (R, t )  =  N  (t)  exp  ( -R/R  ) 

g  0  10 


(17) 


.Vow  consider  that  both  nucleation  and  growth  occur  under  a 
square  wave  of  duration  t.  Then  a  number  of  voids  nucleated  at  time  t 
in  the  time  increment  dT  and  with  a  distribution 

(18) 


dN  ( R , t ) 
g 


NdT  exp  (-R/R  ) 

10 
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will  grow  to 


dN  (R,t) 
g 


Ndt  exp 


A(  t- 


']} 


19 


at  time  t. 
of  voids  is 
0  and  t , 


(N  is  the  constant  nucleation  rate.)  The  total  distribution 
obtained  by  summing  all  the  increments  dNg  nucleated  between 


N  ( R 1 1 ) 
g 


N  [  exp  {-R/  rR1()e  ~^dT 

o 


( 2U  ) 


With  the  substitutions 


5 


R  -A( t-T  ) 


and 

N  =  Nt 
0 


in  Eq.  (20),  the  exponential  integral  (Ei)  form  is  obtained 


N  (R,t) 

JL - 


(21) 


The  Ei  functions  are  evaluated  from  standard  tables. 

The  preceding  distribution  can  be  compared  with  that  obtained 
with  a  constant  distribution.  The  number  nucleated  is  simply  NQt  as 
above.  The  relative  volume  nucleated  at  time  t  is,  from  Eq .  (8), 
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3 

8ttN  cItR 
0  10 


(22) 


dV 


vr  ' 


At  time  t,  this  volume  is 


dV 


vr 


8ttN  dT 
0 


R  e 
10 


A( t-T ) 


23) 


The  total  volume  is  found  by  summing  from  0  to  t, 


But  if  the  distribution  is  not  altered,,  then 


(24  ) 


N 

g 


Nt  exp  (-R/R.  ) 


(25  ) 


•  o  /  \ 

and  the  volume  is  8rrN  tR  according  to  Eq.  (8).  Equating  this  expression 

0  2 

for  volume  to  Eq.  (24)  allows  R  to  be  evaluated. 

2 


R  =  R 
2  1 


3At 

e  -  1 


1 1/  3 


3At 


(26) 


A  comparison  of  the  distributions  obtained  with  Eqs.  (21 )  and  (26)  is 
shown  in  Figure  22.  Evidently  the  distribution  of  Eq.  (21)  shows  a  lesser 
number  of  voids  at  intermediate  radii  but  more  at  the  large  radii. 

The  change  in  shape  of  the  distribution  does  not  alter  the 

♦ 

accuracy  of  the  volume  calculation.  Each  nucleated  distribution  of  voids 
retains  its  distribution  during  growth  as  noted  earlier,  and  its  volume 
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NON  DIMENSIONAL  NUMBER  PER  UNIT  VOLUME.  Ng/No 


NON  DIMENSIONAL  RADIUS,  R/R 

n 


GA-8678  29 


FIGURE  22  COMPARISON  OF  VOID  SIZE  DISTRIBUTIONS  WITH  A  CONSTANT 
AND  A  VARIABLE  FORM 
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is  represented  correctly  by  Eq.  (23).  Hence,  the  total  volume  given  by 
Eq .  (24)  must  be  correct.  Therefore,  we  conclude  that  the  present  pro¬ 


cedure  has  the  following  properties: 


•  The  total  number  of  voids  is  correctly  represented. 


•  The  void  volume  is  correct  within  the  limits  of  the  viscous 
growth  law. 


•  The  distribution  of  the  form  of  Eq.  ( 12 )  [or  Eq.  (25)]  with 
the  radius  parameter  of 


K 

2 


(27 


only  crudely  indicates  the  general  shape  of  the  actual  dis¬ 
tribution  . 


The  present  nucieation  and  growth  procedure  is  adequate  for  our  purposes. 


C.  Constitutive  Relations 

The  presence  of  voids  alters  the  constitutive  relations  of  the 
material.  As  usual,  these  relations  have  been  separated  into  equations 
for  pressure  and  deviator  stress.  In  the  formulation  we  assumed  that  the 
average  pressure  is  proportional  to  the  change  in  specific  volume  of  the 
solid  material,  i.e., 


P 

s 


(28 


where 


pressures  before  and  after  the  time  increment 
the  bulk  modulus 


V 


the  specific  volume  of  the  solid 


The  specific  volume  of  the  solid,  V  ,  is  obtained  by  subtracting  the 

s 

specific  void  volume  from  the  gross  specific  volume.  Equation  ^28  is 
the  usual  mechanical  pressure-volume  relation  appropriate  for  low  pres¬ 
sures.  The  average  pressure  in  the  solid,  P  ,  is  related  to  the  average 

s 

pressure  on  a  gross  section  through  the  ratio  of  the  solid  area  to  the 

gross  area  of  a  section.  This  ratio  of  areas  was  assumed  to  be  related 

to  the  relative  void  volume,  V  L>,  where 

v 

V  =  the  specific  volume  of  voids 
v 

D  =  the  gross  density 

The  average  pressure  on  the  gross  section  was  then  presumed  to  bo 


=  Ps(l 


O’  V  D 
c  rO  0 


(29 


where  ry  is  a  constant.  When  Eq .  (28)  is  expressed  in  terms  of  average 
c 

pressures  on  the  gross  section,  it  becomes 


2 

a 


1  -  ry  V  D 
C  V 


1  - 


O'  V  D 
c  vO  0 


K 


(30 


where  the  subscript  0  refers  to  the  values  at  the  beginning  of  a  time 

increment.  Equation  (30)  was  compared  with  the  results  of  the  two- 

dimensional  calculations  in  Appendix  V;  the  equation  fits  those  results 

very  well  for  an  a  of  about  2.0. 
c 

The  deviator  stress  was  assumed  to  be  a  function  of  the  overall 
distortion  of  the  material  and  to  follow  a  viscoplastic  law  as  follows: 


6 


(elastic ) 


( viscoplastic ) 


(31 


where 

o'  =  the  deviator  stress 

p,  =  the  shear  modulus 

V  =  the  gross  specific  volume 

Y  =  the  yield  strength 

T]  =  the  material  viscosity 
At  =  the  time  increment 

In  Eq.  (31)  the  yield  strength  is  reduced  gradually  as  the  void  volume 
increases.  Also  the  viscous  contribution  (second  term  of  the  second  equa¬ 
tion)  is  reduced  as  the  void  volume  increases.  The  latter  reduction  fac¬ 
tor  was  derived  from  the  results  in  Appendix  V.  Equation  (31 )  is  felt 
to  be  a  reasonable  form  for  the  deviator  stress,  but  more  detailed  cal¬ 
culations,  such  as  those  in  Appendix  V,  have  not  been  completed  to  verify 
it  fully. 

The  preceding  constitutive  relations  form  a  mechanical  equation 
of  state;  temperature  and  internal  energy  are  neglected.  Initially  this 
was  assumed  to  be  adequate.  However,  as  shown  in  some  of  our  two- 
dimensional  calculations,  internal  energies  can  become  large  at  the  void 
boundary  under  these  high  loading  rates.  The  following  approximate 
analysis  indicates  that  melting  probably  occurs  at  the  free  surface  of 
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the  void.  The  strain  rate  in  the  circumferential  direction  at  the 

void  surface,  e  >  is 

0 


1  dH 
ee  ~  K  dt 


32 


Then,  for  no  volume  change  in  the  material  at  the  free  surface,  the 

radial  strain  is  j  =  -2e  .  The  deviator  stresses  in  the  circumferen- 
r  0 

tial  and  radial  directions  (o'  and  a')  are  obtained  in  Appendix  V  under 

0 

the  assumption  that  there  is  no  volume  change. 


-  l  Y  +  2T*0 

K  3  -fY“41>4e 


Since  the  radial  stress  is  zero  at  the  surface,  the  local  pressure,  p^, 

must  be  the  negative  of  o'-  Therefore,  the  circumferential  stress  is 

r 

ae  =  +  a0  =  Y  +  61^e  (34) 

An  expression  for  internal  energy  at  the  surface  of  the  void 
is  obtained  from 

E  =  J  2°0eedt  =  2  J  (Y  +6Tle9)e0dt  (35) 


We  note  that 


IdR 
6 9  R  dt 


4T) 
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according  to  Eq.  (9),  where  R  is  the  void  radius.  With  a  square  wave 
tensile  pulse,  the  internal  energy  is  then 


In  aluminum,  with  a  yield  of  1  kbar,  applied  pressure  of  10  kbar,  p^  of 

2  kbar,  T]  of  200  poise,  and  At  of  0.4  p,sec,  the  internal  energy  is 
10 

4  X  10  erg/gm.  The  internal  energy  needed  to  cause  complete  melting 

10 

in  aluminum  is  about  10  erg/gm.  Hence,  it  appears  likely  that  some 
melting  occurs  at  the  void  surface,  at  least  for  impacts  causing  inter¬ 
mediate  to  high  damage.  The  preceding  analysis  of  melting  has  not  yet 
been  completed  or  implemented  in  any  fracturing  calculations. 

The  mechanical  constitutive  relations,  together  with  the  growth 
and  nucleation  laws,  are  incorporated  into  a  subroutine  called  DFRACT  and 
procedures  for  inserting  it  into  finite-difference  (PUFF-type)  computer 
codes  are  given  in  Appendix  VII. 

d .  Wave  Propagation  Results 

From  the  wave  propagation  calculations  we  obtain  stress  his¬ 
tories  at  selected  points,  void  concentrations  (number/cm3),  and  relative 
void  volumes.  Since  each  of  these  three  can  be  obtained  at  any  depth 
into  the  target,  we  can  determine  the  variation  of  void  concentration 
or  volume  as  a  function  of  position.  The  following  discussion  shows 
such  variations  of  damage  in  1145  aluminum  and  0FHC  copper. 

Calculations  for  1145  aluminum  are  reported  in  references  1 
and  12.  These  computations  were  repeated  with  the  improved  nucleation 
function  (exponential,  instead  of  linear)  and  with  the  equation  of  state 
modified  to  reflect  the  VOID  calculations  of  Appendix  V.  The  impacts 
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in  aluminum,  which  were  all  uninstrumented,  are  listed  in  Table  VI,  The 
parameters  used  in  the  impact  calculations  are  listed  in  Table  VII.  The 
damage  distributions  (void  concentration  and  void  volume  as  a  function 
of  depth)  are  shown  in  Figures  23  to  27.  These  calculated  distributions 
are  considerably  closer  to  the  experimental  ones  than  those  exhibited 
previously.  The  void  concentration  is  represented  fairly  well  by  the 
computations  at  all  impact  levels;  the  major  difference  is  that  the  com¬ 
puted  distributions  are  steeper  than  the  experimental  ones.  Only  Shot  873 
shows  poor  correlation  between  computed  and  experimental  concentrations. 
The  void  volume  distributions  are  satisfactory  at  low  damage  levels  but 
are  too  low  at  high  damage.  These  values  have  shallower  slopes  on  either 
side  of  the  spall  plane  than  the  experimental  data,  especially  at  high 
damage.  This  difference  in  slope  is  an  indication  that  the  damage  at 
the  spall  plane  is  not  having  a  sufficient  effect  on  the  nearby  stress 
fields.  It  appears,  therefore,  that  the  current  fracturing  procedure  is 
not  able  to  correctly  compute  relative  void  volume  above  a  few  percent. 

The  two  copper  impacts  that  were  studied  in  detail  are  listed 
in  Table  VIII  and  the  fracturing  parameters  used  in  the  corresponding 
calculations  are  in  Table  VII.  The  experimental  and  computed  damage 
distributions  are  compared  in  Figures  28  and  29.  The  competed  void 
volumes  for  these  impacts  are  too  low  at  the  spall  plane  and  on  the  free  • 
surface  side  (on  the  right)  of  the  spall  plane,  and  they  are  too  high  on 
the  impact  side.  All  these  differences  come  from  the  same  source:  under¬ 
production  of  void  volume.  In  the  experiment  and  calculations,  the  damage 
occurs  first  at  the  spall  plane  and  to  the  right  of  it.  The  high  damage 
reduces  the  tensile  stresses  propagating  to  the  left  and  therefore  re¬ 
duces  the  damage  on  the  left  of  the  spall  plane.  Unfortunately,  the  two 
targets  selected  for  study  both  contain  fairly  high  damage,  although  it 
is  evident  now  that  lower-damage  targets  would  give  more  assistance  in 
model  development. 
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Table  VI 


IMPACT  CONDITIONS  FOR  EXPERIMENTS  IN  1145  ALUMINUM 


Flyer 


Shot 

Number 

Thickness 

(cm) 

Velocity 
(cm/ sec ) 

Target  Thickness 
( cm ) 

Impact  Stress 
(kbar ) 

847 

0.236 

1.289  x  104 

0.635 

10.0 

873 

0.236 

1.32  x  104 

0.617 

10.3 

849 

0.236 

1.426  X  104 

0.635 

11.0 

872 

0.236 

1.542  x  104 

0.635 

12.0 

939 

0  .114 

1.856  X  104 

0.318 

14.3 

Table  VII 

DUCTILE 

FRACTURE 

PARAMETERS  FOR  1145  ALUMINUM  AND  OFHC 

COPPER 

A1 

Cu 

Parameter 

Units 

Description 

(1145) 

(OFHC ) 

T1 

(3/471) 

cm2 

Growth  parameter 

-0.01 

-0.01 

dyn-sec 

T) 

dyn-sec 
"  2 — 

Material  viscosity 

75 

75 

T2 

'■W 

dyn/cm^ 

Growth  threshold 

1 

X 

O 

q 

-5  X  10* 

T3 

(R0) 

cm 

Nucleation  void  radius 

1  X  10~4 

1  X  10-4 

T4 

<V 

no. 

Nucleation  coefficient 

3  X  109 

2.8  X  1012 

cmu-sec 

T5 

(p„0) 

dyn/cm^ 

Nucleation  threshold 

-3  X  109 

-5  X  109 

T6 

(Pi  ) 

dyn/cm2 

Nucleation  parameter 

-4  X  108 

-2  X  109 

FIGURE  23  COMPUTED  AND  OBSERVED  DAMAGE  IN  1145  ALUMiNUM:  SHOT  847 
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FIGURE  27  COMPUTED  AND  OBSERVED  DAMAGE  IN  1145  ALUMINUM:  SHOT  939 


Table  VIII 

IMPACT  CONDITIONS  FOR  EXPERIMENTS  IN  OFHC  COPPER 


Flyer 

Target 

Impact 

Shot 

Thickness 

Velocity 

Thickness 

Backing 

Stress 

Number 

(cm) 

(cm/sec ) 

(cm) 

Plate 

( kbar ) 

S24 

0.0622 

1.585  X  104 

0.1587 

PMMA  . 

&  29.3 

S27 

0.1143 

1.286  x  104 

0.3175 

PMMA 

23.7 

O  Experimental 
A  Computation  102K 


FIGURE  28  COMPUTED  AND  OBSERVED  DAMAGE  IN  OFHC  COPPER  SHOT  S24 


For  the  copper  impacts,  manganin  gages  iri  blocks  of  PMMA  were 
placed  behind  the  targets.  The  gage  records  and  computed  stress  histories 
are  given  in  Figures  30  and  31.  The  Hugoniot  equa tion-of-state  parameters 
of  Walsh  et  al.  (Ref.  13)  was  used  for  copper,  and  the  data  of  Barker  and 
Hollenbach  (Ref.  14)  were  used  for  PMMA.  The  peak  compressive  stress  is 
not  well-represented  by  the  calculations,  indicating  that  the  Hugoniots  of 
one  or  both  materials  are  not  correct  in  the  relevant  stress  range.  The 
spall  signal,  the  hump  following  the  main  compression  pulse,  is  of  the 
correct  amplitude  in  both  figures  but  arrives  much  too  early.  This  later 
arrival  of  the  experimental  spall  signal  may  indicate  either  that  the 
actual  damage  develops  more  slowly  than  expected  or  that  the  propagation 
velocity  is  lower  than  that  given  by  the  calculations. 

Several  calculations  were  made  with  different  fracture  parameters 
to  get  the  best  correlation  with  experimental  damage  distributions  and 
stress  records.  We  noted  that  the  computed  amplitude  of  the  spall  signal 
was  larger  for  calculations  showing  higher  damage.  The  variation  of  the 
stress  minimum  preceding  the  spall  peak  was  also  studied.  This  minimum 
also  increased  with  damage.  An  increase  in  the  growth  threshold  decreased 
the  difference  between  the  minimum  and  the  spall  peak. 

It  should  be  noted  that  the  viscosity  given  in  Table  VII  is 
75  poise  for  both  aluminum  and  cor  1  though  previous  estimates  were 

based  on  viscosities  of  about  20  We  believe  that  200  poise  is 

about  right  for  both  materials  at  v.  >  low  damage  levels.  The  lower  value 
of  viscosity  used  here  reflects  our  attempt  to  reach  intermediate  and 
high  damage  levels.  At  such  levels,  the  viscosity  may  be  reduced  sharply 
by  the  internal  energy  or  heating  associated  with  void  growth  (see  pre¬ 
ceding  subsection).  Considering  this  hypothesized  heating  effect,  the 
value  of  viscosity  used  here  represents  some  average  of  the  range  of 
viscosities  actually  governing  growth. 


78 


STRESS  —  kbar 


FIGURE  30  COMPARISON  OF  STRESS  RECORD  FROM  MANGANIN  GAGE 
IN  PMMA  BEHIND  OFHC  COPPER  WITH  COMPUTED  STRESS: 
SHOT  S24 
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FIGURE  31  COMPARISON  OF  STRESS  RECORD  FROM  MANGANIN  GAGE 
IN  PMMA  BEHIND  OFHC  COPPER  WITH  COMPUTED  STRESS: 
SHOT  S27 
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The  present  computational  procedure  for  ductile  fracture  appear 
to  provide  the  following  results: 

•  The  stress  history  is  fairly  well  represented,  indicating 
that  some  gross  features  of  the  damage  are  correct. 

•  Void  volume  and  void  concentration  are  correctly  given  for 
low  damage. 

•  The  void  volume  is  underestimated  at  high  damage. 

Besides  providing  these  direct  results  for  prediction  of  fracture,  the 
procedure  has  helped  to  indicate  the  kinds  of  nucleation  functions  that 
fit  the  data  and  the  need  for  a  new  physical  mechanism  to  handle  high 
damage . 
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6. 


SIMPLIFIED  DAMAGE  CRITERIA 


In  the  previous  subsection  we  described  our  method  for  predicting 
the  detailed  damage  distribution  functions  caused  by  known  stress  his¬ 
tories.  These  detailed  damage  distribution  functions  must  form  the  in¬ 
put  for  future  detailed  calculations  of  the  effect  of  shock  damage  on 
structural  properties.  However,  for  some  cases  these  distribution  func¬ 
tions  are  unnecessarily  detailed;  simpler  rule-of-thumb  descriptions  of 
the  expected  levels  of  damage  may  be  sufficient  for  many  practical  ap- 
pl ications . 

In  this  subsection  we  discuss  two  such  simplified  damage  criteria 
for  ductile  metals:  a  void  growth  criterion  and  a  void  volume  criterion. 
For  the  void  growth  criterion,  we  assume  that  a  certain  change  in  void 
radius  is  characteristic  of  a  given  damage  level.  The  stress  history 
necessary  to  cause  this  void  growth  is  then  calculated  and  used  to  ex¬ 
plain  already  available  data  or  to  design  new  experiments.  For  the  void 
volume  criterion,  a  specific  volume  of  voids  is  assumed  to  be  character¬ 
istic  of  a  given  damage  level.  Under  this  assumption,  the  stress  history 
necessary  to  generate  this  volume  of  voids  is  calculated  from  a  knowledge 
of  the  growth  characteristics  of  voids  and  the  nucleation  rate  of  voids 
in  the  material  of  interest.  The  void  growth  criterion  requires  that 
the  material  viscosity  T]  and  the  threshold  stress  for  void  growth  must 
be  known  so  that  the  stress- time  history  required  to  cause  a  specified 
void  growth  can  be  predicted.  All  the  information  required  by  the  growth 
criterion  is  also  necessary  for  the  void  volume  criterion.  In  addition, 
the  stress  and  time  dependence  of  the  nucleation  rate  must  be  known.  It 
is  not  possible,  at  the  present  time,  to  make  a  priori  predictions  of 
the  stress  and  time  dependence  of  the  nucleation  rate,  as  it  is  inherently 
dependent  on  material  structure  and  initial  defect  distribution.  There¬ 
fore,  this  information  can  at  present  be  derived  only  from  experiments. 
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Several  generalizations  can  be  made,  though,  concerning  this  nucleation 
rate.  First,  it  is  stress  dependent,  increasing  with  increasing  stress. 
Second,  it  may  or  may  not  be  time  dependent.  Third,  it  may  be  control¬ 
ling  if  a  sufficient  number  of  nucleation  sites  are  available.  There¬ 
fore,  because  of  a  lack  of  information  concerning  the  void  nucleation 
rates,  the  void  volume  criterion  is  the  less  desirable  of  the  two. 

a .  Void  Growth  Criterion 

This  method  is  based  on  Eq.  (9)  which,  upon  integration,  states 
R  =  Rg  exp  (At)  (37) 


where 


A 


P 


P 


0 


4H 


The  general 
pressure  of 
a  nonsquare 


criterion  is  that  a  void  must  reach  a  certain  size  R^  after  a 
magnitude  has  been  applied  for  a  time  t.  For  the  case  of 
tensile  wave,  this  equation  becomes 


R 


A( t )dt 


(38) 


where 


t 

J  A( t )dt 
0 


dt 
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Therefore,  only  pressures  larger  than  will  contribute  to  the  growth, 
and  the  effects  of  time-dependent  loading,  such  as  a  simple  exponentially 
attenuating  wave,  can  be  determined. 

The  method  of  application  is  to  select  a  reasonable  ratio  of 
the  void  final  radius  to  the  void  initial  radius.  The  initial  radius  of 
the  void  is  empirically  determined  and  fnkon  as  the  limit  of  resolution 
of  the  observational  technique  (~  1  .  This  size  for  is 

chosen  because  experiments  on  1145  A  own  that  consistent  results 

are  obtained  through  this  assumption.  it  may  be  thai  ••ostructural  ob¬ 
servations  in  other  materials  as  to  the  size  of  in  >uld  allow 

an  estimation  of  for  those  materials.  The  final  is  typically 

taken  to  have  a  value  such  that  the  logarithm  of  the  ratio  (RR^)  is  an 
integer.  The  ratio  taken  for  copper  and  aluminum  is  typically  7.4,  which 
has  a  natural  logarithm  of  two.  For  the  case  of  a  simple  square  wave, 
the  parameters  necessary  to  evaluate  the  growth  function  are  best  de¬ 
scribed  by  examining  the  growth  equation  in  which  the  expression  for  A 
has  been  included: 

(p  -  PQ)t  =  47]  Xn(R/RQ)  (39) 

The  tensile  stress  and  time  at  stress  cannot  be  measured  di¬ 
rectly  and  must  therefore  be  calculated,  most  simply  by  applying  SRI  PUFF 
and  by  allowing  no  fracturing.  The  tensile  stress  history  is  then  di¬ 
rectly  available  for  use  in  these  calculations.  The  stress  histories 
sufficient  to  produce  a  given  damage  level  can  be  specified  by  applica¬ 
tion  of  Eq.  (39)  if  the  material  viscosity  and  the  threshold  stress  are 
known,  assuming  a  value  for  £n(R/Rg). 

The  material  viscosity  can  be  estimated  in  several  ways  and  can 
also  be  inferred  directly  from  shock  experiments.  It  is  necessary  first 
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to  understand  the  nature  of  the  viscosity  and  its  relation  to  material 
properties . 

Metals  deform  by  the  motion  of  dislocations.  At  high  strain 
rates  this  motion  is  typically  linear  viscous  over  a  wide  range  of  stress. 
The  observed  relationship  is 


(<*  "  ctq)  =  "W 


(10) 


where 


CT 

a 

< 

*n 


the  applied  uniaxial  stress 

threshold  stress  for  linear  viscous  behavior 
the  material  viscosity 
plastic  strain  rate 


In  general 

V  =  P  bV  (a) 
m  u 


(41) 


where 

p  =  the  density  of  mobile  dislocations 
m 

b  =  the  dislocation  Burger's  vector 

Vp  =  the  dislocation  velocity 

The  dislocation  velocity  is  related  to  the  applied  stress  by 


<°  -  ®o)S  =  BVD 


(42) 
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where  B  is  the  viscous  drag  coefficient  for  individual  dislocation  motion. 


Manipulation  of  Eqs.  (4l)  and  (42)  gives  the  material  viscosity  as 

(43) 

Therefore,  the  two  variables  for  defining  the  material  viscosity  are  the 

viscous  drag  coefficient  for  dislocations  B  and  the  mobile  dislocation 

density  P  . 

m 

The  values  of  B  vary  from  material  to  material  and  can  be  ex¬ 
perimentally  measured.  The  techniques  usually  applied  are  (l)  etch  stress 
pulse  method  (Ref.  15)  and  (2)  internal  friction  measurements  (Ref.  16). 
The  stress  pulse  method  is  most  direct,  although  it  requires  the  assump¬ 
tion  of  small  dislocation  inertia  and  uniform  motion  during  the  time  of 
stress  application.  Internal  friction  measurements  require  detailed  in¬ 
terpretation  based  on  dislocation  damping  induced  losses,  the  density  of 
moving  dislocation,  and  other  material  parameters.  The  first  is  most 
likely  to  give  measurements  of  the  most  significance. 

A  third  technique  is  to  evaluate  the  stress  dependence  of  the 
strain  rate  using  the  split  Hopkinson  bar  (Refs.  17,  18).  The  major 
problem  in  this  technique  is  that  detailed  analysis  is  necessary  to  deter¬ 
mine  the  strain  rate  dependence  of  the  yield  stress.  Further,  experi¬ 
mental  difficulties  in  the  high  strain  rate  region  limit  the  accuracy  of 
this  technique. 

These  methods  of  analyses  allow  us  to  determine  an  upper  bound 
on  the  material  viscosity.  However,  a  complete  ignorance  of  the  density 
of  mobile  dislocations  precludes  an  accurate  determination  of  the  material 


T)  = 


B 


r*2 
P  b 

m 
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viscosity  from  a  knowledge  of  the  viscous  drag  coefficient  B.  There  are 
also  questions  concerning  using  the  values  observed  at  low  stresses  for 
the  coefficient  B  at  high  stresses,  i.e.,  relativistic  effects. 

Probably  the  best  method  that  can  be  used  to  determine  experi¬ 
mentally  the  mechanical  viscosity  of  material  under  shock  conditions  is 
the  measurement  of  shock  from  thicknesses  of  steady  state  shock  waves 
(Refs.  19,  20 ) .  Recent  advances  in  measurement  techniques  make  this  method 
attractive  (Refs.  21,  22).  An  analysis  for  the  relationship  of  shock 
front  thickness  and  material  viscosity  has  been  carried  out  on  this  pro¬ 
gram;  the  details  are  presented  in  Appendix  VI.  Several  methods  can  be 
used  to  obtain  the  desired  stress  histories.  They  vary  from  interpreta¬ 
tion  of  surface  motion  observed  by  optical  or  electrical  methods,  or  both, 
to  piezoelectric  or  piezoresistive  stress  gage  measurements.  Measure¬ 
ments  of  surface  motion  are,  to  a  major  extent,  more  accurate  representa¬ 
tions  of  the  shock  profile,  since  they  have  inherently  better  time  reso¬ 
lution  than  either  piezoelectric  or  piezoresistive  stress  gage  measure¬ 
ments,  because  surface  motion  measurements  are  not  limited  by  the  size  of 
the  sensing  element  but  detect  only  a  small  portion  of  tne  sample  sur¬ 
face  . 

In  general,  high  material  viscosity  results  in  broad  steady 
state  shock  waves.  Therefore,  less  accurate  measurement  techniques  can 
lead  to  reasonable  measurements  for  high- viscosity  materials,  which  in¬ 
clude  iron,  tungsten,  and  molybdenum.  Materials  such  as  aluminum  and 
copper  have  much  smaller  viscosities,  and  meaningful  data  can  be  derived 
only  from  measurements  made  using  high- resolution  techniques. 

To  determine  the  threshold  stress  necessary  to  initiate  and 
maintain  void  growth,  a  solution  has  been  derived  for  the  quasi- static 
growth  of  a  void  in  a  zero  strength,  viscous  medium  and  in  an  elastic, 
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perfectly  plastic  medium.  The  detailed  calculations  are  presented  in 
Appendices  III,  IV,  and  V. 


The  results  of  the  stat.'c  clastic,  perfectly,  plastic  solution 
(Appendix  IV)  show  that  yielding  starts  around  a  void  when  the  shear 
stress  resulting  from  hydrostatic  tension  at  large  distances  from  the  void 
reaches  the  yield  stress.  The  stress  needed  to  continue  growth  increases 
to  a  limiting  value  as  the  plastic  zone  formed  about  the  void  reaches  a 
limiting  ratio  with  respect  to  the  void  radius.  As  long  as  this  stress 
is  applied,  void  growth  can  occur. 

The  dynamic  analysis  of  a  void  in  viscous  material  (Appendix  III) 
shows  that  viscous  stresses  dominate  over  the  small  void  radius  range 
(l  to  10  p.)  and  that  a  threshold  stress  such  as  that  derivable  from  simple 
elastic-plastic  models  is  valid  for  void  growth. 

The  elastic-plastic  solution  for  the  external,  spherically  sym¬ 
metric,  hydrostatic  tensile  stress  necessary  to  maintain  void  growth  is 


CT 

0 


(44) 


where 

Y  =  the  uniaxial  yield  stress 
|i  =  the  shear  modulus 

K  =  bulk  modulus  for  the  material  of  interest. 

The  yield  strength  Y  includes  several  components: 

•  The  quasi-static  yield  strength  of  the  material. 

•  The  increase  in  the  quasi-static  yield  strength  caused  by 
strain  hardening  occurring  during  the  prestraining  of  the 
material  by  the  compression  phase  of  shock  loading. 
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The  increase  in  the  yield  strength  necessary  to  account  for 
the  effect  of  strain  rate  on  the  transition  to  linear  vis¬ 
cous  behavior. 

This  calculation  of  the  threshold  stress  is  accurate  only  for 
materials  in  which  the  tensile  stress  field  is  nearly  hydrostatic.  As 
discussed  in  the  previous  section  (ill,  5),  under  conditions  of  macro¬ 
scopic  uniaxial  strain,  a  lower  threshold  stress  about  equal  to  2Y  may 
be  appropriate.  Irrespective  of  this,  the  growth  equation  will  hold  with 
a  modified  threshold  stress,  even  for  materials  in  which  a  nonhydrostatic 
tensile  stress  field  is  present. 

b.  Void  Volume  Criterion 

The  simple  equation  describing  the  development  of  void  volume 
in  a  sample  during  dynamic  tensile  loading  (particularly  at  low  damage 
levels)  is,  from  Eq.  (24) 


As  previously  stated,  this  criterion  requires  the  a  priori  knowledge  of 
the  stress  and  time  dependences  of  the  void  nucleation  rates.  These  are 
available  only  from  experiments.  Therefore,  at  the  present  time,  this 
criterion  appears  to  be  the  less  desirable  of  the  two  describe^. 

The  void  radius  criterion  can  be  related  to  the  specific  void 
growth  criterion  by  assuming  an  average  void  radius  that  is  characteristic 
of  a  given  damage  level.  This  average  void  radius  is  given  as 
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where  N  is  the  total  number  of  voids  and  V  the  void  volume  resulting 
t  vr  B 

from  a  specific  loading  history.  It  is  likely  that  this  quantity  is  a 
more  reasonable  parameter  to  choose  than  that  used  in  the  simple  growth 
criterion  in  the  determination  of  a  damage  criterion.  It  has  the  compli¬ 
cation,  however,  that  at  present  it  requires  a  detailed  analysis  of  the 
damage  distribution  so  that  the  volume  of  voids  and  the  total  number  of 
voids  can  be  determined.  If  an  ability  to  predict  nucleation  rates  can 
be  developed  for  this  criterion,  the  average  void  radius  will  probably 
be  more  reasonable,  since  it  will  allow  estimates  of  full  separation  to 
be  made  on  the  basis  of  void  coalesence  considerations. 

c .  Example  of  the  Use  of  Simplified  Damage  Criteria:  OFHC  Copper 

The  simplified  predictive  technique  discussed  above  was  actually 
used  to  predict  damage  levels  in  OFHC  copper  before  our  copper  experi¬ 
ments  were  performed.  It  was  assumed  that  copper  would  fracture  in  a 
manner  similar  to  aluminum,  and  our  experience  with  1145  aluminum  was 
used  to  help  select  the  fracture  parameters  for  the  predictions.  This 
successful  effort  is  described  in  the  following  paragraphs. 

The  two  parameters  necessary  for  damage  prediction  are  the 
material  viscosity  T]  and  the  stress  threshold  for  void  growth  The 

material  viscosity  measured  by  various  techniques  and  the  viscous  drag 
coefficients  on  individual  dislocations  in  aluminum  and  copper  are  given 
in  Table  IX. 

The  viscosity  of  copper  is  seen  to  vary  by  over  a  factor  of  60 
depending  on  the  method  of  measurement,  although  the  viscous  damping  co¬ 
efficient  varies  by  only  a  factor  of  two.  Analysis  of  shock  front  widths 
indicates  that  the  viscosity  should  be  less  than  600  poise,  since  the 
rise  time  of  the  shock  wave  fronts  analyzed  was  determined  primarily  by 
the  characteristics  of  the  measurement  technique.  The  aluminum  viscosity 
is  also  seen  to  vary  over  a  factor  of  60,  depending  on  the  method  of 
measurement.  The  Kolsky  thin  wafer  technique  appears  to  give  values  larger 
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than  those  from  other  techniques  by  over  an  order  of  magnitude.  The 
value  of  the  material  viscosity  is  therefore  best  determined  from  the 
most  consistent  set  of  measurements,  the  etch-stress  pulse  technique  for 
measuring  B,  the  viscous  drag  coefficient  of  dislocations.  A  law  of 
common  states  was  assumed  to  apply  and  the  ratio  of  the  viscosity  of 
copper  to  that  of  aluminum  was  assumed  to  be  equal  to  that  of  their  vis¬ 
cous  drag  coefficients  for  dislocation  motion.  This  ratio  was  used  with 
the  viscosity  for  aluminum  determined  from  the  void  growth  constants 
to  estimate  the  viscosity  of  copper  under  shock  conditions. 


Table  IX 

MECHANICAL  VISCOSITIES  OF  COPPER  AND  ALUMINUM  AT  HIGH  STRAIN  RATES 


Viscous 
Drag  on 


Material 

Disloca¬ 

Viscosity 

Expel 

tions 

Experimental 

Material 

(poise) 

Teci 

(poise) 

Technique 

Copper 

4 

3.7  X  10 

Kolsky  Hi  . 

-4 

1.7  X  10 

Etch-stress 

wafer  (Ref .  23  ) 

pulse  (Refs.  24,  25) 

3 

1.15  X  10 

Hopkinson  Bar 

-5 

7.5  X  10 

Acoustical 

(Ref.  26) 

attenuation 

(Ref.  20) 

2 

<6  X  10 

Shock  front 

thickness 

Aluminum 

4 

1.1  X  10 

Kolsky 

-4 

2.5  X  10 

Etch-stress 

thin  wafer 

pulse 

(Refs.  17, 18) 

(Ref.  27) 

-3 

2  X  10 

Internal 

friction 

(Re  .  28) 

6061 

2 

1.8-4. 8  X  10 

Shock  front 

T6 

thickness 

1145  A1 

2 

3.6  X  10 

Void  growth 

(Ref.  12) 
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The  ratio  of  these  quantities  for  aluminum  and  copper  is 


,  B(Cu) 

b(ai) 


1.7  X  10 

-4 

2.5  X  10 


0.68 


Therefore,  the  viscosity  of  copper  under  shock  conditions  is  approximately 
0.6  to  0.7  of  that  of  aluminum  and  is  therefore  estimated  as  T)(Cu)  ~  250  poi.se. 

The  threshold  stress  can  be  calculated  by  using  Eq.  (44)  and 
the  correct  values  for  the  uniaxial  yield  stress  Y.  The  static  yield 
strength  for  0FHC  copper  is  approximately  7000  psi  (~0.5  kbar).  The  in¬ 
crease  in  yield  strength  necessary  to  account  for  the  strain  rate  effect 
in  reaching  the  viscous  threshold  is  of  the  order  of  0.5  kbar.  Further, 
from  the  work  of  Grace  (Ref.  20),  the  increase  in  static  yield  strength 
due  to  shock  compression  hardness  is  approximately  1.5  kbar  per  100  kbar 
peak  compression  pressure  for  stresses  up  to  100  kbar.  Therefore,  assum¬ 
ing  a  typical  compressive  stress  of  20  kbar,  the  yield  strength  to  be  used 
with  Eq.  (44)  is  1.3  kbar.  The  resulting  threshold  stress  is  6.5  kbar. 

Table  X  gives  the  results  of  calculations  based  on  this  criterion 

9  2 

assuming  a  threshold  stress  of  6.5  X  10  dynes  cm  and  material  viscosities 
of  200  and  250  poise  for  times  at  stress  of  0.5,  0.25,  and  0.125  psec. 

The  experiments  to  be  described  were  designed  on  the  basis  of 
the  stresses  and  times  at  stress  shown  in  Table  X,  and  some  of  the  results 
were  shown  in  Fig.  17. 
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Table  X 


PREDICTED  DAMAGE  THRESHOLD  CONDITIONS  FOR  OFHC  COPPER 


Time  at  Stress 

Stress  (kbar)  for 

Stress  (kbar)  for 

(sec) 

T]  =  200  poise 

T]  =  250  poise 

5  X  10-7 

11.2 

12.0 

2.5  X  10”7 

14  .4 

16.0 

1.25  X  10”7 

20.8 

24.0 

Tbe  times  at  stress  for  the  regions  shown  in  Figures  17(a),  17(b), 
and  17(c)  are  0.32  (isec,  0.64  p,sec,  and  1.2  (isec,  respectively.  Using 
these  times  at  stress  and  calculated  values  of  tensile  stress,  we  cal¬ 
culated  the  damage  level  factor  ^n  R/Rq  to  be  4.8,  3.9,  and  3.2  for  the 
experiments  shown  in  Figures  17(a),  17(b),  and  17(c),  respectively.  Ex¬ 
amination  of  the  micrographs  shows  that  the  experimental  values  of  in 
R/Ro  are  4.4,  3.4,  and  3.1  for  the  damage  shown  i-  17(a),  17(b), 

and  17(c),  respectively.  The  agreement  with  the  excellent  on 

this  basis  and  shows  that  a  range  of  damage  levels  ut-  amenable  to  pre¬ 
diction. 

A  further  verification  of  the  predictions  has  been  gained  by  de¬ 
tailed  analysis  of  Shot  S24  (sample  thickness  1.578  mm,  projectile  thick¬ 
ness  0.619  mm,  impact  velocity  0.158  mm/|j,sec),  which  was  instrumented 
with  back  surface  manganin  piezoresistance  pressure  transducer  mounted 
in  PMMA.  Interpretation  of  this  analysis  indicates  that  the  peak  tensile 
stress  imposed  on  the  sample  was  17.5  kbar.  The  derived  growth  constant, 

A,  was  1.08  X  107  sec”*  for  the  volume  analysis  and  1.07  X  107  sec”*  for 
the  radii  analyses  procedures.  The  growth  constant  is  given  as  A  = 

(ct  -  ao)/4T].  A  viscosity  of  approximately  260  poise  is  predicted  when  the 
tensile  stress  is  assumed  as  17.5  kbar  and  the  threshold  stress  as  6.5  kbar, 
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in  agreement  with  the  original  value  chosen.  The  observed  void  nueleation 
rate  is  of  the  order  of  4  X  10^  (cm^  sec)  \  a  value  similar  to  those 
observed  in  1145  aluminum. 

The  experimental  results  and  their  consistency  with  the  dynamic 
fracture  criterion  indicate  that  other  fracture  data  on  OFHC  copper  should 
be  explainable  in  terms  of  this  model.  In  the  description  of  the  cal¬ 
culation  of  the  tnreshold  stress  for  the  formation  of  damage  in  a  mate¬ 
rial  under  the  action  of  a  dynamic  tensile  load,  it  was  stated  that  the 
effects  of  strain  hardening  during  the  compressive  phase  of  the  shock 
process  must  be  included.  The  method  shown  was  to  include  this  as  an 
increase  in  the  yield  stress  used  in  the  calculation  of  the  stress  neces¬ 
sary  to  cause  unbounded  void  growth.  This  method  of  accounting  for  the 
effects  of  strain  hardening  resulting  from  shock  loading  can  also  be 
used  to  evaluate  the  influence  of  cold  working  on  material  before  shock 
loading.  This  is  best  demonstrated  by  considering  the  dynamic  fracture 

thresholds  observed  in  3/4  hard  OFHC  copper  (Ref.  26).  The  static  yield 

3 

stress  at  a  strain  rate  of  10  /sec  in  this  material  was  reported  as  3  kbar. 
Further,  at  this  hardness  level,  essentially  no  increase  in  the  yield 
strength  resulting  from  the  compressive  phase  of  shock  loading  is  expected. 
From  Eq .  (44)  the  threshold  stress  is  calculated  to  be  13.5  kbar,  assuming 
a  yield  stress  of  3  kbar .  Dynamic  fracture  thresholds  can  then  be  cal¬ 
culated  from  the  growth  criterion,  assuming  a  viscosity  of  200  poise  if 
the  times  at  stress  are  shown.  The  times  at  stress  are  defined  by  the 
ratio  of  the  project ile-to-target  thicknesses  as  well  as  by  the  absolute 
value  of  the  target  thickness.  In  this  material,  the  magnitude  of  the 
elastic  precursor  was  about  3  kbar,  and  it  is  necessary  to  consider  only 
the  duration  of  the  tensile  plastic  wave  unaffected  by  the  elastic  pre¬ 
cursor  rarefactions.  The  results  of  such  calculations  are  presented  in 
Table  XI  and  compared  with  the  reported  results.  The  general  agreement 
is  excellent;  the  greatest  error  is  apparent  at  the  shorter  times  at  stress. 
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Table  XI 


PREDICTED  AND  EXPERIMENTALLY  OBSERVED  DAMAGE  THRESHOLD  CONDITIONS 

FOR  3/1  HARD  OFHC  COPPER 


Time  at  Stress 
(sec) 


Ex per imental 
Damage  Threshold 
(kbar  tension) 


Calculated 
Damage  Threshold 
(kbar  tension) 


7  X 

10"  7 

15.5 

15-16 

3.5  X 

10“7 

18.5 

19-20 

1.2  X 

10“7 

23 

24-25 

The  main  result  of  this  discussion  is  that  the  apparent  disagreement  in 
the  dynamic  fracture  threshold  conditions  observed  for  these  two  samples 
of  OFHC  copper  is  resolved  by  the  understanding  of  the  influence  of  straii 
hardening  on  the  hydrostatic  tensile  threshold  stress  for  unbounded  void 
growth.  Further,  the  fact  that  dynamic  fracture  thresholds  observed  by 
separate  investigators  have  been  correlated  through  a  simple  theory  is 
unique . 

The  void  growth  criterion  presented  in  this  report  can  be  directly 
related  to  other  phenomenological  models  for  dynamic  fracture.  All  pre¬ 
vious  models  were  relevant  only  to  the  material  studied,  and  any  constants 
were  characteristic  of  only  one  material.  Using  the  void  growth  criterion, 
the  constants  in  these  other  models  can  be  directly  related  to  the  material 
viscosity  T)  ,  the  threshold  stress  for  void  growth,  and  the  damage  parameter 
(i.e.,  the  ratio  of  final  to  initial  voids  radii). 

The  ability  to  predict  the  damage  in  a  material  with  some  accuracy 
when  the  applied  stress  history  is  known  implies  that  observation  of 
given  damage  level  should  allow  an  estimate  of  the  local  tensile  stress 
history  to  be  made.  Such  an  estimate  would  be  only  of  an  integrated 
nature.  For  the  case  of  the  viscous  void  growth,  the  model  described 
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here,  a  tensile  impulse  could  be  estimated.  This  could  provide  a  check 
on  any  stress  gaging  of  the  samples  and  would  be  an  extremely  stable 
measuring  device. 

7.  SUMMARY  OF  DUCTILE  FRACTURE 

The  results  of  a  study  of  the  dynamic  fracture  of  ductile  metals  have 
been  reported.  They  include  the  development  of  techniques  for  quantita¬ 
tively  measuring  the  nucleation  and  growth  rates  of  voids  (the  observed 
damage  mode)  and  for  finding  their  dependence  on  stress,  time,  material 
viscosity,  and  yield  strength.  These  results  were  used  to  formulate  a 
model  describing  the  fracture  process  in  ductile  metals  in  which  the 
effects  of  damage  on  the  local  stress  are  considered.  A  simple  damage 
threshold  criterion  based  on  the  void  growth  mechanism  was  also  formulated 
and  predictions  were  made  for  OFHC  copper.  Experimental  data  were  in 
agreement  with  these  predictions,  verifying  the  model. 

The  basic  result  has  been  the  demonstration  of  a  capability  for  pre¬ 
dicting  damage  levels  and  distributions  for  an  arbitrary  stress  history. 

We  have  shown  that  the  correlation  of  predicted  damage  with  experimentally 
observed  damage  is  good,  but  not  exact.  The  uncertainty  is  believed  to 
be  related  to  the  model  used  to  include  the  effect  of  developing  damage 
on  the  local  stress.  Even  with  this  error  the  results  are  very  encouraging 
since  at  no  previous  time  has  such  agreement  been  obtained. 
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SECTION  IV 


BRITTLE  FRACTURE 

In  this  section  we  discuss  the  work  performed  on  the  materials 
that,  under  dynamic  conditions,  fracture  by  nucleation  and  growth 
of  brittle  microcracks.  We  discuss  our  experimental  observations  and 
our  methods  of  analysis,  followed  by  a  description  of  our  stress  history 
calculations  and  of  the  results  of  these  computations.  Finally,  a  sum¬ 
mary  of  our  results  and  conclusions  regarding  dynamic  brittle  fracture 
is  given. 

1.  BRITTLE  FRACTURE  MODEL 

a.  Nature  of  the  Model 

The  brittle  fracture  model  was  patterned  after  the  ductile 
model  and  based  on  observations  of  damage  in  Armco  iron.  An  example  of 
this  damage  is  shown  for  a  tapered  flyer  experiment  in  Figure  32.  The 
sections  are  from  four  positions  across  the  target  parallel  to  the  im¬ 
pact  plane  and  show,  in  descending  order,  the  effect  of  impacts  with 
increasing  flyer  thickness.  The  tapered  flyer  induces  the  same  peak 
tensile  stress  at  the  (expected)  spall  plane  all  across  the  target,  but 
the  duration  of  that  stress  varies  as  described  in  Appendix  I.  These 
nominal  durations  of  the  peak  tensile  stress  are  listed  in  the  figure. 
Clearly  the  number  and  length  of  cracks  appear  to  increase  with  duration 
of  loading.  These  observations  indicate  that  nucleation  and  growth  of 
cracks  must  be  included  in  a  model  to  represent  the  damage  correctly. 

A  quantitative  picture  of  the  damage  is  obtained  by  counting  the  surface 
tion  and  sorting  into  groups  by  crack  length  and  angle  with 


97 


SHOCK  Utritc  i  ion* 


FREE  SURFACE  ( 


FREE  SURFACE 


FREE  SURFACE  P 


I  »  4  . 

£  GP-M7B-1 1 


& 


FIGURE  32  DAMAGE  DISTRIBUTION  OBSERVED  IN  A  TAPERED  FLYER 
SHOT  ON  ARMCO  IRON  (Shot  SI) 


respect  to  the  direction  of  impact.  A  statistical  transformation  of  the 

observed  cracks,  similar  to  that  of  Kaechele  and  Tetelman  (Ref.  30)  ,  is 

,  /  3 

made  to  determine  the  volume  distribution  of  cracks  (number/cm  in  each 
length  and  angle  group).  These  distributions  in  angle,  length,  and  posi¬ 
tion  in  the  target,  as  well  as  stress  gage  records,  should  be  simulated 
approximately  by  the  fracture  model.  Because  of  the  wealth  of  information 
provided  by  the  crack  distributions,  a  model  that  fits  these  distributions 
must  have  considerable  fidelity  to  the  actual  processes  occurring. 

The  model  provides  for  the  nucleation  of  cracks  as  a  function 
of  stress  level,  for  the  growth  of  the  cracks  while  the  stress  intensity 
factor  cxcocds  the  fracture  toughness,  and  for  the  relaxation  of  stress 
as  a  function  of  the  developing  damage.  The  growth  and  stress  relaxation 
aspects  are  based  on  classical  fracture  mechanics  and  fracture  dynamics. 

The  material  information  required  for  using  the  model  to  calcu¬ 
late  fracture  includes  fracture  toughness,  an  initial  crack  size,  limiting 
growth  velocity,  and  nucleation  rate  parameters.  The  output  from  the 
calculation  includes  number  and  size  of  cracks  as  a  function  of  position 
in  the  damaged  target,  and  stress  histories  at  any  point  in  the  target. 
This  output  is  somewhat  more  detailed  than  that  for  ductile  fracture, 
because  the  crack  size  distribution  is  not  forced  to  fit  a  particular 
analytical  form.  The  distribution  is  given  in  ten  increments.  As  in 
the  ductile  fracture  calculations,  the  computed  results  indicate  a  plane 
of  very  high  damage  with  regions  of  lesser  damage  on  either  side. 

b.  Nucleation  Rate 

As  with  ductile  fracture,  experimentally  obtained  numbers  of 
nuclei  refer  to  observed  cracks.  Hence,  some  permanent  set  (plastic  flow) 
must  occur,  and  the  crack  length  and  opening  must  be  large  enough  for 
detection.  Generally  our  observable  crack  length  is  a  few  microns.  In 
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Armco  iron  the  nucleated  cracks  appear  to  be  randomly  or  homogeneously 
located;  a  homogeneous  model  has  been  used  for  nucleation.  Also  the 
orientation  of  the  cracks  with  respect  to  the  plane  of  impact  appears  to 
be  random,  but  for  simplicity,  our  initial  brittle  fracture  model  considers 
all  cracks  parallel  to  the  plane  of  impact.  The  nucleation  size  is  not 
known  but  is  presumed  to  be  about  1  micron. 

The  nucleation  rate  could  not  be  obtained  directly  from  the 
observed  damage  as  it  could  for  incipient  ductile  fractures.  The  effect 
of  damage  on  the  stress  was  so  great  that  the  stress  histories  could  not 
be  approximated  as  square  waves  for  any  cases  considered.  Hence,  for 
our  calculations  of  brittle  fracture,  a  very  strong  interaction  exists 
between  the  nucleation  and  the  other  factors  governing  the  stress  history. 


c.  Growth  Rate  and  Growth  Threshold 


The  growth  of  cracks  as  a  function  of  stress  level  has  been 

treated  for  many  years  by  workers  in  fracture  mechanics  and  fracture 

dynamics,  such  as  Griffith  (Ref.  3l)  ,  Irwin  (Ref.  32),  Mott  (Ref.  33), 

Sneddon  (Ref.  34),  Dulaney  and  Brace  (Ref.  35),  Neuber  (Ref.  36),  and 

Barenblatt  (Ref.  37).  Where  applicable,  their  work  has  been  used  to 

develop  the  growth  model.  Growth  is  presumed  to  occur  when  the  stress 

intensity  factor  reaches  the  critical  value  or  fracture  toughness 

K  .  In  turn,  K  determines  the  critical  or  threshold  stress  for  any 
IC  IC 

crack  length.  The  velocity  of  growth  for  stresses  above  the  critical 
level  is  presumed  to  be  a  function  of  stress  and  to  reach  a  limiting 
value  for  high  stresses. 


We  assume  that  the  crack  is  penny-shaped,  in  an  elastic  stress  field, 
and  its  opening  is  given  by  Sneddon's  analysis  (Ref.  34)  for  a  unidirec¬ 
tional  tensile  field.  Clearly  we  are  neglecting  the  orientation  of  the 
cracks,  the  interaction  of  adjacent  cracks,  and  the  occurrence  of 
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considerable  plastic  flow  at  these  high  stresses.  We  have  also  selected 
the  simple  relation  of  Mott  (Ref.  33)  for  velocity,  although  that  relation 
is  known  to  be  approximate  even  for  planai*  (not  penny-shaped)  cracks.  In 
spite  of  these  shortcomings,  the  functional  relationships  are  expected 
to  have  the  correct  form.  The  computed  crack  growth  (exhibited  later) 
shows  reasonable  agreement  with  the  observed  crack  sizes. 

Constitutive  Relations 

The  presence  of  cracks  in  the  material  causes  some  change  in 
the  stress-strain  or  constitutive  relations.  The  propagation  of  waves 
through  the  partly  fractured  material  depends  entirely  on  these  consti¬ 
tutive  relations.  Therefore,  to  perform  stress  propagation  calculations 
that  proceed  through  fracturing,  constitutive  relations  must  be  developed. 

The  current  constitutive  relations  have  been  separated  into 
relations  for  pressure  and  deviator  stress.  They  are  continuous  with 
the  relations  for  undamaged  material  and  very  similar  to  those  for  ductile 
fracture.  The  primary  mechanism  for  stress  reduction  in  our  model  is  the 
elastic  opening  of  the  cracks.  This  crack  volume  permits  the  specific 
volume  of  the  remaining  solid  to  reduce  and  thus  reduces  the  stress  in 
the  solid.  Within  each  one-dimensional  cell  of  the  SRI  PUFF  computer 
code,  a  state  of  static  equilibrium  is  presumed.  Hence,  cracks  may  send 
recompression  waves  to  adjacent  cells,  but  they  are  in  a  state  of  equi¬ 
librium  with  the  material  in  their  own  cell.  This  static  requirement  may 
be  serious  if  growth  velocities  approach  wave  velocities  but  is  probably 
unimportant  for  the  crack  velocities  in  Armco  iron  ( l/20  of  longitudinal 
sound  speed) . 
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2. 


EXPERIMENTAL  PHASE 


The  dynamic  fracture  of  brittle  solids  must  include  investigations 
of  several  types  of  materials  if  a  generalized  understanding  the  frac¬ 
ture  process  is  to  be  gained.  Further,  truly  brittle  solids,  if  they  can 
be  reproducibly  manufactured,  have  the  possibility  of  being  used  as  stan¬ 
dards  since  their  fracture  behavior  is  generally  well  understood  under 
quasi-static  conditions.  Therefore,  in  this  study  of  brittle  materials 
fractured  under  dynamic  conditions  two  classes  of  materials  were  investi¬ 
gated. 

The  first  material  is  an  isotropic  graphite  specially  prepared  by 
Los  Alamos  Scientific  Laboratory  (LASL).  This  material  is  unique  in  that 
the  grain  size,  grain  orientation,  and  material  properties  are  extremely 

reproducible  from  sample  to  sample  and  from  manufacturing  batch  to  manu- 

/  3. 

facturing  batch.  This  high  density  graphite  (p  “  1.79  gm/cm  )  is  isotropic 
and  uniformly  porous  on  a  macroscopic  scale.  It  exhibits  nearly  ideal 
brittle  behavior,  which  is  strongly  affected  by  the  material  microstruc¬ 
ture. 

The  second  material  is  Armco  iron,  a  classic  rate-dependent,  body- 
centered,  cubic  metal  exhibiting  a  ductile-brittle  transition  with  both 
decreasing  temperature  and  increasing  strain  rate.  This  material  is  of 
interest  because  its  fracture  mode  is  typical  of  most  high  strength  mate¬ 
rials  exhibiting  a  ductile-brittle  transition. 

In  this  section  we  give  a  short  description  of  the  experimental  ob¬ 
servations  for  the  above  materials.  Detailed  descriptions  of  the  experi¬ 
mental  techniques  are  given  in  Appendices  I  and  II. 
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The  experimental  program  '.oisisted  of  two  main  elements: 


•  Instrumented  and  uninstrumented  impact  experiments  to  produce 
known  stress  histories  in  samples  under  conditions  of  uniaxial 
strain. 

•  Metallurgical  examination  of  impacted  specimens. 

Both  procedures  are  the  same  for  the  brittle  materials  as  for  the  pre¬ 
viously  described  ductile  materials. 

a .  Graphite 

( 1 )  Objective 

The  dynamic  fracture  of  the  LASL  high  density  graphite  was 
studied  experimentally.  The  purpose  of  this  work  was  to  define  the  dy¬ 
namic  fracture  characteristics  of  this  material  under  plate  impact  condi¬ 
tions  so  that  comparison  could  be  made  with  results  attained  by  other 
dynamic  loading  methods.  The  program  consisted  of  the  components  given 
in  the  introduction  (Section  i)  which  are  necessary  to  carry  out  a  dynamic 
fracture  study. 

The  first  step  in  this  process  is  to  develop  methods  for 
recovering  samples  in  a  condition  suitable  for  analysis.  New  recovery 
methods  had  to  be  developed  for  this  material  because  of  its  low  strength; 
these  will  be  described  first.  The  second  step  is  to  calculate  relevant 
stress  histories  for  the  material.  This  requires  a  knowledge  of  the  dy¬ 
namic  equation  of  state,  which  was  not  available  for  graphite.  Therefore, 
static  uniaxial  strain  compression  tests  were  carried  out  to  define  an 
equation  of  state  to  be  used  as  an  initial  estimate  of  the  dynamic  equa¬ 
tion  of  state.  These  results  are  discussed  with  other  data  including 
sound  velocities,  density,  and  yield  strength.  The  third  step  is  to 
characterize  the  damage  metallographically .  The  results  of  the  fracture 
experiments  are  presented,  and  the  observed  fracture  structures  are 

103 


■W 


m 


described.  A  discussion  of  these  results  and  the  relation  to  standard 


experimental  techniques  for  measuring  high  rate  fracture  behavior  are 
then  discussed.  The  results  are  then  summarized  and  possible  future 
work  deseribed . 

(2)  Recovery  System 

Graphite  is,  in  tension,  a  low  strength  material  exhibit¬ 
ing  essentially  completely  brittle  behavior.  Typical  strengths  in  tension 
are  2  to  2.5  X  103  psi  (0.14  to  0.17  kbar)  for  ATJ  graphite,  which  has  a 
density  of  1.73  gm/cm  .  The  flexural  strength  of  this  material,  which  is 
often  used  as  a  measure  of  impact  st  ength,  is  from  3.5  to  4.0  X  103  psi 
(0.24  to  0.28  kbar) .  Compressive  strengths  in  uniaxial  strain  loading  are  about 
8.5  X  103  psi  (0.59  kbar),  nd  the  crush  strength  is  approximately  twice 
that.  Since  all  these  strengths  are  low,  extreme  care  is  necessary  in  the 
design  of  the  recovery  system  used  in  dynamic  fracture  experiments. 

Two  specific  recovery  systems  were  used.  In  each  the  sample 
was  mounted  in  the  manner  described  in  Appendix  II,  and  the  energy  absorb¬ 
ing  recovery  system  (EARS)  was  used.  The  two  systems  of  sample  mounting 
were  designed  to  provide  added  strength  and  proper  impedance  matching  to 
the  graphite.  In  the  first  system  the  graphite  sample,  a  disc  0.250-inch 
thick  by  1.5-inch  diameter,  was  mounted  in  a  tapered  poly  methyl¬ 
methacrylate  (PMMA)  ring  using  a  thin  layer  of  C-7  epoxy.  PMMA  was  chosen 
since  the  impedance  match  at  low  stresses  is  good  and  its  fracture  strength 
is  approximately  1  kbar,  which  is  over  twice  that  of  the  graphite.  This 
sample  assembly  was  then  sandwiched  between  two  0.0625-inch-thick  PMMA 
discs  to  provide  support  during  recovery.  The  whole  assembly  was  then 
press  fit  into  a  I^IMA  plate  so  that  the  sample  was  ejected  into  the  EARS 
following  impact.  In  this  system  the  sample  was  impacted  by  a  0.1875- 
inch-thick  PMMA  projectile,  the  rear  surface  of  which  was  free  so  that 
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full  stress  release  was  achieved.  Four  shots  were  carried  out  using  this 
technique.  The  system  was  modified  after  three  shots  because  parting  of 
the  PMMA  cover  was  observed,  and  the  graphite  sample  proved  to  be  easily 
recoverable  at  the  low  impact  velocities  used  (less  than  100  fps). 

The  second  system  was  similar  to  that  described  above  in 
that  the  sample  and  its  mounting  ring  were  identical.  No  covers  were 
placed  on  the  sample,  and  it  was  mounted  in  a  0.250-inch-thick  PMMA  plate 
in  a  tapered  hole  allowing  ejection  and  recovery.  The  projectiles  were 
graphite  in  this  system.  They  were  designed  to  allow  recovery  of  the 
projectile  heads  intact.  The  projectile  heads  experience  only  compres¬ 
sive  loading  and  can  be  examined  to  determine  the  effects  of  the  compres¬ 
sive  phase  during  shock  loading. 

i 

In  almost  all  cases  the  samples  were  recovered  intact  with 
no  obvious  surface  damage.  The  few  cases  where  surface  damage  was  ob¬ 
served  occurred  at  high  impact  velocities,  i.e.,  at  high  tensile  stresses 
where  full  separation  was  observed.  This  breakup  of  the  sample  occurred 
in  a  manner  defined  by  the  grain  structure  of  the  material  and  might  be 
expected  during  any  full  dynamic  fracture  occurrence. 

( 3 )  Quasi-static  Measurement  of  Stress  Volume  Paths 

Quasi-static,  one-dimensional,  compression  tests  were  per¬ 
formed  on  samples  of  the  porous  LASL  graphite.  The  purpose  of  these  tests 
was  to  measure  a  loading  isotherm  and  unloading  and  reloading  curves  for 
this  material.  It  was  hoped  that  these  measured  curves  would  aid  in  the 
formation  of  constitutive  relations  for  describing  the  behavior  of  the 
porous  materials  in  the  "partially  compacted  region,"  particularly  just 
above  the  "elastic"  limit  where  accurate  dynamic  measurements  are  diffi¬ 
cult  to  obtain  and  are  not  available  for  this  material.  A  major  question 
of  interest  was  whether  the  quasi-static  pressure-volume  (P-V)  data  could 
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be  used  to  approximate  the  dynamic  data  in  the  "partial  compaction" 
region,  despite  the  drastic  differences  in  loading  rate. 

The  testing  apparatus,  shown  schematically  in  Figure  33, 
was  made  of  high  strength  steel  and  the  capacity  limited  to  about  10  kbar. 
The  porous  samples  used  were  1  inch  in  diameter  and  either  1-inch  or  1/2- 
inch  long.  They  were  inserted  in  the  die  inside  a  1-mil-thick  sleeve  of 
indium — the  indium  being  required  for  lubrication  to  reduce  wall  fric¬ 
tion.  Pressure  was  applied  with  a  hydraulic  jack  acting  on  the  plunger 
above  the  sample.  Tests  were  performed  by  loading  to  a  certain  pressure 
and  reading  the  length  of  the  plungers  and  sample  with  a  gage  recording 
to  0.0001  inch.  Then  the  pressure  was  released  until  the  gage  reading 
began  to  change.  The  "true”  pressure  was  then  taken  as  the  average  of 
the  upper  and  lower  pressures.  This  double-reading  procedure  was  used 
to  reduce  errors  associated  with  friction  between  the  sample  and  the 
body  of  the  die. 
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To  determine  both  the  loading  isotherm  and  the  unload- 
reload  behavior,  two  testing  plans  were  adopted.  In  the  first,  the  load¬ 
ing  was  increased  monotonically  to  6  kbar.  In  the  second  plan,  the  load¬ 
ing  proceeded  only  to  some  fraction  of  6  kbar  and  then  the  sample  was 
unloaded  and  reloaded  to  a  higher  pressure.  This  load-unload  cycle  was 
repeated  until  6  kbar  was  reached. 

Compression  of  the  sample  was  deduced  from  the  recordeu 
overall  shortening  of  the  combination  of  the  sample  and  two  plungers. 

In  determining  the  total  volume  change  of  the  sample,  an  allowance  was 
also  made  for  the  lateral  expansion  of  the  die.  This  lateral  expansion 
(which  necessitated  a  small  correction  to  the  longitudinal  volume  change) 
was  deduced  from  calibration  tests  with  lead  as  a  sample  with  a  known 
compression  isotherm. 

The  loading,  unloading,  and  reloading  curves  obtained  are 
shown  in  Figure  34. 

(4)  Elastic  Constants  from  Acoustic  Velocity  Measurements 

Acoustic  velocity  measurements  were  made  with  samples  of 
the  LASL  graphite  to  determine  the  elastic  constants  of  the  materials  at 
nominally  zero  stress  levels.  The  tests  were  conducted  by  transmitting 
longitudinal  (compressional)  and  shear  pulses  through  thin  specimens  and 
measuring  the  transit  times.  These  transit  times  were  then  used  to  com¬ 
pute  Young's  modulus  E  and  Poisson’s  ratio  v  for  each  material. 

The  equations  used  to  determine  the  elastic  constants  are 

the  usual  ones  for  linearly  elastic,  homogeneous,  isotropic  materials. 

The  samples  did  not  qualify  as  isotropic  on  a  microscopic  scale  because 

of  their  porosity.  However,  with  the  assumption  of  macroscopic  isotropy 

we  can  compute  longitudinal  and  shear  acoustic  velocities  C  and  C  from 

L  S 
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FIGURE  34  STATIC  COMPRESSION  AND  UNLOADING  CURVES  FOR  LASL  GRAPHITE 
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the  travel  times  of  the  waves  through  the  samples.  These  sound  velocities 
are  related  to  the  elastic  constants  as  follows: 


C 

L 


(1  -  v) 


(l  -  2v)(l  +  v) 


1/2 


(46) 


C 

s 


E 

P 


1 

2(1  +  v) 


1/2 


(47) 


where 

p  =  the  material  density 

Equations  (46)  and  (47)  can  be  solved  for  E  and  v,  obtaining 


v 


(C  /C  )  -  2 

L  S' 


2(Cl/Cs)  -2 


(48) 


E 


2(1  +  v)CgP 


(49) 


h 


(1  -  2v)  ( 1  +  v)  2 
(1  -  v)  V 


(50) 


The  measured  acoustic  velocities  and  the  elastic  constants  derived  there¬ 
from  are  exhibited  in  Table  XII. 

Two  features  are  apparent  in  these  resul*.'.  First, 
Poisson's  ratio  is  decreased  by  compressing  to  a  pressure  of  6  kbar  and 
is  essentially  zero  after  compression  and  release.  Second,  Young's  mod¬ 
ulus  is  halved,  indicating  a  decrease  in  the  effective  strength  of  the 
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material.  Since  the  samples  are  only  85  percent  of  full  density,  the 
measured  modulus  is  only  an  effective  modulus  reflecting  the  effects  of 
porosity.  Hence,  it  is  likely  that  fracturing  on  the  basal  plane  c.f  the 
graphite  occurs  and  leads  to  a  large  decrease  in  the  strength  upon  sub¬ 
sequent  loading,  and  also  causes  a  decrease  in  the  measured  shear  and 
longitudinal  wave  velocities. 

(b)  Comparison  of  Static  and  Dynamic  Loading  Curves 

If  the  response  of  graphite  is  rate-independent,  it  should 
be  possible  to  get  good  agreement  between  the  statically  measured  loading 
curves  and  dynamically  measured  curves.  Little  information  is  currently 
available  for  dynamic  measurements  of  LASL  graphite.  However,  Lockheed 
Missiles  and  Space  Company  has  made  some  of  its  data  for  ATJ-S  graphite 
available  to  us.  Figure  35  compares  the  SRI  static  data  with  Lockheed's 
Hugoniot  data.  The  initial  densities  are  different,  but  if  the  SRI  curve 
were  displaced  to  the  same  initial  density  as  the  Lockheed  material,  good 

agreement  would  result.  In  addition,  a  loading  curve  from  shot  844  on 

3  /  s 

1.76  gm/cm  graphite  by  Charest  (Ref.  38)  is  shown.  The  curve,  which  we 
obtained  from  a  Lagrangian  analysis  of  records  from  two  embedded  manganin 
gages,  show  good  correspondence  with  our  static  data.  If  the  SRI  static 
curve  is  assumed  to  define  a  Hugoniot  curve,  the  data  can  be  presented  in 
the  form  of  a  shock  velocity-particle  velocity  curve,  or  alternatively,  as 
a  stress-particie  velocity  curve.  This  has  been  done,  and  the  results  are 
shown  in  Figures  36  and  37.  We  have  also  recently  received  dynamic  Hugoniot 
data  for  LASL  graphite  generated  by  J.  A.  Charest  at  EG&G  Inc.,  and  these 
data  are  also  in  good  agreement  with  the  SRI  static  results.  This  good 
agreement  with  the  dynamic  data  indicates  that  the  graphite  behaves  in 
a  rate-independent  manner  and  that  static  uniaxial  strain  compressive 
tests  are  useful  in  predicting  Hugoniot  curves  for  this  materia1  and 
other  similar  materials. 
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FIGURE  35  COMPARISON  OF  STATIC  AND  DYNAMIC  COMPRESSION  CURVES  FOR 
SEVERAL  GRAPHITES 
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FIGURE  37  COMPARISON  OF  STRESS-PARTICLE  VELOCITY  DATA  GENERATED  FROM 
STATIC  AND  DYNAMIC  EXPERIMENTS  ON  GRAPHITE 


(6 )  Dynamic  Fracturing  Experiments 


Twelve  recovery  shots  were  fired  on  the  SRI  2-1/2-inch 
diameter  light  gas  gun.  These  shots  are  summarized  in  Table  XIII. 

Metallographic  examination  of  the  as-received  LASL  graphite 
revealed  that  the  microstructure  consisted  of  large,  roughly  spherical 
grains  (~l-mm  diameter),  which  in  turn  consisted  of  smaller  grains 
(~0.1-mm  diameter).  The  smaller  grains  consisted  of  crystallographically 
oriented  material.  However,  since  the  orientations  of  the  smaller  grains 
varied  randomly,  the  material  can  be  considered  isotropic  on  the  scale  of 
the  larger  grains. 

The  microcracks  observed  in  the  dynamically  loaded  samples 
traveled  mostly  on  the  boundaries  between  the  larger  grains.  In  the  cases 
in  which  the  cracks  traversed  a  large  grain,  the  fracture  path  followed 
the  smaller  grain  boundaries.  Figure  38  shows  micrographs  of  intermediate 
damage  in  Shot  S36;  note  that  the  fracture  path  lies  mostly  between  the 
large  grains.  Figure  38(c)  shows  a  crack  that  lies  on  the  boundaries 
between  the  smaller  grains.  In  this  sample  no  separation  occurred,  and 
the  sample  appeared  undamaged  before  sectioning.  However,  X-ray  radio¬ 
graphs  of  the  unsectioned  sample  revealed  the  presence  and  location  of 
the  damage.  Figure  39  shows  the  X-ray  picture  of  the  shock  damage  in 
Shot  S36,  and  Figure  40  shows  a  similar  X-ray  radiograph  of  the  heavier 
damage  in  Shot  S49. 

At  high  damage  levels,  where  complete  separation  occurs, 
the  main  mode  of  damage  is  decohesion  of  the  large  grains.  This  can  be 
seen  in  Figure  41,  which  shows  the  recovered  specimen  from  Shot  S35, 

The  other  extreme,  incipient  damage,  is  shown  in  Figure  42, 


where  a  few  incipient  cracks  may  be  discerned  on  the  large  grain  boundaries. 


DYNAMIC  FRACTURE  EXPERIMENTS  FOR  GRAPHITE 
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FIGURE  39  INTERMEDIATE  DAMAGE  IN  LASL  GRAPHITE:  RADIOGRAPH  OF  SAMPLE 
FROM  SHOT  S36 


FIGURE  40  HEAVY  DAMAGE  IN  LASL  GRAPHITE:  RADIOGRAPH  OF  SAMPLE  FROM 
SHOT  S49 


FIGURE  42  LIGHT  DAMAGE  IN  LASL  GRAPHITE:  SHOT  S41 


(7 )  Effects  of  Precompression 

As  mentioned  earlier,  the  graphite  projectile  heads  had 
experienced  only  compression,  and  thus  served  as  ideal  samples  for  study 
of  the  effects  of  the  compressive  phase  of  the  loading  history.  Unfor- 
inately,  we  were  not  able  to  complete  a  metallurgical  study  of  these 
ojectile  heads  during  the  course  of  the  project.  A  measurement  of 
.-.ound  velocity  in  such  a  projectile  head  was  made,  and  the  result  was 
listed  in  Table  XII.  It  is  seen  that  shock  compression  to  about  0.3  kbar, 
followed  by  unloading  to  zero  stress,  had  the  effect  of  reducing  the 
longitudinal  sound  speed  by  about  17  percent.  This  indicates  that  dy¬ 
namic  precompression  to  levels  well  below  the  compressive  yield  point 
nevertheless  caused  irreversible  changes  in  the  microstructure. 
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More  work  is  obviously  needed  to  clarify  the  effects  of 
compression  on  this  material.  Any  future  work  should  clearly  include 
detailed  examination  of  the  graphite  projectile  heads  from  these  shots. 

(8)  Stress  History  Calculations 

The  loading  and  unloading  paths  shown  in  Figure  34  were 
used  as  the  basis  of  the  dynamic  equation  of  state  of  the  LASL  graphite, 
and  were  incorporated  in  SWAP  (Ref.  12)  computer  runs  to  calculate  the 
stress  histories  in  the  graphite  targets.  For  the  shots  in  which  PMMA 
covers  were  not  used  on  the  graphite  targets,  the  calculations  are  espe¬ 
cially  simple  because  the  peak  compressive  stress  in  the  graphite  was 
less  than  the  compressive  strength,  and  the  graphite  was  assumed  to  be 
linearly  elastic  upon  loading  and  unloading.  As  usual,  the  stress  his¬ 
tories  varied  with  depth  into  the  target.  However,  the  damage  consisted 
of  a  limited  number  of  large  cracks  near  the  plane  of  first  tension;  it 
was  thus  not  easily  characterized  by  means  of  the  distribution  functions 
used  successfully  for  Armco  iron.  Therefore,  we  have,  for  the  present, 
limited  ourselves  to  characterizing  the  damage  in  the  usual  qualitative 
way,  i.e.,  the  damage  is  referred  to  as  incipient,  intermediate,  heavy, 
and  the  like.  Correspondingly,  we  have  simplified  the  results  of  the 
stress  history  calculations  by  listing  only  the  peak  tensile  stress  and 
the  stress  duration  of  the  plane  of  first  tension.  These  data  were  listed 
in  Table  XIII.  The  information  in  Table  XIII  is  partially  reproduced  in 
Figure  43,  which  shows  isodamage  curves  plotted  in  the  space  defined  by 
the  peak  tensile  stress  and  the  stress  duration.  The  points  furthest  to 
the  right  in  Figure  43  correspond  to  the  FMMA-covered  shots  in  Table  XIII 
in  which  the  compressive  phase  exceeded  the  compressive  strength  and  pre¬ 
sumably  weakened  the  graphite. 
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(9)  Interpretation  of  Results 

The  nature  of  the  shock  damage  in  graphite  (relatively 
few,  long  cracks)  made  it  unproductive  to  apply  the  statistical  approach 
that  was  used  for  Armco  iron  to  determine  the  growth  of  damage.  However, 
the  brittle  nature  of  the  damage  and  the  apparent  rate-independence  of 
the  loading  curves  suggest  tha^  the  Grif f ith-Irwin  criterion  (Refs.  31, 
32)  for  initiation  and  growth  of  damage  should  apply.  This  criterion, 
for  a  penny-shaped  crack,  can  be  written  as 


CT 


F 


(51) 


where  a  is  the  externally  applied  critical  fracture  stress  needed  in  plane 
F 

strain  loading  to  cause  an  incipient  crack  of  radius  R  to  propagate,  pro¬ 
viding  the  apparent  surface  energy  during  crack  formation  is  given  by  Yc- 


n 

i 

i 

1 


Inspection  of  the  as-received  material  shows  that  many 

-3 

voids  about  10  cm  in  diameter  exist  between  the  grains,  (See  Fig- 
ure  38c.)  If  the  incipient  crack  size  is  thus  chosen  to  be  about  10  cm, 
E  assumed  to  be  about  10^-  dyn/cm^  (see  Table  XII ),  and  y  taken  to  be 

p 

the  theoretical  surface  energy  of  graphite,  or  about  120  erg/cm  for  the 
basal  plane  (Ref.  39),  then  the  order  of  magnitude  of  the  critical  stress 
can  be  calculated  from  Eq.  (5l)  to  be 


a  ~  0. 1  kbar 
F 


which  is  consistent  with  tne  results  shown  in  Figure  43,  as  well  as  being 
in  the  neighborhood  of  the  static  uniaxial  stress  tensile  strength 
(0.14  to  0.17  kbar). 

The  tentative  conclusion  is  that  crack  nucleation  in  a 
very  brittle  material  such  as  graphite  may  be  expected  to  show  little 
rate  dependence,  and  the  standard  Griff ith-Irwin  (i.e.,  fracture  tough¬ 
ness)  criterion  may  be  used  to  predict  the  stress  at  which  growth  of 
microcracks  is  initiated.  The  growth  phase,  however,  will  naturally  be 
time  dependent;  the  cracks  will  grow  to  greater  sizes  if  the  stress  dura¬ 
tion  is  increased. 

A  primitive  model  that  fits  the  meager  data  currently  avail¬ 
able  is  the  following.  Assume  that  microcracks  are  activated,  as  discussed 
above,  at  a  threshold  stress  ctq  of  about  0.1  kbar  in  accordance  with  the 
Grif fith-Irwin  fracture  toughness  criterion.  Assume  further  that  a  mea¬ 
sure  of  damage  is  the  average  crack  length  given  by  the  average  crack 
velocity  times  the  tensile  stress  duration.  If  we  further  assume  that 
the  average  crack  velocity  is  a  linear  function  of  excess  stress  a  -  ctq 
the  damage  should  be  proportional  to  the  excess  impulse  (a  -  CqH,  where 
t  is  the  tensile  stress  duration.  Examination  of  the  incipient  damage 
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curve  in  Figure  43  shows  that  this  curve  is  indeed  well  described  by 
the  formula 


where 


0.5  kbar-u,sec 


cr  =  0.1  kbar 

0 


(52) 


A  more  sophisticated  model  of  crack  nucleation  and  growth, 
such  as  that  used  for  Armco  iron  and  discussed  in  detail  in  Appendix  VIII, 
could  of  course  be  used.  However,  the  experimental  results  are  currently 
too  meager  to  justify  such  a  procedure. 

An  interesting  feature  of  the  above  simple  model  is  that, 
it  predicts  that  the  damage  nucleation  threshold  stress  is  a  function 
of  pore  size  and  suggests  that  the  porosity  of  the  graphite  is  important 
in  determining  the  resistance  of  the  material  to  shock  damage. 

The  preceding  discussion  has  been  directed  to  explaining 
the  damage  threshold  conditions.  In  the  following,  the  full  separation 
or  fracture  conditions  will  be  considered  on  an  energy  basis.  In  the 
case  of  graphite  it  has  been  found  that  the  dynamic  fracture  behavior 
measured  by  standard  notched  bar  tests  can  be  correlated  with  static  bend 
rupture  tests.  For  ATJ  graphite  the  elastic  energy  density  in  the  surface 
element  in  a  bend  rupture  test  necessary  to  cause  full  fracture  is  about 
4  X  10  erg/cm  .  In  our  tests,  if  we  assume  the  volume  change  can  be 
correlated  with  elastic  strain,  the  elastic  strain  energy  density  under 
conditions  for  full  fracture  is  about  2  X  107  erg/cm3.  As  it  is  diffi¬ 
cult  to  ascertain  the  exact  stress  and  strain  in  tension  under  dynamic 
conditions,  this  correlation  is  very  encouraging.  The  inference  of  this 
correlation  is  that,  for  materials  that  are  both  brittle  and  essentially 
rate-independent,  dynamic  fracture  behavior  can  be  approximated  by  cor¬ 
relation  with  the  results  of  static  tests. 
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b.  Armco  Iron 

The  dynamic  fracture  of  brittle  materials  occurs  by  the  nuclea- 
tion  and  growth  of  damage  in  the  form  of  planar  cracks.  In  Armco  iron, 
dynamic  fracture  occurs  in  a  brittle-ductile  sequence.  First,  brittle 
cleavage  cracks  are  nucleated  and  traverse  individual  grains,  being 
arrested  at  grain  boundaries.  Second,  cracks  coalesce  by  ductile  mecha¬ 
nisms  through  the  extension  of  ligaments  between  non-coplanar  cracks.  This 
sequence  of  events  allows  the  formation  of  a  high  damage  level  at  rela¬ 
tively  low  stresses  in  the  form  of  brittle  cracks.  Much  higher  stresses 
are  necessary  for  full  separation  of  the  material.  These  observations 
can  be  described  by  three  steps,  each  of  which  may  be  considered  separately . 
These  are:  (l)  crack  nucleation — brittle,  (2)  crack  growth — brittle,  and 
(3)  crack  coalescense — ductile.  We  will  discuss  these  physical  phenomena 
in  the  following. 

Again,  as  with  the  ductile  dynamic  fracture  investigation,  the 
intent  of  this  investigation  of  brittle  dynamic  fracture  is  to  determine 
the  stress  and  tine  dependences  of  crack  nucleation  and  growth  rates  to 
develop  a  description  of  the  fracture  process.  First,  a  specimen  is 
shocked  with  a  known  stress  history  and  recovered.  Next,  the  damage  is 
described  quantitatively  at  a  position  in  the  specimen  shocked  to  a  known 
stress  for  a  specific  length  of  time.  The  nucleation  frequency  and  growth 
rates  at  a  specific  stress  are  then  extracted  from  a  comparison  of  crack 
density  and  size  distributions  at  specimen  locations  shocked  to  the  same 
stress  for  different  times.  Thus  to  make  this  approach  work  for  a  spe¬ 
cific  brittle  material,  we  must  be  able  to:  (l)  load  dynamically  and 
recover  specimens,  (2)  achieve  an  experimental  control  so  that  the  cracks 
can  be  stopped  in  different  stages  of  growth,  (3)  describe  the  size  and 
spatial  distributions  of  cracks  quantitatively,  and  (4)  specify  the  macro¬ 
scopic  stress  and  time  at  stress  experienced  at  any  location  in  the  speci¬ 
men  assuming  either  no  damage  formation  or  nucleation  and  growth  of  damage. 
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It  is  important  to  note  any  correlations  that  exist  between 
specific  material  properties  and  the  experimentally  determined  nucleation 
and  growth  laws.  Such  correlations  are  useful  as  guides  for  predicting 
the  behavior  of  similar  materials. 

A  total  of  seven  symmetric  impact  experiments  were  carried  out 
using  the  2-1/2-inch-barrel-diameter  light  gas  gun  to  investigate  the 
dynamic  fracture  of  Armco  iron.  The  objectives  of  these  experiments  were 
to  gain  insight  into  the  sequence  of  events  leading  to  the  brittle  frac¬ 
ture  of  Armco  iron,  to  define  the  important  parameters  in  this  sequence, 
and  to  measure  fracture  signals  resulting  from  the  dynamic  fracture  process . 
To  meet  these  objectives,  five  of  the  experiments  were  tapered  flyer  shots 
(See  Appendix  i).  This  was  done  so  that  the  development  of  damage  at 
constant  stress  could  be  observed  over  a  continuous  range  of  levels  caused 
by  the  variation  of  time  at  stress  with  position  in  the  sample.  Further, 
since  brittle  crack  growth  rates  are  extremely  large,  a  continuous  obser¬ 
vation  of  the  damage  as  a  function  of  time  at  stress  is  necessary  so  that 
cracks  can  be  observed  at  different  stages  of  growth.  The  remaining  two 
experiments  were  instrumented  with  back  surface  manganin  piezoresistive 
stress  gages  to  record  fracture  signals.  The  details  of  these  experiments 
are  presented  in  Table  XIV. 

Figure  44  shows  the  damage  observed  in  a  6 . 313-mm- thick  sample 
impacted  with  a  flyer  projectile  varying  in  thickness  from  3.156  mm  to 
1.578  mm  at  a  velocity  of  0.103  mm/usec  (Shot  Si).  The  time  at  stress 
for  this  experiment  varied  from  0.74  usee  at  the  thick  end  of  the  projec¬ 
tile  to  0.26  usee  at  the  thin  end.  Figure  44  shows  a  region  at  stress 
for  approximately  0.34  usee.  A  low  crack  density  is  seen  in  which  most 
of  the  cracks  are  smaller  than  one  grain  diameter.  Also,  the  residual 
crack  opening  displacement  is  small,  indicating  that  very  little  plastic 
deformation  occurred  at  the  crack  tip.  At  a  shorter  time  at  stress,  the 


126 


Table  XIV 


SUMMARY  OF  DYNAMIC  FLYER  IMPACT  EXPERIMENTS  FOR  ARMCO  IRON 


Shot 

No. 

Impact 
Veloc i ty 
( mm/iisec) 

Sample 
( mm) 

Projectile 
( mm) 

Comments 

Sla 

0.1033 

6.313 

3.156 

to  1.578 

Incipient  to 

intermediate 

damage 

S2a 

0.0905 

6.313 

3.156 

to  1.578 

Incipient  to 

intermediate 

S5a 

0.135 

3.156 

1.578 

to  0.789 

No  damage 

S8a 

0.190 

1.578 

0.789 

to  0.394 

Heavy  damage 

Slla 

0.154 

3.156 

1.578 

to  0.789 

Incipient  to 

intermediate 

damage 

S25b 

0.196 

3.156 

1.138 

Intermediate 

damage 

S26b 

0.236 

1  .578 

0.568 

Intermediate 

rlnmn  rr o 

a  Tapered  flyer  shots  designed  so  that  the  time  at  stress  was 
varied  over  a  wide  range  for  a  constant  stress  experiment. 
b  Instrumented  with  a  maneanin  pressure  transducer  directly 
behind  the  sample. 


/ 
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SHOCK  DIRECTION 


I _ I 

0.5  mm 

FIGURE  44  DAMAGE  DISTRIBUTION  OBSERVED  IN  A  TAPERED  FLYER 
SHOT  ON  ARMCO  IRON  (Shot  SI) 
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crack  density  was  essentially  zero  (i.e.,  one  or  two  cracks  were  observed 
in  the  micrograph),,  and  no  cracks  were  longer  than  50  microns.  This  in¬ 
dicates  that  no  macroscopic  crack  growth  occurred  at  the  stress  achieved 
in  this  experiment,  approximately  11  kbar  tension.  Hence,  an  incubation 
time  for  cracks  has  been  observed  which  is,  at  a  stress  of  10  kbar,  ap¬ 
proximately  0.15  to  0.2  (isec.  This  incubation  time  is  certainly  stress 
dependent,  decreasing  as  the  applied  stress  is  increased.  This  stress 
dependent  incubation  time  therefore  defines  the  no-damage  threshold  :'or 
the  dynamic  fracture  of  Armco  iron.  It  is  likely  that  similar  behavior 
will  be  observed  in  other  brittle  metals  and  nonmetals.  Figure  44,  which 
is  a  micrograph  of  a  region  at  stress  for  approximately  0.45  asec,  shows 
a  broader  damage  zone,  a  higher  crack  density  and  wid^r  crack  opening 
displacements  than  those  shc«*n  in  Figure  44a.  Similar  changes,  partic¬ 
ularly  witn  respect  to  the  crack  opening  displacement,  are  seen  to  occur 
with  further  increases  in  the  time  at  stress  in  Figure  44c  (0.55  p,sec) 
and  in  Figure  44d  (0.67  pisec).  These  observations  allow  construction  of 
a  mechanistic  model  to  describe  the  fracture  process  in  brittle  metals, 
such  as  Armco  iron. 

In  Armco  iron  and  other  brittle  body-centered  cubic  materials, 
dynamic  fracture  at  room  temperature  occurs  by  the  nucleation  and  growth 
of  brittle  cleavage  cracks  along  intragranular  or  intergranular  paths. 
Intergranular  fracture  can  be  affected  by  concentration  of  oxygen,  phos¬ 
phorous,  or  other  embrittling  constituents  at  grain  boundaries  leading  to 
a  local  increase  in  yield  stress  and,  possibly,  a  lowering  of  the  local 
surface  energy.  This  lowering  of  the  local  surface  energy  allows  cracks 
to  propagate  preferentially  along  grain  boundaries.  Little  plastic  de¬ 
formation  occurs  during  intergranualar  fracture,  since  the  grain  boundaries 
form  a  continuous  path  through  the  material  for  the  growth  of  cracks  and 
coplanarity  is  therefore  not  necessary. 


129 


The  cracks  observed  in  Armco  iron,  however,  were  mostly  trans- 
granular,  and  thus  are  in  all  likelihood  initiated  by  microscopic  plastic 
deformation.  Several  models  for  the  dependence  of  crack  nucleation  on 
plastic  deformation  have  been  proposed.  The  one  most  discussed  is  the 
dislocation  pile-up  (Refs.  40  and  33).  In  this  model,  a  stress  concen¬ 
tration  results  from  the  impingement  of  an  array  of  coplanar  dislocations 
on  an  impenetrable  barrier  such  as  a  grain  boundary  or  a  hard  inclusion. 
Also,  twin  interactions  may  also  nucleate  cracks  (Ref.  ll)  because  of 
the  large  stress  fields  at  the  tip  of  a  twin.  In  any  case,  such  mecha¬ 
nisms  are  stress  and  time  dependent,  since  the  development  of  the  stress 
concentration  is  both  stress  and  time  dependent.  In  the  case  of  disloca¬ 
tions,  it  is  probably  the  stress  and  time  dependence  of  the  dislocation 
mobility  that  is  controlling. 

The  propagation  of  these  cracks,  once  nucleated,  is  basically 
a  brittle  process.  It  is  unlikely  that  appreciable  plastic  deformation 
occurs  at  the  crack  tips  during  this  phase  of  crack  growl h.  The  velocity 
of*  these  cracks  is  undoubtedly  large,  approaching  the  limiting  velocity 
for  crack  growth  (i.e.,  approximately  0.3  of  the  shear  wave  velocity). 
Because  of  the  orientation  dependence  of  the  crack  plane  ri.e.,  the 
cleavage  plane  in  iron  is  the  (l00)  plane],  the  growth  of  cracks  in  ad¬ 
jacent  grains  in  a  coplanar  manner  is  not  likely.  Therefore,  a  single 
crack  is  effectively  stopped  at  a  grain  boundary  and  is  limited  to  a 
single  grain  diameter  in  length.  Full  failure  ;an  occur  only  by  linking 
these  cracks  through  formation  of  brittle  cracks  or  by  ductile  mechanisms. 
The  mechanism  observed  is  ductile  failure  of  the  ligaments  connecting  the 
cracks. 

Another  series  of  experiments  were  carried  out  to  investigate 
the  effects  of  the  shock  induced  damage  on  the  residual  strength  of  Armco 
iron.  In  these  experiments  cylindrical  samples  0.25-in.  in  diameter  were 
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spark  machined  from  the  damaged  samples  with  the  plane  of  damage  normal 

to  the  cylinder  axis.  They  were  then  friction  gripped  at  the  ends  and 

-5 

pulled  in  tension  at  a  crosshead  speed  of  2.1  X  10  cm/sec.  The 
engineering  stress-strain  behavior  observed  is  shown  in  Figure  45  along 
with  the  behavior  of  as-received  material. 

Four  points  are  apparent  from  these  results.  First,  the  yield 
strength  and  ultimate  tensile  strength  are  equal  for  the  damage  samples 
and  are  greatly  reduced  as  shown  in  Figure  46.  Second,  the  apparent 
strain  to  fracture  is  greatly  reduced.  Third  the  apparent  modulus  de¬ 
creases  with  increasing  impact  velocity.  Fourth,  and  most  important, 
the  onset  of  damage  results  in  a  drastic  decrease  in  strength,  indicat¬ 
ing  that  for  brittle  materials  the  damage  threshold  essentially  defines 
the  useful  limit  of  the  material. 

The  first  three  of  these  effects  are  consistent  with  the  in¬ 
creasing  damage  with  increasing  impact  velocity.  The  higher  the  damage 
level,  the  lower  the  effective  strength  in  the  damage  zone,  hence  the 
lower  yield  strength.  The  higher  the  damage  in  the  damage  zone,  the 
lower  the  effective  modulus  due  to  both  stress  concentration  and  reduc¬ 
tion  of  effective  load  bearing  area.  Also,  the  higher  the  damage,  the 
less  the  work  necessary  to  cause  full  failure,  and  the  strain  to  failure 
decreases . 

The  fourth  point  is  very  important  as  it  gives  information 
necessary  for  engineering  decisions.  The  drastic  decrease  in  strength 
at  the  onset  of  damage  indicates  that  this  value  (threshold  damage  level 
strength)  is  effectively  an  upper  design  limit  for  application  of  such 
materials.  Therefore,  such  data  are  absolutely  necessary  for  engineering 
design  and  for  an  understanding  of  the  mechanisms  leading  to  the  forma¬ 
tion  of  damage  (i.e.,  nucleation)  primary  to  evaluation  of  new  materials 
and  to  improvements  in  the  uses  of  old  materials. 
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U.T.S.  AND  YIELD  STRENGTH  —  psi  x  10~ 


FIGURE  46  EFFECT  OF  DAMAGE  ON  THE  ULTIMATE  TENSILE  STRENGTH  AND  THE  YIELD 
STRENGTH  OF  ARMCO  IRON 


c.  99.99  Percent  Pure  Iron 

The  dynamic  fracture  of  99,99  percent  pure  iron  was  also  ex¬ 
perimentally  investigated.  Four  impact  experiments  were  carried  out 
using  the  2-1/2-in. -barrel-diameter  light  gas  gun.  The  details  of 
these  experiments  are  listed  in  Table  XV.  These  experiments  required 
the  use  of  Armco  iron  projectile  heads  because  of  the  high  cost  of  high 
purity  material.  Two  types  of  experiments  were  carried  out.  First, 
uniform  thickness  projectile  heads  were  used  to  study  both  damage  forma¬ 
tion  and  full  separation  of  this  material.  Second,  a  tapered  flyer  ex¬ 
periment  was  carried  out  to  examine,  in  one  experiment,  the  general 
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Table  XV 


SUMMARY  OF  DYNAMIC  FLYER  PLATE  EXPERIMENTS 
FOR  99.99%  PURE  IRON 


Shot 

No. 

Impac  t 
Velocity 
( mm/gsec ) 

Sample 
( mm) 

Projectile 

( mm) 

Comments 

S37 

0.093 

2.96 

1  .16 

No  damage 

S38a 

0.161 

2.98 

1  .16  to  0.58 

Heavy  to  light  damage 

S44 

0.103 

2.78 

1  .16 

Light  damage 

S45 

0.245 

3.00 

1  .16 

Full  separation 

Tapered  flyer  shots  designed  so  that  the  tii.?  at  stress  was 
varied  over  a  wide  range  for  a  constant  stress  experiment. 


nature  of  the  damage  development  process.  These  data  are  next  discussed 
and  correlated  with  observations  made  on  Arrnco  iron. 

The  data  in  Table  XV  show  that  the  damage  threshold  for  the 
pure  iron  occurred  at  an  impact  velocity  of  0.10  mm/gsec,  which  can  bo 
compared  with  the  results  shown  in  Table  XIV  for  Arrnco  iron.  The  threshold 
impact  velocity  in  a  nearly  equivalent  experiment  was  above  0.135  mm/gsec. 
Therefore  the  damage  threshold  characteristics  vary  widely  for  these 
materials  and  reflect,  undoubtedly,  the  yield  behavior.  Further,  since 
the  high  purity  iron  has  a  damage  threshold  impact  velocity -that  is  less 
than  that  for  Arrnco  iron,  it  is  likely  that  the  crack  nucleation  threshold 
is  controlled  by  the  plastic  flow  of  the  material.  This  is  the  conclusion 
in  spite  of  the  stress  risers  and  inclusions  present  in  the  Arrnco  iron, 
which  should  be  active  as  crack  nucleation  sites.  Therefore,  mechanisms 
associated  with  the  intrinsic  material  characteristics,  rather  than  the 
inclusion  content,  seem  to  be  controlling  the  damage  nucleation. 
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Crack  distributions  observed  at  threshold  and  intermediate 
damage  levels  are  shown  in  Figures  47  and  48.  The  observed  crack  Dis¬ 
tributions  are  broad,  but  nearly  identical  to  those  observed  in  Armco 
iron.  In  Figure  48  a  single  large  grain  is  observed,  somewhat  removed 
from  the  region  of  maximum  damage  containing  essentially  isolated  cracks. 
Thase  cracks  are  apparently  not  associated  with  grain  boundaries  or  other 
observable  metallographic  features.  Therefore,  nucleation  probably  oc¬ 
curred  in  a  currently  unknown  manner  that  is  an  inherent  property  of  the 
iron  itself,  and  not  of  the  impurity  content. 


FIGURE  48  INTERMEDIATE  DAMAGE  IN  99.99%  PURE  IRON 


Scanning  electron  microscope  micrographs  of  the  fully  frac¬ 
tured  sample  are  shown  in  Figure  49.  This  figure  shows,  first,  the 
cleavage  facets  within  individual  grains  and,  second,  the  plastic  re¬ 
sponse  leading  to  full  failure  following  the  formation  of  the  cleavage 
planes.  Specifically,  nucleation  sites  are  observed  near  the  sample 
center  in  Figure  49(b).  This  is  the  center  of  the  so-called  river  pat¬ 
tern  observed  there. 
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FIGURE  49  OETAILS  OF  FRACTURE  SURFACE 
IN  99.99%  PURE  IRON 
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3.  QUANTIFYING  THE  DAMAGE 


The  statistical  treatment  of  the  observed  damage  in  brittle  materials 
followed  the  same  general  approach  as  that  described  for  ductile  materials 
in  Section  III,  4.  In  brittle  materials,  however,  the  microscope  damage 
manifests  itself  as  brittle  microcracks  instead  of  spherical  voids. 

These  cracks  vary  in  size,  width,  and  orientation  with  respect  to  the  axi^ 
of  principal  stress.  Therefore,  the  statistical  treatment  of  the  observed 
damage  in  brittle  materials  must  account  for  more  variables  than  were 
necessary  for  the  ductile  damage. 

As  in  the  case  of  ductile  materials,  the  shock-loaded  specimen  is 
sectioned,  lapped,  and  polished  so  that  the  plane  of  polish  contains  the 
axis  of  principal  stress.  The  microcracks  intersect  the  plane  of  polish 
with  varying  apparent  lengths,  widths,  and  angles  to  the  axis  of  principal 
stress.  (See  Figure  44  for  example)  The  observed  parameters  are  defined 
as  follows: 

x  ,  z  =  location  of  the  apparent  center  of  the  crack  in  the  plane 
of  polish,  z  is  the  direction  of  the  major  stress,  and  x 
is  normal  to  z  and  in  the  plane  of  polish.  The  origin  of 
coordinates  is  arbitrary  and  is  chosen  for  convenience. 

a(z)  =  peak  tensile  stress  experienced  at  position  z;  a  is 
assumed  independent  of  x, 

t(z)  =  duration  of  peak  tensile  stress  a( z)  at  position  z.  The 
experiments  utilized  stress-time  histories  that  were 
approximately  square  waves;  hence  a  and  t  determine  the 
tensile  stress  history. 

a  =  angle  between  the  normal  to  the  trace  of  the  crack  in  the 
plane  of  polish  and  the  z  axis. 

c  =  half  the  length  of  the  crack  trace  in  the  plane  of  polish. 
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width  of  the  crack  trace  in  the  plane  of  polish. 


Photographic  enlargements  of  the  polish  planes  are  made  for  each  sample, 
and  the  polish  plane  is  divided  into  zones  corresponding  to  different 
stress  durations.  The  Telereadex  machine  is  used  to  aid  in  counting  the 
cracks  and  in  recording  on  punched  cards  the  positions  of  the  cracked 
ends,  center,  and  sides.  A  small  computer  program  is  used  to  convert 
these  numbers  to  the  de-ired  values  of  crack  center  position,  crack 
width  crack  length,  and  crack  orientation.  Thus,  the  values  of  x,  z, 
w,  c,  and  ot  for  each  crack  are  recorded.  Since  a  stress  wave  analysis 
is  used  to  calculate  a(z,t)  for  each  experiment,  the  resulting  data  can 
be  expressed  as  a  distribution  function 

N  (O',  c,  w,  x,  z,  a,  t) 

where  N  is  1  ae  number  of  observed  cracks  per  unit  area  in  the  polish 
plane  in  the  intervals  between  O'  and  0/  +  Aar,  c  and  c  +  Ac,  w  and  w  +  Aw, 
z  and  z  +  Az,  x  and  x  +  Ax ,  O'  and  o  +  Act,  and  t  and  t  +  At . 

As  in  the  ductile  analysis,  however,  the  distribution  of  actual 
interest  is  the  volume  distribution  of  cracks  that  was  present  before 
the  polish  plane  »as  interposed  in  the  material.  Specifically,  we  wish 
to  ascertain  p  (9i  9,  R,  W,  x,  z,  x,  o,  t),  where  9  is  the  angle  that 
the  normal  to  the  actual  crack  surface  makes  with  the  z  axis,  9  is  the 
angle  by  which  the  normal  to  the  crack  plane  is  rotated  around  the  z 
axis,  R  is  the  true  crack  radius  (assuming  circular  cracks),  W  is  the 
true  crack  opening  displacement,  (x,y,z)  is  the  location  of  the  crack 
center  (y  points  into  the  plane  of  polish),  and  o  and  t  specify,  as 
before,  the  tensile  stress  history  (See  Figure  50).  p  is  then  the  number 
of  cracks  per  unit  volume  in  the  appropriate  intervals  of  cp ,  0,  R,  W, 
y,  z,  x,  a,  and  t. 
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XZ  PLANE  IS  PLANE  OF  POLISH 

a-b  IS  APPARENT  CRACK  LENGTH  =  2c 

ANGLE  Q  IS  APPARENT  CRACK  ORIENTATION 


ASSUMPTIONS 

•  CIRCULAR  CRACKS 

•  ALL  0  EQUALLY  PROBABLE 


GA  8678-16 

FIGURE  50  CIRCULAR  CRACK  INTERSECTING  THE  PLANE  OF  POLISH 


The  main  statistical  problem  is  thus  to  transform  the  observed 
surface  distribution  N  into  the  desired  volume  distribution  p.  The 
procedure  for  doing  this  in  the  ductile  case  was  incorporated  into  the 
computer  program  BABS  1  described  earlier  (Ref.  12).  What  is  needed  is 
thus  a  more  comprehensive  form  of  BABS  to  perform  the  same  function  for 
brittle  damage.  The  procedure  for  doing  this  was  worked  out  and  in¬ 
corporated  into  a  computer  program  called  BABS  2.  The  method  is  similar 
to  that  developed  by  Kaechele  and  Tetelman  (Ref.  30)  but  is  appreciably 
more  complex  since  Kaechele  and  Tetelman  did  not  treat  the  crack  size  or 
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width  distribution.  Complete  descriptions  of  the  analysis  and  the  com¬ 
puter  program  are  given  in  Appendices  IX  and  X.  To  make  the  treatment 
tractable,  the  following  simplifications  were  made: 

•  The  cracks  were  assumed  to  be  penny-shaped. 

•  The  distributions  were  assumed  to  be  independent  of  6  (the  angle  of 
rotation  around  the  direction  of  principal  stress). 

•  The  distributions  were  assumed  to  be  independent  of  x  and  y. 

(This  is,  in  fact,  an  experimental  condition  if  the  material  is 
reasonably  homogeneous . ) 

•  The  crack  length  and  crack  width  distributions  were  handled 
separately',  i.e.,  we  may  solve  either  for  p  (9,  R,  z,  <7,  t) 
or  for  p  (9,  W,  z,  CT,  t). 

Once  the  volume  distributions  p  (9.  R  or  W,  z,  a,  t)  are  obtained, 
the  nucleation  and  growth  functions  are  found  from  the  relations: 


9t  a,i^,9,c7 


nucleation  rate 


where  RQ  is 


the  incipient  crack  radius, 


and 


SR 

St 

p,9,z,a,t 


and 


SW 

St 

p,9,z,a,t 


growth  rates 


Examples  of  the  observed  brittle  crack  surface  distribution  in  the 
plane  of  polish  and  the  corresponding  computed  volume  distribution  are 
given  in  Figures  51  and  52,  where  we  show  our  results  for  Armco  iron  shot 
number  S25.  Another  example  is  given  in  the  next  subsection.  In  addition, 
examples  of  computations  performed  on  assumed  test  distributions  are  given 
in  Appendix  IX,  where  a  complete  description  of  the  statistical  analysis 
procedures  is  also  given. 
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FIGURE  52  COMPUTED  CUMULATIVE  CRACK  VOLUME  CONCEN¬ 
TRATION  FOR  ARMCO  IRON:  SHOT  S25 


| 
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4. 


WAVE  PROPAGATION  CALCULATIONS  AND  COMPARISON  WITH  DATA 


The  equations  used  for  nucleation  and  growth  of  cracks  and  the 
constitutive  relations  for  damaged  material  are  derived  in  this  section. 
These  equations  were  used  in  wave  propagation  calculations  to  compute 
the  damage  from  impacts  in  Armco  iron  plates. 


a.  Nucleation  Rate 

The  nucleation  rate  was  assumed  to  have  the  form 


where 


o  „  =  a  threshold  stress  for  nucleation 
nO 


This  nucleation  rate  is  similar  to  that  derived  from  the  ductile  frac¬ 
ture  experimental  data.  The  form  also  resembles  the  form  given  by 
Zhurkov  (Ref.  42)  for  rate  of  breakage  of  atomic  bonds. 

All  the  cracks  are  assumed  to  be  nucleated  at  the  same  radius 
(half-length)  and  to  lie  in  a  plane  perpendicular  to  the  direction  of 
propagation.  A  radius  of  about  one  micron  was  chosen  for  our  calculations. 

b .  Crack  Growth 

Traditional  fracture  mechanics  has  been  called  upon  to  deter¬ 
mine  whether  growth  occurs  under  a  given  tensile  stress.  According  to 
Sneddon  (Ref.  34),  the  critical  crack  radius  for  a  penny-shaped  crack 
in  a  one-directional,  elastic,  tensile  field  is 
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where 


R* 


TTEy 

4o2(1  -  v2) 


2 

4a 


(56; 


E  =  the  elastic  modulus 
Y  =  the  surface  energy 

a  =  the  one-directional  tensile  stress  applied  at  infinity 
v  =  Poisson's  ratio 

K  =  the  plane  strain  fracture  toughness  in  the  opening  mode. 

If  the  crack  radius  is  less  than  R* ,  no  growth  occurs.  If  the  radius 
is  larger,  growth  is  presumed  to  occur  with  a  velocity  given  by  the 
relation  of  Dulaney  and  Brace  (Ref.  35)  for  the  propagation  of  a  planar 
crack  in  elastic  material. 


V 

c 

V 

t 


R  >  R* 


(57) 


where 

V  =  the  growth  velocity 
c 

=  the  terminal  velocity 
R  =  the  crack  radius 

c.  Constitutive  Relations 

The  form  of  the  constitutive  relations  for  material  with 
voids  was  used  also  for  material  with  cracks.  These  relations  provide 
for  separate  expressions  for  pressure  and  deviator  stress.  Instead  of 


145 


a  void  volume,  the  damage  is  measured  by  the  total  volume  of  the  cracks. 
This  volume  is  computed  from  the  expression  of  Irwin  (Ref.  32)  for  the 
volume  of  a  penny-shaped  crack  in  an  elastic  medium 


3 

4ttR  o 
3E 


Because  no  plastic  flow  is  provided  for  in  this  expression,  the  volume 
so  obtained  is  a  lower-bound  estimate  of  the  actual  volume.  Because 
the  crack  volume  is  elastic,  it  becomes  zero  when  tensile  stresses  are 
removed.  Plastic  flow  at  the  crack  tips  can  be  included  in  our  calcula¬ 
tions  in  a  straightforward  manner,  and  this  may  be  done  in  future  work. 

A  more  complete  description  of  the  constitutive  relations  is  presented 
in  Section  III  5c  and  in  Appendix  VIII. 

d .  Wave  Propagation  Results 

From  the  wave  propagation  calculations  we  obtain  stress  his¬ 
tories  at  selected  points,  total  crack  concentrations  (number/cm  ), 
number  of  cracks  at  each  crack  radius  (a  size  distribution),  and  rela¬ 
tive  crack  volume.  Since  each  of  these  can  be  obtained  at  any  depth 
in  the  target,  we  can  study  the  variation  of  crack  concentration  or 
volume  as  a  function  of  position. 

The  calculations  made  for  Armco  iron  are  based  on  the  fracture 

parameters  listed  in  Table  XVI  and  the  shot  conditions  in  Table  XVII. 

Note  that  the  fracture  toughness,  threshold  stress  for  nucleation,  and 

nucleation  radius  are  coordinated  so  that  growth  begins  at  tie  nuclea- 

4 

tion  stress  level.  The  limiting  velocity  is  only  3  X  10  cm/sec,  or 
about  5  percent  of  longitudinal  sound  speed;  this  low  velocity  probably 
indicates  that  considerable  plastic  flow  is  occurring  at  the  crack  tip 
during  propagation. 
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Table  XVI 


BRITTLE  FRACTURE  PARAMETERS 


Parameter 

Units 

Description 

Armco  Iron 

Tl(Vt) 

cm/ sec 

Limiting  crack  velocity 

4 

3  X  10 

T2(K  ) 
v  IC 

dyn/cm3/2 

Fracture  toughness 

7 

3.4  X  10 

-4 

T3 

cm 

Nucleation  crack  radius 

1  X  10 

no. 

13 

T4(n0) 

Nucleation  rate  coefficient 

1  X  10 

cm  /sec 

T5(o  ) 
v  nO 

,  2 
dyn/cm 

Nucleation  threshold 

9 

-3  X  10 

T6(oi) 

,  2 
dyn/cm 

Nucleation  parameter 

9 

-9.5  X  10 

Table 

XVII 

IMPACT  CONDITIONS  FOR  EXPERIMENTS  IN 

ARMCO  IRON 

Shot 

Number 

Flyer 

Thickness  Velocity 

(cm)  (cm/sec) 

Target 

Thickness 

(cm) 

Impact 

Stress 

(kbar) 

Backing 

Material 

886 

3 

0.236  9.15  X  10 

0.635 

18.5 

none 

S25 

4 

0.1138  1.96  X  10 

0.3156 

38.3 

PMMA 
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The  observed  and  computed  damage  are  compared  in  Figures  53 
to  56.  The  observed  distributions  appear  to  be  essentially  linear  on 
the  semilog  scale.  They  depart  from  linearity  only  for  small  cracks; 
this  departure  may  be  caused  by  our  inability  to  see  very  small  cracks 
that  close  after  the  passage  of  the  tensile  wave.  The  computed  dis¬ 
tributions  are  not  linear,  and  they  tend  to  have  less  slope  than  the 
observed  distributions.  Since  the  observed  damage  curves  are  nearly 
parallel  to  each  other,  there  is  little  tendency  for  adjacent  curves 
to  cross.  However,  the  computed  curves  have  dissimilar  slopes  and  do 
cross  in  some  instances.  These  observations  indicate  that  some  changes 
are  probably  needed  in  the  nucleation  and  growth  functions  and  that  it 
would  be  desirable  to  nucleate  a  distribution  of  cracks,  rather  than  a 
single  size  crack. 

The  comparison  of  observed  and  computed  damage  should  be  made 
on  the  basis  of  the  portion  of  the  distribution  that  contributes  most 
strongly  to  stress  and  modulus  reduction.  According  to  Eq.  (58),  the 
total  crack  volume  is  proportional  to  number  times  radius  cubed.  If 
this  volume  is  the  correct  measure  of  damage,  then  the  maximum  contri¬ 
bution  to  damage  is  from  a  central  portion  of  the  distribution;  at  the 
large  radius  end  there  are  too  few  cracks  and  at  the  small  radius  end, 
individual  volumes  are  too  small.  Hence,  it  is  this  central  portion  of 
the  distribution  curves  that  should  be  matched.  An  attempt  to  compare 
crack  concentrations  in  this  middle  range  is  shown  in  Figures  57  and  58. 
The  observed  distributions  show  a  considerably  sharper  peak  at  the  spall 
plane  than  the  computed  distributions;  this  indicates  that  insufficient 
damage  is  accounted  for  in  the  computations.  Higher  damage  might  be 
produced  by: 

•  Increasing  the  volume  of  each  crack  (by  permitting 
plastic  deformation) . 


148 


10® 


z 

o 

h- 

< 

£E 

I- 

Z 

LU 

o 

z 

G 

U 

* 

G 

< 

QC 

G 


RADIUS 


G  A-8678-68 


FIGURE  54  COMPUTED  CRACK  SIZE  DISTRIBUTIONS  FOR 
ARMCO  IRON:  SHOT  886 
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FIGURE  55  CRACK  SIZE  DISTRIBUTIONS  IN  ZONES  NEAR  THE  SPALL 
PLANE  IN  ARMCO  IRON:  SHOT  S25 
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FIGURE  56  COMPUTED  CRACK.  SIZE  DISTRIBUTIONS  FOR  ARMCO  IRON 
SHOT  S25 
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FIGURE  57  COMPARISON  OF  COMPUTED  AND  EXPERIMENTAL  CONCENTRATIONS 
OF  CRACKS  LARGER  THAN  40  MICRONS  IN  ARMCO  IRON:  SHOT  886 
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FIGURE  58  COMPARISON  OF  COMPUTED  AND  EXPERIMENTAL  CONCENTRATIONS 
OF  CRACKS  LARGER  THAN  40  MICRONS  IN  ARMCO  IRON:  SHOT  S25 


Providing  for  interaction  of  cracks  and  thereby  an  in¬ 
crease  in  the  effect  on  stress  reduction. 


•  Modifying  the  constitutive  relations  to  show  more  stress 
reduction  for  a  given  crack  volume. 

All  these  three  are  possible  mechanisms  for  improving  the  fracture  cal¬ 
culations  . 


A  stress  record  was  obtained  from  a  manganin  gage  in  a  block 
of  PMMA  behind  the  Armco  iron  target  on  Shot  S25.  This  record  is  com¬ 
pared  in  Figure  59  with  stress  histories  from  two  computations.  The 
poor  comparison  of  the  compressive  pulses  indicates  possible  inaccuracy 


TIME  AFTER  IMPACT  —  microseconds 

GA-8678-73 

FIGURE  59  COMPARISON  OF  STRESS  RECORD  FROM  MANGANIN 
GAGE  WITH  THE  COMPUTED  STRESS  HISTORY  FOR 
ARMCO  IRON:  SHOT  S25 


in  the  equation  of  state  of  the  Armco  iron  and  also  in  that  of  the  PMMA. 

The  region  of  interest  in  the  figure  is  the  so-called  "spall  signal," 
the  hump  following  the  main  compressive  pulse.  Although  the  computed 
damage  from  the  two  calculations  shown  was  similar,  the  stress  histories 
appear  different.  Furthermore,  these  histories  appear  to  bracket  the 
experimental  record,  suggesting  that  with  a  few  more  trials  good  agree¬ 
ment  could  be  obtained  between  computed  and  experimental  stresses. 

The  foregoing  initial  results  with  the  brittle  fracture  cal¬ 
culations  have  been  encouraging.  They  give  some  hope  of  providing  a 
means  for  gaining  a  detailed  understanding  of  nucleation  and  growth. 

The  nucleation  function  appears  to  have  an  appropriate  form. 

A  study  of  the  computed  distributions  has  already  led  to  more 
understanding  of  the  nucleation  and  growth  process.  In  our  trial  cal¬ 
culations  it  was  noticed  that  the  shape  of  the  distribution  was  at  least 
somewhat  dependent  on  the  shape  of  the  rising  portion  of  the  tensile 
wave.  New  groups  of  cracks  are  nucleated  at  each  time  increment  after 
the  tnrishold  stress  is  exceeded.  Thus  the  number  of  all  the  larger 
cracks  is  determined  early  in  the  fracture  process.  The  subsequent 
stress  ’..AS'-ory  merely  allows  the  cracks  to  grow.  To  make  the  crack  size 
distribution  less  dependent  on  the  rise  of  the  stress  wave,  it  may  be 
advisable  to  allow  for  nucleation  of  a  distribution  of  cracks.  Thus 
at  each  time  step,  cracks  of  various  sizes  would  be  nucleated. 

A  residual  crack  volume  associated  with  plastic  flow  about 
the  crack  should  be  provided  in  the  calculations.  This  will  require  a 
minor  change  in  the  present  volume  formula  and  the  addition  of  an  array 
to  store  the  residual  crack  opening. 

From  the  comparisons  of  computed  and  experimental  results, 
we  conclude  that  an  acceptable  initial  model  has  been  developed.  Modi¬ 
fications  to  the  model — nucleation  of  a  distribution  of  cracks,  computation 
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of  the  contribution  of  plastic  flow  to  crack  volume,  and  improvements 
in  the  constitutive  relations — will  lead  to  more  accurate  results. 

5.  SUMMARY  OF  BRITTLE  FRACTURE 

The  results  of  a  study  of  the  dynamic  fracture  of  brittle  materials 
have  been  presented.  As  described  in  the  introouction ,  the  main  compo¬ 
nents  of  this  approach  are: 

•  To  load  dynamically  and  recover  usable  specimens. 

•  To  achieve  experimental  control  so  that  damage  can  be 
arrested  in  different  stages  of  growth. 

•  To  measure  quantitatively  the  size  and  spatial  distribution 
of  damage  in  the  volume  of  the  material. 

•  To  specify  the  macroscopic  stress  and  its  duration  at  any 
point  in  the  sample  under  conditions  of  damage  nucleation 
and  growth. 

•  To  use  the  results  of  these  steps  to  develop  a  dynamic 
fracture  model  that  includes  the  effects  of  developing 
damage  on  the  local  stress  states. 

The  first  two  of  these  steps  have  been  fully  developed  and  applied 
to  Armco  iron  and  LASL  graphite.  The  third  step  has  been  developed  to 
the  state  where  it  can  be  applied  to  the  brittle  metals  in  which  statis¬ 
tical  distributions  of  cracks  are  formed.  Step  four  has  been  attempted, 
but  the  results  are  considered  as  only  a  first  approximation  and  further 
work  is  necessary.  Step  five  has  also  been  carried  through  and  a  com¬ 
puter  program  developed  (BFRACT),  which  yields  prediction  of  Lrittle 

damage  which  can  be  compared  with  experimental  results. 

The  basic  result  of  this  effort  is  that  a  predictive  capability 
for  the  dynamic  fracture  of  brittle  materials  has  been  developed  and 
compared  with  experiment.  The  agreement  between  theory  and  experiment 
is  encouraging,  but  further  work  is  necessary  before  a  fully  verified 
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model  is  formulated.  The  primary  problem,  at  present,  is  in  describing 
the  effects  of  developing  damage  on  the  local  stress  and  the  subsequently 
formed  damage.  Further,  more  complete  data  on  the  dependence  of  the  nu- 
cleation  and  growth  functions  on  material  properties  are  necessary  before 
any  systematic  evaluation  of  the  important  material  parameters  can  be 
developed . 
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APPENDIX  I 


TAPERED  FLYER  TECHNIQUE 

The  study  of  the  dynamic  fracture  of  metals  has  shown  that  the 
damage  level  achieved  in  a  given  material  is  a  function  of  both  the 
tensile  stress  and  its  time  duration.  This  is  best  seen  in  Figure  60, 
which  is  a  schematic  representation  of  the  time  dependence  of  the  stress 
threshold  for  dynamic  fracture. 


FIGURE  60  SCHEMATIC  CURVE  SHOWING  THE  TIME  DEPENDENCE 
OF  THE  STRESS  FOR  THRESHOLD  DAMAGE.  Region  A 
shows  the  number  of  experiments  necessary  to  define  a 
damage  threshold  if  standard  techniques  are  used.  Region  B 
shows  that  in  a  single  experiment  using  a  tapered  flyer,  the 
no-damage  to  damage  transition  can  be  spanned  in  a  single 
experiment. 
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The  points  at  (A)  in  this  figure  are  representative  of  the  typical  n 
for  determining  dynamic  fracture  thresholds.  Each  point  represents  . 
separate  experiment  in  which  each  sample  must  be  sectioned  and  examined 
to  determine  whether  fracture  occurred.  As  one  might  suspect,  the 
probability  of  achieving  a  given  level  of  damage  in  an  exploratory 
investigation  is  small.  The  line  at  (B)  represents  the  conditions  that 
can  be  achieved  in  a  single  experiment  using  a  tapered  projectile  with  a 
planar  impact,  a  technique  proposed  by  Butcher,  et  al  (Ref.  59).  The  time 
at  stress  is  controlled  by  the  variation  in  the  projectile  theckness  with 
position,  resulting  in  a  continuous  variation  in  damage  across  the  sample. 

There  are  two  problems  in  the  use  of  this  technique.  First, 
reflection  of  a  dilational  shock  wave  at  non-nornal  incidence  from  a 
planar  surface  causes  the  formation  of  a  shear  wave.  The  magnitude  of 
this  shear  wave  is  small  at  small  angles  and  has  little  or  no  effect  on 
the  experimental  result  if  the  yield  strength  of  the  material  is  large 
enough.  This  is  apparently  the  case  for  all  the  material  studied  in 
this  work.  The  second  problem  is  that  the  magnitude  of  the  principal 
stress  is  decreased  upon  reflection  from  a  tilted  surface.  This  effect 
is  also  small  for  small-tilt  angles  and  has  no  effect  in  the  experiments 
carried  out  on  this  program. 

Figure  61  shows  the  time  at  stress  in  an  Armco  iron  sample  6.313  mm 
thick,  impacted  with  a  projectile  varying  in  thickness  from  3.156  mm  to 
1.578  mm.  The  time  at  stress  varies  from  approximately  0.74  n,sec  at  the 
thick  end  of  the  projectile  to  approximately  0,26  p<sec  at  the  thin  end 
of  the  projectile.  The  damage  produced  in  such  an  experiment  is  shown 
in  Figure  62.  The  damage  plane  is  seen  to  follow  the  plane  of  maximum 
time  at  stress  and  to  increase  with  increasing  time  at  stress.  As  is 
obvious,  essentially  any  damage  level  can  be  observed  by  this  method, 
and  accurate  damage  curves  can  be  determined. 
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TIME  AT  STRESS  AS  A  FUNCTION  OF  POSITION  IN  A  SAMPLE  IMPACTED  WITH  A 
TAPERED  FLYER:  SHOT  SI.  The  time  at  stress  is  vertical;  the  position  in  the 
sample  thickness  is  given  on  the  horizontal  axis.  The  position  across  the  sample  is  given 
by  the  third  axis. 


FIGURE  61 


FIGURE  62  DAMAGE  OBSERVED  IN  SHOT  SI.  A  TAPERED  FLYER 
SHOT  ON  ARMCO  IRON 


APPENDIX  II 


OTHER  EXPERIMENTAL  TECHNIQUES 

Spallation  experiments  were  performed  on  the  selected  materials  in 
the  as-received  condition.  Projectile  and  target  plates  of  each  material 
were  usually  machined  out  of  large  samples  (~48  in.  v  ~48  in.  y  ~1-1  /2  in.) 
obtained  from  suppliers.  Care  was  taken  during  machining  to  prevent  lo¬ 
cal  heating  from  occurring  in  the  specimens.  Projectile  plates  were 
commonly  2-7/16-in. -diameter  flat  plates  of  different  thicknesses  and 
with  a  surface  finish  of  0.0002-in.  rms  and  parallel  to  within  0.0005  in. 
Flatness  and  parallelism  of  targets  were  maintained  to  0.0005  in.  The 
experimental  arrangement  is  shown  in  Figure  63.  The  usable  target  area 
for  spall  observations  equals  the  projectile  area  less  the  area  influ¬ 
enced  by  edge  effects. 

The  experiments  were  designed  in  such  a  way  that  the  projectile  was 
stopped  at  impact.  This  eliminated  any  secondary  impacts  that  might  have 
occurred  between  the  target  plate  and  the  ensuing  projectile.  (Secon¬ 
dary  impacts  of  the  target  specimen  are  undesirable  since  they  might  alter 
the  damage  caused  by  the  primary  impact.)  The  average  tilt  at  impact 
using  the  experimental  system  shown  in  Figure  63  was  750  pj-ad,  as  deter¬ 
mined  by  a  set  of  tilt  pins  installed  in  each  target  plate. 

To  minimize  the  edge  effects  and  to  facilitate  the  recovery  of  the 
target  specimen,  we  used  a  tapered  plug  design.  For  uninstrumented  re¬ 
covery  experiments  the  center  region  (covering  an  area  of  1-1/2  in. 
diameter)  of  the  4-in. -diameter  target  plate  was  cut  out  at  an  angle 
of  about  8°  with  the  normal  in  such  a  way  that  the  smaller  diameter  was 
on  the  impact  side  of  the  target  (Figure  63).  Only  the  outer  portion  or 
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CATCHER  BOX 


retaining  ring  was  kept,  and  a  new  tapered  plug  was  machined  to  fit 

precisely  into  the  center  of  the  retaining  ring  (see  Figure  64) .  Two 

configurations  were  used  for  instrumented  recovery  experiments.  In  the 

earlier  recovery  experiments  the  4-in .-diameter  target  plate  contained  a 

1-in . -diameter  tapered  plug  on  one  side  of  its  center  and  a  manganin-in- 
* 

C7-epoxy  pressure  transducer  on  optical  prism  on  the  other  (see  Figure  64). 
During  the  shock  experiment  only  the  plug  was  recovered  for  subsequent 
metallographic  observations.  For  later  experiments  it  was  realized  that 
the  stress  record  should  correspond  with  the  damage  in  the  plug.  Therefore 
the  manganin-in-C7-epoxy  gage  was  mounted  directly  behind  the  1 J-in-diameter 
plug. 


For  those  experiments  instrumented  with  the  manganin  pressure  trans¬ 
ducer,  a  manganin- in-C7-epoxy  gage  was  mounted  to  the  back  of  the  4-in.- 
diameter  target  plate.  The  manganin  wire  element  (~0.6Q)  was  situated 
approximately  0.080  in.  from  the  target-plate/C7-epoxy  interface.  Since 
the  Hugoniots  of  the  target  plate  materials  and  the  C7  epoxy  are  known, 
the  shock  wave  profile  at  the  target-C7  interface  can  be  obtained  from 
that  recorded  by  the  manganin- in-C7  gage  behind  the  target.  However, 
the  effect  of  wave  interactions  must  be  taken  into  consideration  if  the 
exact  wave  shape  at  the  target-C7  interface  is  to  be  obtained.  For  the 
present  study,  it  was  found  that  the  manganin- in-C7  gage  could  detect 
reliably  the  spall  signal  originating  within  the  target  plate. 

All  samples  recovered  from  these  dynamic  flyer  plate  experiments 
were  sectioned  in  half.  One  of  the  exposed  surfaces  was  then  ground  to 
remove  the  layer  of  material  influenced  by  the  sectioning  process.  The 
surface  was  polished  and  in  some  cases  chemically  etched  with  suitable 
etchants  and  then  examined  at  various  magnifications  from  8x  to  1000X. 


*  Trademark,  Acrylic  resin  produced  by  Du  Pont. 
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REAR  VIE'V 


SIDE  VIEW 


I, 


FIGURE  64 


PLATE  ASSEMBLY  SHOWING  TAPERED  SPECIMEN 
id)  Instrumented  assembly;  (b/  Uninstrumented  assembly. 


APPENDIX  III 


DYNAMIC  SPHERICAL  BUBBLE  GROWTH 

As  a  guide  in  measuring  the  growth  rate  of  voids  in  ductile  material 
undergoing  fracture,  a  study  was  made  of  the  growth  of  a  bubble  in  a 
spherically-symmetric  stress  field.  The  material  is  assumed  to  be 
viscous  above  the  yield  strength,  elastic  below.  First,  a  general 
equation  for  bubble  growth  is  derived.  Then  this  equation  is  solved 
approximately  in  several  ranges  of  R,  the  bubble  radius.  A  numerical 
solution  is  then  introduced  for  the  full  range  of  R.  These  numerical 
results  lead  to  appropriate  forms  for  the  growth  rate  relationship. 

1.  DERIVATION  OF  DIFFERENTIAL  EQUATION  GOVERNING  GROWTH 

The  equation  for  the  expansion  of  a  cavity  in  a  plastic-viscous 
material  is  derived  by  the  method  of  Poritsky  (Ref.  43).  At  the  boundary 
of  the  cavity  the  radial  stress  is 

2 

a  •>  =  -p  —  Y  +  2T]e  (59) 

r  3  r 

where 

P  = 

Y 
• 

e  = 
r 

T)  = 

Here  we  have  assumed  that  sufficient  deformation  has  occurred  that  the 
yield  strength  was  exceeded. 


pressure  (positive  in  compression) 
yield  strength  (positive  in  tension) 

the  radial  strain  rate  and  is  equal  to  the  plastic  strain 
« 

rate  by  assumption. t 

Y  *v 

the  coefficient  of  viscosity 
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In  Poritsky's  approach  the  equations  of  motion  are  reduced  to  an 


equation  at  the  cavity  boundary.  Therefore,  the  behavior  of  the  entire 
flow  field  must  be  represented  by  the  behavior  at  this  boundary.  For  th 
reason  the  threshold  pressure  2Y/3  should  be  reinterpreted.  This 
threshold  is  the  pressure  at  which  yielding  occurs.  True,  it  does  occur 
at  the  boundary  at  2Y/3  but  not  throughout  the  material  surrounding  the 
void  (See  Appendix  IV  for  the  threshold  pressure  in  spherical  flow). 
Therefore,  the  threshold  pressure  is  taken  here  as  p  which  is  a 
function  of  the  yield  strength.  Equation  (59)  is  then 

°r  =  “P  "  p0  +  2T1%  (59') 

According  to  Poritsky's  derivation, 


e 


r 


(  60) 


Then 


=  -P  -  P, 


< 


(61) 


However,  since  there  is  no  internal  pressure  in  the  bubble, 


P  = 


(62) 


This  expression  for  p  is  then  inserted  in  the  general  expression  for 
void  growth, 


p 

p 


(63) 


R  R 


where 

a  =  surface  tension 

s 

p  =  the  pressure  at  infinity 

00 

Equation  (63)  was  obtained  from  a  comparison  of  Eq.  (6)  of  Bornhorst  and 
Hatsopoulos  (Ref.  44)  with  Eqs.  (23)  and  (25)  of  Poritsky.  With  the 
value  of  p  from  Eq .  (62)  in  Eq.  (63),  the  growth  equation  becomes 


2o 

..  4T)  3  •  2  s 

**  +  — 2  "  *  2R  R)  +  — 
pR  R  P 


(64) 


where  T,  the  applied  tension,  has  replaced  -p  .  For  discussion  and 

00 

the  numerical  solution,  the  differential  equation  is  rewritten  as 


ft  +  BR 


.2 

DR 


=  C 


(65) 


where 


B  = 


C  = 


£L 

r2 

P 


D  = 


3_ 

2R 


For  consistency  with  the  assumptions  used  in  setting  up  the  equation, 
T  cannot  be  allowed  to  decrease  below  p^  for  tensile  loading.  For 
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smaller  tensile  loads,  the  behavior  is  elastic  and  therefore  not  accounted 

for  in  our  basic  differential  equation.  To  account  for  compressive 

loading,  the  sign  of  the  yield  strength  must  be  changed,  and  T  must 

again  exceed  p  . 

0 

2.  ANALYTICAL  SOLUTION  FOR  SMALL  RADIUS 

..  *2 

For  small  radii,  the  inertial  terms,  R  and  R  ,  may  be  approximated. 
The  growth  rate  R  is  expanded  in  a  series  in  R  as  follows 

2 

R  =  A  +AR+AR  ...  (66) 

0  12 

Then  the  inertial  terms  are  derived  from  the  expansion. 

R  =  (Ai  +  2AgR  .  .  . )  R 

•2  2 
R  =  (A  +  A  R  +  A  R  .  .  .  )  R 
U  J.  ^ 


Then  let  A  =  (T  -  p^)/^  and  the  R  is  given  by  Eq.  (64) 


as 


1  + 


PR 

4T) 


(A 


2A  R 
2 


.  .  .  )  + 


3p 

R( A 

8T)  0 


A  R 
1 


...) 


=  A  +  AR 
0 


When  R  is  replaced  by  its  expansion  in  R,  and  coefficients  of  each  term 
in  R  equated  to  zero,  the  coefficients  are  determined  as  follows: 

a 

A  =  - 

0  2T] 


A 


1 


3p 

8T1 


2 

A 

0 


170 


1  =  -{aa 

2  71  0  1 


^(AA  +iAf) 

47]  0  2  2  1 


(67) 


3p 

A  =  -  —  (A  A  +  A  A  ) 

4  27)  0  3  1  2 


A  =  -  —  A  +  A  A  +  -  A2) 

5  471  \  0  4  1  3  2  2/ 


Usually  the  surface  tension  will  provide  a  very  small  effect  so  that  only 
odd  powers  of  R  will  contribute  significantly.  If  we  neglect  Aq)  these 
terms  are 


A 


1 


=  A 


A 


3 


5p 

87] 


2 

A 


A 

5 


35  CT  3 


From  these  coefficients  we  can  estimate  the  point  where  the  growth  rate 
can  no  longer  be  approximated  by  A^  +  A^R.  That  point  will  occur  when 


r 


is  no  longer  negligible.  Then  the  critical  radius  is 
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1.6rTj 

PA 


6 . 4rT] 

P(T  -  PQ) 


Then  R  is  about  5  microns  for  aluminum  for  which  T|  =  200  poise, 
Cr  3 

p  =  2.7  gm/cm  ,  T  =  10  kbar,  p  =  2  kbar,  and  r  =  0.02. 


3.  ANALYTICAL  SOLUTION  FOR  LARGE  RADIUS 

Equation  (64)  can  also  be  solved  for  large  R  by  treating  the  viscous 
term  approximately.  The  equation  becomes 


, ,  3.2 

ft  +  —  R 
2R 


T  -  P 


_ [0  4T) 

pR  '  2 

PR 


o. 

Multiply  each  term  by  2R  R,  and  combine  the  first  two: 


d  ,  3-2x 
—  (R  R  ) 
dt 


2  T  P0  2  •  8T1  >2 

- 3R  R - 1  R  R 

3  P  p 


Then  we  seek  a  solution  of  the  form 


a  a 

R  =  3  +  J.  +  .1 

R  R 


where 


T  -  p 

32  2  _ y_0 

3  P 
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For  the  integration  of  Eq .  (69),  replace  one  of  the  R  values  of  the  last 

3 

term  by  the  series,  Eq .  (70).  Then  integrate  and  divide  by  R  obtaining 


k 


2 


2  4T]B 


8T|a  ^ 


2 

PR 


8Tla2 

—  '  • 
PR 


The  terms  in  this  series  are  compared  with  those  in  the  square  of 

Eq .  (70)  to  evaluate  a  and  a  . 

1  2 

Then 


a 


1 


2T) 

P 


a 


2 


6l| 


2 


The  alternating  signs  suggest  an  exponential  series  that  may  be  approxi¬ 
mated  as 


i  .  B  e-2^*”  (71) 

2  2  2  2 

Comparison  of  the  third  term  in  the  exponential,  2T|  /(p  R  3  ) ,  with  the 
second  term  indicates  the  range  of  validity  of  this  solution.  Let  the 

ratio  of  successive  terms  be  as  before.  Then 

2  2  2  2 

2T)_/(pVg  )  JL 

r  2T)/(  PRP )  PRB 

Thus  the  critical  radius  is,  for  r  =  0.02 
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cr 


T) 

0. 02p3 


(72) 


R 


For  the  aluminum  with  T)  =  200  poise,  T  =  10  kbar,  =  2  kbar, 

Y  =  3  kbar,  the  minimum  radius  should  be  about  800  microns.  Actually, 
as  demonstrated  later,  Eq .  (71)  appears  to  be  correct  down  to  about 
100  microns. 


4.  NUMERICAL  SOLUTION 

Returning  to  Eq.  (65),  we  rewrite  it  as 


dV 


DV  +  BV  -  C 


=  -dt 


(73) 


where  V  replaces  R.  This  equation  will  now  be  integrated  analytically 
for  a  short  time  increment  At  in  which  the  radius  will  undergo  only  a 
slight  change. 


V 


(B  +  6)  Cq 
20(1  - 


-6At  , 

e  +  o 


-6At 

V  > 


B 


(74) 


where 


2DV  +  B  -  6 
0 

C0  “  2DV  +  B  +  6 
0 


6  = 


(B2  + 


4CD) 


1/2 
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and  is  the  velocity  at  the  beginning  of  the  time  increment.  The 
velocity  is  evaluated  at  the  end  of  the  increment  so  that  the  appropriate 
radius  to  use  in  evaluating  A,  B,  and  D  is  the  final  radius.  Since  the 
final  radius  depends  on  the  velocity,  the  coefficients  and  the  velocity 
are  determined  by  iteration. 

A  small  time-share  computer  program  was  written  to  integrate  Eq . 
(73).  It  was  found  that  three  or  four  iterations  were  required  to  make 
successive  velocities  agree  to  0.1  percent  and  that  time  increments  must 
be  controlled  so  that  the  radius  does  not  increase  more  than  10  percent 
in  each  step.  With  these  controls  the  velocity  and  radius  were  computed 
to  0.02  percent. 

A  sample  of  the  velocity  computations  is  shown  in  Figure  65  for 
aluminum  at  10  kbar.  The  results  of  the  analytical  expressions,  Eqs. 

(67)  and  (70)  are  shown  for  comparison. 


X  10b 


FIGURE  65  GROWTH  VELOCITY  OF  A  VOID  AS  A  FUNCTION  OF  VOID  RADIUS: 

COMPARISON  OF  NUMERICAL  AND  ANALYTICAL  RESULTS  FOR  A 
TENSILE  STRESS  OF  10  kbar 
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A  series  of  computations  at  different  stress  levels  led  to  the 

curves  in  Figure  66.  Here  it  is  apparent  that  at  small  R  the  velocity 

is  linearly  related  to  R.  Because  of  the  general  appearance  of  the 

2 

curves,  they  were  fitted  with  a  parabola  of  the  form  V  =  A^R  +  A^R  . 

It  was  found  that  both  A  and  A  were  linear  in  stress  so  that  the 

1  2 

velocity  is  related  to  stress  as 


V  =  (a  R  +  a  R)  (T  -  p  ) 
12  0 


(75) 


where  a^  and  a^  are  functions  of  viscosity  and  density  only.  This  form 
appears  to  be  appropriate  for  some  range  of  radius  beyond  the  solution 
for  small  radius  (Eq.  67).  The  upper  limit  of  applicability  was  not 
investigated . 
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FIGURE  66 


RELATIONSHIP  BETWEEN  VELOCITY  AND  VOID  RADIUS  AS  A  FUNCTION 
OF  STRESS  LEVEL 


NOMENCLATURE  FOR  APPENDIX  III 


(t  -  |  y)/4T],  1/sec 

1-i 

coefficients  in  an  expansion  for  R,  cm  /sec 

/  2 

47]  / pR  ,  1/sec 

(T  -  fv)/PR  -  2ct  /pR2,  cm/sec2 

(2DV  +  B  -  6)/(2DV  +  B  +  6) 

v  0  0 

3/2R,  1/cm 


radius  of  void,  cm 

2 

applied  tension,  dyn/cin 

velocity  of  void  growth,  cm/sec 

initial  velocity  of  void  growth,  cm/ sec 

2 

yield  strength,  dyn/cm 

coefficients  in  expansions  for  R 

radial  strain  rate,  1/sec 
2 


pressure,  dyn/cm 
threshold  pressure,  dyn/cm2 


pressure  at  infinity,  dyn/cm 


ratio  of  successive  terms  in  expansion  for  R 

1/2 


/  2  \  /11/2 

2/3  *  I T  -  —  Y)/p  ,  a  loading  parameter,  cm/ 


sec 


1/2 


(B  +  4CD )  ,  l/sec' 


APPENDIX  IV 


STATIC  SPHERICAL  GROWTH  OF  VOIDS 

To  aid  in  understanding  the  fracture  of  ductile  materials  by  void 
growth,  a  brief  investigation  was  made  of  the  growth  of  a  spherical 
cavity  in  a  spherically  symmetric  tensile  field.  By  a  reversal  of  the 
sign  of  loading,  the  solution  describes  the  collapse  of  voids  in  a  porous 
material  in  a  compressive  field.  This  appendix  provides  an  estimate  of 
the  threshold  stress  for  rapid  growth  of  voids  in  tension,  and  stress- 
volume  paths  for  porous  material  in  tension  or  compression. 

The  stress-strain  relationship  of  a  material  containing  spherical 
voids  has  been  recognized  as  important  in  estimating  the  behavior  of 
porous  material,  although  the  pores  may  only  roughly  approximate  spheres. 
The  decreased  elastic  stiffness  of  material  with  voids  has  been  studied 
by  MacKenzie  (Ref.  5),  by  Hashin  (Ref.  45),  and  by  many  others.  The 
growth  of  the  void  in  plastic  material  has  been  considered  by  Hill 
(Ref.  46).  Recently  it  was  realized  (Refs.  4  and  12)  that  ductile  ma¬ 
terials  fail  by  a  process  of  void  growth;  hence  they  behave  as  porous 
materials  during  fracturing. 

Three  static  analyses  are  conducted  to  study  the  behavior  of  porous 
material:  (l)  void  growth  under  external  tension,  (2)  void  collapse 

under  external  compression,  and  (3)  void  growth  under  internal  pressure. 
For  all  three  analyses,  the  material  is  assumed  to  be  elastic  and  per¬ 
fectly  plastic,  the  loading  is  quasi-static,  and  the  geometry  is  spheri¬ 
cally  symmetric. 
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1. 


EXTERNAL  TENSION  PROBLEM 


An  external  tension  is  gradually  applied  symmetrically  to  a  medium 
with  a  spherical  void  of  initial  radius  aQ.  Before  yielding  begins, 
there  is  some  displacement  of  the  void  boundary.  This  void  displacement 
is  derived  from  the  general  elastic  expression  (Ref.  47)  for  displace¬ 
ment  u  at  any  radius. 


u 


(76) 


where 


=  external  applied  stress  (positive  in  tension) 

a  =  internal  stress 

i 

r  =  internal  radius 


K,u  = 

Then  at  r  = 


bulk  and  shear  moduli  of  the  solid  material 

a,  u  is  da,  and  Eq.  (76)  is  rewritten  on  a  differential  basis. 


da  .  /  1  1  \  T 

a  Ol 3K  4p,  I  3K  0 


(77) 


where  f  =  1  +  3K/(4g,).  On  integrating,  this  expression  becomes 


a  =  aQ  exp  [raQ/(3K)] 


(78) 


Yielding  first  occurs  at  the  void  surface  and  then  continues  outward 
with  increasing  load;  the  phenomena  are  similar  to  those  following  loading 
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with  an  internal  pressure.  In  the  elastic  region  (r  >  c,  c  =  elastic- 
plastic  interface  as  in  Figure  67) ,  the  radial  and  circumferential  stresses 


are 


3  3  .  3  3. 

CT  =  a  c  /r  +  a  ( 1  -  c  /r  ) 
r  c  0 


(79) 


a  c  /  r 
c 


1 

+  — 

2 


V2 


3  3 . 

+  c  /r  ) 


(79') 


where  a  is  the  radial  stress  at  r  =  c. 
c 


FIGURE  67  GEOMETRY  AND  NOMENCLATURE  C0R  SPHERICAL  VOID 


For  yielding  to  occur  at  r  =  c, 
hence  that 


it  is  necessary  that 


ct  =  Y  and 
r 


CT 

C 


(80) 


Evidently  <r  =  2Y/3  at  first  yielding  when  CT  =  ct  =  0.  In  the  plastic 
0  c  a 

region,  the  equation  of  equilibrium  for  the  radial  direction  is 
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The  integral  of  this  expression  leads  to 


(81) 


CT 

r 


(82) 


(83) 


where  a  is 
the  radial 
between 


the  current  void  radius.  Equating  Eqs. 
stress  on  the  elastic-plastic  boundary, 
and  variables  in  the  plastic  zone 


(80)  and  (82)  to  find 
we  find  a  relation 


=  —  Y  +  2Y  fn 

3 


(:) 


(84) 


Determination  of  the  motion  of  the  void  surface  requires  a  solution 
of  displacements  in  the  plastic  and  elastic  regions.  From  the  elastic 
solution  [Eqs.  (76)  and  (80)],  theoutward  displacement  in  the  elastic 
region  is 


u 


(85) 


The  displacements  in  the  plastic  region,  and  hence  of  the  void  surface, 
are  determined  in  two  steps,  following  the  method  of  Hill  (Ref.  46). 
First  a  relation  is  found  between  the  displacement  at  any  point  in  the 
plastic  region  and  the  displacement  of  the  void  boundary.  Differential 
motion  is  considered  so  that  large  deformations  can  be  followed.  Let 
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differential  displacement  at  any 


point,  du,  be  proportional  to  da,  the 


motion  of  the  void. 


du  =  vda 


where  ,  is  a  proportionality  factor.  Follows  Hill  (Ref.  ■*«>.  *«■ 

relation  Is  inserted  into  the  expression  relating  compressibility  and 
average  stress.  The  three  principal  strains  and  stresses  are: 


de  =  —  (du) 
r  or 


—  da 
dr 


du  vda 


a°r  r°  r  ^r 

da  +  —  dr  »  +  v  9r 


do  =  da 

e  <p 


\  da  dr  / 


With 


these  values  for  stress  and  strain 


the  compressibility  relation  is: 


dv  2v 
dr  r 


±  ±  +  ^\  a  +20r 


3K  \  da  dr  r  9 


When  Eqs.  (82)  and  (83)  are  inserted  in  CD.  the  followin,  differen¬ 

tial  equation  for  v  is  found: 
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36 


(92) 


+  (2  -  36)  -  =  -  — 

dr  r  a 


where  6  =  2Y/3K. 

With  the  condition  that  v  =  1  at  r  =  a,  the  solution  of  Eq .  (92)  is 


v 


(93) 


The  second  step  in  deriving  che  expression  for  displacement  through¬ 
out  the  plastic  region  (a  5  r  5  c)  is  to  express  that  displacement  as  a 
function  of  the  applied  stress,  the  motion  of  the  elastic-plastic  boundary, 
and  the  radius,  as  follows: 


du  du  du 

du  =  - —  da  +  —  dc  +  —  dr  =  dr 

do  0  dc  dr 


(94; 


At  r  =  c,  this  expression  is  derived  from  Eq,  (85): 


du  =  dr  =  v  da 
c  c  c 


—  da  + 
3K  0 


Y  (° 0  Y_\ 

2p  dC  +  \3K  3p,  J 


dr 


(95) 


Then  dr  ,  the  particle  motion  at  r  =  c,  is  replaced  by  v  da;  v  is  deter- 
c  c  c 

mined  from  Eq .  (94)  and  c  is  eliminated  with  the  aid  of  Eq .  (84).  The 
differential  of  c  is  also  found  from  Eq .  (84) 


dc  =  (da  +  —  dcr  )  exp 
\  2Y  0/ 


_0  1 
2Y  ’  3 


(96) 
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For  convenience  the  stress  variable  a  is  replaced  by  or  where 


O'  = 


3a 
_ 0 

2Y 


1 


(97) 


Then  Eqs.  (84)  and  (96)  become 


a/ 3 

c  =  ae 


(84  ') 


dc 


/  a 

da  +  —  do 

\  3 


(96  ') 


With  these  values  for  c,  dc,  and  a,  Eq .  (95)  becomes,  after  some  re¬ 
arranging 


i  6f(l  -  6)e°<1-'’)da 
3 


a 

5 

6 

1  -  -  (or  +  3  -  20 

-  5 

r  -  3  (or  +  r) 

a(i-5) 

e 


(98) 


where  T  =  1  +  3K/(4(j,).  Equation  (98)  can  be  integrated  approximately 
by  neglecting  the  variations  of  the  a' s  which  are  not  in  the  arguments 
of  tne  exponentials.  Because  each  of  these  o's  is  multiplied  by  6 ,  a 
small  number,  this  approximate  integration  is  satisfactory.  To  simplify 
the  algebra  of  the  integration,  replace  the  denominator  of  the  integrand 
on  the  right  side  of  Eq.  (98)  by  B  -  Ce0^1  Then  the  integrated  form 

is 


In  a 


-  -  r 

3 


r  -  -  («  +  0 


An 


B  -  Ce 


o(l-  6) 


T  Qf_ 


Of 


(99) 
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Let  F  be  the  coefficient  of  the  logarithm.  Then 


B  -  Ce 


c*2(1-6) 


B  -  Ce 


0'1(l-6 ) 


(100) 


where 


|  (1  +  cr/r) 


=  -[3  -  6(1  +  cr/r)] 


-1 


C  =  6 


r  - 1  (a-  +  r) 


>] 


B  =  1  -  |  (a  +  3  -  2r) 


Equation  (100)  provides  a  relation  between  steps  in  stress  a  and  steps 
in  the  void  radius  during  plastic  flow.  The  displacement  of  the  void 
boundary  at  the  point  of  initial  yielding  is  found  from  Eq .  (76)  for 


aQ  =  2Y/3 


a  =  ag  exP  [2rY/(9K)]  =  aQ  exp  (6T/3)  (lOl) 

The  complete  solution  for  the  motion  of  the  void  boundary  is  obtained 
from  the  use  of  Eq.  (lOl)  once  and  then  Eq .  (100)  for  a  large  number  of 
steps  in  stress.  A  void  growth  curve  for  aluminum  calculated  from  these 
equations  is  shown  in  Figure  68  for  a  yield  strength  of  2  kbar.  In  addi¬ 
tion,  the  trajectories  of  the  elastic-plastic  bounoary  and  several  initial 
radii  are  shown.  There  appears  to  be  very  little  growth  of  the  void  until 
the  stress  reaches  four  or  five  times  the  yield  strength.  The  response 
is  reminiscent  of  an  elastic-perfectly-plastic  stress-strain  curve.  The 
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FIGURE  68  TRAJECTORY  OF  THE  VOID  RADIUS,  ELASTIC-PLASTIC 

BOUNDARY,  AND  SELECTED  RADII  FOR  TENSILE  LOADING 
WHERE  YIELD  =  2  kbar 


stress  for  which  the  void  radius  becomes  infinite  is  found  by  equating 
the  numerator  of  Eq ,  (lOO)  to  zero,  that  is, 


Because  B  and  C  are  weak  functions  of  q  ,  Eq.  (103)  is  solved  iteratively 

m 

for  at  -  The  limiting  stress  is  then 
m 


a  =  |  Y(cv  +  1)  (104) 

m  3  m 


The  limiting  stress  for  aluminum  is  graphed  in  Figure  69  as  a  function 
of  the  yield  strength.  If  a  stress  larger  than  the  limiting  stress  is 
applied,  the  response  will  be  dynamic.  The  void  size  will  be  limited  by 
rate -dependent  mechanisms:  viscosity,  stress  relaxation,  inertia. 


In  a  porous  material  under  tension  cr  compression,  the  flow  around 
the  void  is  not  spherically  symmetric.  However,  we  expect  that  the  bulk 
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FIGURE  69  RELATIONSHIP  BETWEEN  FLOW  STRESS  AND  YIELD 
STRENGTH  IN  TENSION 


modulus  for  the  spherically  symmetric  problem  varies  qualitatively 
similarly  to  the  bulk  modulus  for  the  porous  material.  To  determine 
the  gross  bulk  modulus  for  a  porous  material,  we  selected  for  study  a 
inhere  of  material  containing  a  spherical  void,  that  is,  a  sphere  of 
known  porosity.  Then  the  coordinates  of  the  sphere  of  material  and  the 
void  were  followed  during  the  loading  calculations  to  determine  the  vari¬ 
ation  of  the  bulk  modulus.  The  bulk  modulus,  defined  as  the  ratio  of 
the  change  in  stress  to  the  volumetric  strain,  decreases  when  yielding 
occurs  around  the  void;  therefore  the  modulus  is  a  function  of  yield 
strength.  The  modulus  also  varies  as  the  void  grows  or  diminishes  and 
varies  with  porosity. 


The  displacements  of  the  radii  r  were  found  from  the  following 
three  equations,  which  were  derived  earlier: 

Elastic  at  r  and  a: 


rd<,0  aJda0 
dU  =  —  +  — 
4gr 


105  ) 


Elastic  at  r,  plastic  at  a: 


rda  2 

0  Yc  dc 

du  =  -  +  - — 

3K  „  2 

2p,r 


(106) 


(107) 

The  motion  of  t  liese  selected  radii  were  followed  during  the  loading 

cult  >  i  i  a  I  ion  ,  III  a,  c,  do  are  known. 

° 

! 

1 


Plastic  at  r  and  a: 


du  =  - 


r 

—  + 


1  -  6  a  1-6 


(!) 


2-36 


da 
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A  sample  of  the  trajectories  of  the  radii  is  shown  in  Figure  68  for 
a  yield  strength  of  2  kbar  and  an  applied  tensile  stress.  The  initial 
radii  are  the  radii  of  spheres  with  an  initial  gross  density  of  50%,  60%, 
70%,  80%,  90%,  and  95%  of  the  solid.  Evidently  very  little  displacement 
of  the  radii  occurs  until  the  flow  stress  of  four  to  five  times  the  yield 
is  reached.  Then  the  flow  is  unlimited.  Figure  70,  the  stress-specific- 
volume  plot  for  the  same  calculation  as  Figure  68,  shows  a  similar  result 

The  variations  of  bulk  modulus  with  stress  are  shown  in  Figure  71 
fra  yield  strength  of  2  kbar.  This  clearly  shows  the  rapid  drop  in 
modulus  that  accompanies  yielding,  although  this  change  is  not  nearly  so 
apparent  in  Figure  68.  The  elastic  values  of  bulk  modulus  at  zero  stress 
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FIGURE  70  RELATION  BETWEEN  STRESS  AND  SPECIFIC  VOLUME  FOR 

POROUS  MATERIAL  UNDER  TENSION  WHERE  YIELD  =  2  kbar 
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I  FIGURE  71  VARIATION  OF  BULK  MODULUS  WITH  TENSILE  LOAD 

ON  A  POROUS  MATERIAL 


may  be  compared  with  the  results  of  MacKenzie  (Ref.  5),  and  of  Hashin 
(Ref.  45).  The  present  result,  derived  with  the  aid  of  Eq .  (105)  is  simply 


K 

g 


where  a  /r  is  the  porosity.  MacKenzie's  relation  is  (neglecting 


cubic  terms  in  porosity  ) 


(108) 


K 

g 


,  3  3 

K ( 1  -  a  /r 


1  +  3Ka3/(4Mr3) 


(109 
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Hashin' s  expression  also  reduces  to  Eq.  (109).  Evidently  the  result  of 
our  spherical  calculation  is  fairly  similar  to  that  from  these  more  com 
plete  elastic  analyses.  Equations  (108)  and  (109)  are  compared  in 
Figure  72. 
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2.  EXTERNAL  COMPRESSION  PROBLEM 


The  compression  of  a  void  under  an  external  compressive  stress  field 
is  obtained  from  the  tensile  solution.  The  only  change  required  is  a 
change  in  the  sign  of  V,  and  hence  of  5.  Then,  Eqs.  (79),  1.82),  83,, 

and  (84)  give  the  stress  field,  Eq .  (93)  the  displacement  field,  and 
Eqs.  (100)  and  (lOl)  the  expressions  for  void  diminution.  For  the  com¬ 
pression  problem  there  is  no  upper  limit  of  stress  as  in  the  tensile  prob- 
1  cm . 

Trajectories  of  the  void  boundary,  elastic-plastic  boundary  and 
selected  radii  are  shown  in  Figure  73. 
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FIGURE  73  TRAJECTORIES  OF  THE  VOID  RADIUS,  ELASTIC-PLASTIC 

BOUNDARY.  AND  SELECTED  RADII  FOR  A  POROUS  MATERIAL 
UNDER  COMPRESSION  WHERE  YIELD  =  2  kbar 


194 


As  expected,  there  is  little  motion  of  the  points  until  the  material 
at  the  point  becomes  plastic.  The  curves  for  c,  the  elastic-plastic 
boundary,  appear  to  reach  an  asymptote  as  stress  increases.  This  indi¬ 
cates  that  when  the  stress  has  reached  a  level  such  that  the  void  has 
essentially  disappeared,  a  small  sphere  of  yielded  material  remains. 

The  compression  of  a  void  is  of  interest  in  analyzing  the  behavior 
of  a  porous  material.  Therefore,  the  computed  results  are  depicted  as 
specific  volume  versus  stress  in  Figure  74.  It  may  be  noted  that  sig¬ 
nificant  decreases  in  volume  do  not  occur  until  the  stress  reaches  sev¬ 
eral  times  the  yield  of  the  material.  Then  the  volume  decrease  is 
gradual,  as  in  the  tensile  case.  These  stress- volume  curves  are  similar 
to  those  observed  in  the  dynamic  and  static  compression  of  porous  mate¬ 
rials  (Ref.  5).  The  variation  of  bulk  modulus  for  this  same  problem  is 
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FIGURE  74 


STRESS  VERSUS  SPECIFIC  VOLUME  FOR  POROUS 
MATERIALS  UNDERGOING  COMPRESSION  WHERE 
YIELD  =  2  kbar 


shown  in  Figure  75.  The 
drop  rapidly  as  yielding 
of  the  solid.  From  zero 
these  compressive  moduli 
tension  (Figure  71 ). 


curves  start  at  elastic  values  given  by  Eq .  (108), 
begins,  then  increase  again  to  the  bulk  modulus 
up  to  two  or  three  times  the  yield  strength, 
follow  paths  very  similar  to  those  obtained  in 


3.  COMPARISON  OF  INTERNAL  PRESSURE  AND  EXTERNAL  TENSION  SOLUTIONS 

The  solution  to  the  problem  of  internal  pressure  in  a  void  is  very 
similar  to  that  for  uniform  tension  outside  the  void.  The  internal 
pressure  case  is  presented  here  for  comparison.  The  solution  procedure 
follows  that  for  external  tension  up  to  the  definition  of  v: 

du  =  v  dc  ( 110) 
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FIGURE  75  VARIATION  OF  BULK  MODULUS  DURING  COMPRESSIVE 
LOADING  ON  MATERIALS  WITH  VARIOUS  POROSITIES 
WHERE  YIELD  =  2  kbar 
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Here,  v  is  the  proportionality  factor  between  du  and  dc  instead  of  be¬ 
tween  du  and  da,  as  befoi*e.  The  expressions  corresponding  to  Eqs.  (9l) 
and  (92)  are  evaluated  as  before,  replacing  a  by  c.  The  constant  of 
integration  for  Eq .  (92)  is  determined  at  r  =  c  using  the  fact  from  Hill 
(Ref.  46)  that 


5u/5c 
1  -  du/9r 


and  that 


3 

X  S- 

6u  2 
r 


(111) 


(112) 


in  the  elastic  material  [as  in  Eq.  (85),  with  =  0  ].  Then  at  r  =  c 
the  value  of  v  is 


v 


c 


&(r  -  1) 

1  r  |  6(r  -  1) 


(113) 


and  the  integral  of  the  equation  corresponding  to  Ec; .  (85)  is 


v 


(114) 


where 


r 


i 


r  ‘  3  6(r  ‘  1) 
1  +-f  6(r  -  1) 
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and  is  appr' ximatel  v  equal  to  F ,  because  6  is  very  small.  let  v  =  du/dc 
be  evaluated  at  r  -  a  and  eliminate  dc  and  c  with  the  aid  of  Eqs.  ( 84 ' ) 
and  94  ' ) .  The  result  is 


l 


(115, 


The  integral  of  Eq . 


a 

1 


(115)  is 


1  -  67  e 
i 


a  (1-5) 


a  (1-i) 


(116) 


This  result  is  very  similar  to  Eq .  (TOO)  derived  for  external  tension. 

The  differences  arc  in  small  terms  of  the  order  of  5.  As  for  the  tensile 
case,  a  limiting  stress  is  reached  for  which  the  numerator  in  Eq .  (116) 
becomes  zero.  This  limit  is 


a 


m 


•in  (  $r  ) 

i 


in 


(117) 


which  is  evidently  very  nearly  the  same  limit  obtained  in  Eq .  (103). 


4 


SUMMARY 


Expressions  relating  the  stat-  void  size  to  the  applied  stresses 
were  obtained  for  external  tensile  and  compressive  stresses  and  for  in¬ 
ternal  pressure.  The  external  tension  case,  corresponding  to  the  problem 
of  fracture  of  ductile  materials  by  void  growth,  showed  small  radial 
growth  until  a  critical  stress  of  four  or  five  times  the  yield  strength 
was  reached.  Then  the  expansion  was  infinite.  Thus  a  threshold  stress 
for  void  growth  was  obtained. 

For  external  compression,  corresponding  to  the  compaction  of  a 
porous  ductile  material,  the  volume  change  was  slight  until  the  stress 
was  several  times  the  yield  stress.  Then  the  volume  decreased  gradually 
with  increasing  stress.  The  collapse  of  the  void  left  behind  a  sphere 
of  yielded  material. 

The  void  growth  under  an  internal  pressure  gave  results  that  were 
similar,  but  not  identical  with  the  results  for  an  external  tension. 

The  stress- volume  paths  and  bulk  moduli  obtained  are  expected  to 
indicate  qualitatively  the  correct  constitutive  relations  to  use  for 
real  porous  materials. 
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NOMENCLATURE  FOR  APPENDIX  IV 


1  -  f  (®  +  3  -  2r) 

6[r  "  3  + 

-[3  -  6(i  +  a/r)]"1 

2 

bulk  modulus,  dyn/cm 

2 

yield  strength,  dyn/cm 
void  radiu:  cm 

void  radius  at  first  yielding,  cm 
initial  void  radius,  cm 

void  radius  at  beginning  of  integration  step,  cm 
void  radius  at  current  applied  stress,  cm 
radius  of  elastic-plastic  boundary,  cm 
radius 

internal  radius,  cm 

radial  particle  velocity,  cm/sec 

proportionality  factor  between  velocity  of  any  point  and  the 
velocity  of  the  void  surface 

1  +  3K/4p, 

[r-f  (r-i)]/[i+f  (r-i)] 

(3<7g/2Y)  -  1,  dimensionless  applied  stress 
dimensionless  stress  to  cause  infinite  void  radius 
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a. 

i 


m 


2Y/3K,  dimensionless  yield  strength 

2 

shear  modulus,  dyn/cm 

radial  stress  at  elastic-plastic  boundary,  dyn/cm 

2 

internal  radial  stress,  dyn/cm 

2 

stress  to  cause  infinite  void  radius,  dyn/cm 

2 

external  radial  tension,  dyn/cm 

2 

radial  stress,  dyn/cm 

2 

circumferential  stress,  dyn/cm 
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Appendix  V 


TWO-DIMENSIONAL  VOID  GROWTH  CALCULATIONS:  VOID 

1.  INTRODUCTION 

The  following  calculations  were  made  to  guide  in  constructing  con¬ 
stitutive  relations  for  material  containing  voids.  The  material  was 
idealized  as  an  elastic-viscous-plastic  material  initially  containing  a 
uniform  spacing  of  spherical  voids.  The  "typical"  element  used  in  the 
computations  was  a  cylinder  with  height  equal  to  diameter  and  containing 
a  spherical  void.  The  cylindrical  boundaries  are  fixed  in  radial  position, 
whereas  the  planar  boundaries  move  along  the  cylindrical  axis  to  provide 
the  forcing. 

The  computations  were  conducted  with  a  computer  program  termed  VOID, 
a  special-purpose,  finite-element,  wave  propagation  code  based  on  work 
of  Wilkins  (Ref.  48).  The  program  is  listed  in  this  Appendix  together 
with  flow  charts,  sample  input  decks  and  sample  printout.  Special 
features  that  were  added  to  Wilkin's  development  are  documented  below. 

The  cell  layout,  which  is  described  first,  was  constructed  to  fit  the 
current  problem  -  an  external  cylindrical  boundary  and  an  internal 
spherical  boundary  -  with  high  fidelity  and  to  permit  large  cell  distortions. 

The  momentum  conservation  relations  were  modified  to  be  better  suited 
to  the  axisymmetric  problem  dealt  with  here.  Calculations  using  the 
traditional  form  of  Wilkins  (Ref,  48)  led  to  an  excessive  void  growth 
along  the  axis  of  symmetry.  Therefore,  the  momentum  conservation  rela¬ 
tions  are  rederived  here  to  be  exact  within  the  constraints  of  the  finite 
element  approximation.  To  provide  accurately  for  the  viscous  void  growth, 
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a  fairly  complete  stress  relaxation  and  strain  hardening  constitutive 
relation  for  multidimensional  problems  was  incorporated  into  the  program. 
This  relation  augments  the  Mie-Gruneisen  equation  of  state  already  in 
the  program.  To  ensure  stability  in  the  calculations,  a  general  stabil¬ 
ity  criterion  was  developed  for  multidimensional  problems  with  arbitrarily 
complex  equations  of  state.  In  addition,  the  strain  computation  was 
rederived  to  ascertain  that  its  accuracy  was  consistent  with  that  of  the 
mementum  calculations. 

The  purpose  of  the  calculations  was  to  provide  stress-strain  relations 
for  material  with  voids  and  to  determine  the  growth  pattern  of  the  void. 
Particular  results  expected  were: 

•  Relation  of  growth  velocity  to  average  applied  stress  and 
material  viscosity. 

•  Effect  of  a  threshold  stress  on  void  growth. 

•  Relation  of  average  pressure  on  the  cell  boundaries  to  the 
average  specific  volume  of  the  solid  material. 

•  Relation  of  average  deviator  stress  to  average  axial  strain 
and  viscosity. 

•  Eccentricity  of  the  void  as  it  grows. 

The  average  stresses  mentioned  above  were  found  by  averaging  over  the 
cylindrical  or  planar  faces;  the  average  axial  strain  was  computed  from 
the  motion  of  the  planar  faces.  In  addition  to  the  above  results,  we 
expected  some  insight  into  the  problem  from  the  listing  of  microscopic 
stresses  near  the  void. 

The  computer  runs  made  are  described  briefly,  their  output  summarized, 
and  constitutive  relations  are  constructed  from  the  results. 
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2. 


CELL  LAYOUT  AND  BOUNDARY  CONDITIONS 


The  cell  layout  is  designed  for  maximum  fidelity  to  both  the  external 
and  the  internal  boundary  conditions.  The  external  boundaries  are  the 
cylindrical  lateral  boundary  and  the  planar  boundary  in  the  direction  of 
wave  propagation.  The  internal  boundary  is  initially  spherical.  There¬ 
fore,  the  cell  layout  is  one  that  is  appropriate  for  a  spherically  sym¬ 
metric  problem  near  the  void  and  is  simply  a  square  layout  near  the 
external  boundaries.  Intermediate  cells  are  laid  out  on  the  basis  of  a 
gradual  transition  between  the  two  coordinate  systems.  All  cells  are 
designed  with  similar  size  cells  adjacent  to  each  other,  and  all  cells 

i 

are  approximately  square. 

The  planned  cell  layout  is  shown  in  Figure  76  along  with  the  numbering 
system  (k,j)  for  the  coordinates  and  the  cells.  First,  the  radius  incre¬ 
ments  are  laid  out  along  the  axis  of  symmetry  to  provide  an  approximately 
square  set  of  cells  along  this  axis.  The  cells  will  be  approximately 
square  if  the  length  in  the  radial  direction  ( AR)  is  equal  to  the  average 
length  in  the  angular  direction  (RAcp). 

1 

AR  =  RAcp  (118) 

i 

This  criterion  can  be  met  if  the  cells  are  laid  out  according  to  the 
following  formula  for  the  radius 


k,l 


=  ( B  )1-l/V«  )k/\ 

b  a 


R 


k-1,1 


(  U9) 
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where 


R  =  the  radius  with  subscripts  k  and  j  (k  varies  from  1  at  the 

outer  boundary  to  the  maximum  at  the  void  surface,  j  increases 
from  the  axis  of  symmetry) 

R  =  the  initial  radius  of  the  void 
a 


R  =  the  radius  to  the  external  boundary  along  the  axis  of  symmetry 


N  =  the  number  of  cells  in  the  radial  direction 
R 


A  slight  modification  of  Eq.  ( 119)  is  used  to  lay  out  the  radii  along 


other  j  rows, 


R  =  R  sec(  j  -  l)Acp 

k,J  b 


lRb  sec(  j  -  l)  Acp  J 


(120) 


/  Ra  \1/NR 

Rk-l,j  lRb  sec(  j  -  l)Acp  J 


where  Acp  is  the  uniform  angular  spacing  between  j  rows.  For  the  compu¬ 
tations  an  orthogonal  Eulerian  grid  is  used  to  locate  all  the  coordinates. 
The  origin  of  coordinates  is  on  the  axis  of  symmetry  as  shown  in  Figure  76. 
The  x  axis  lies  on  the  axis  of  symmetry  and  is  positive  towards  the  right. 
The  y  axis  is  positive  upward  in  the  figure.  The  x  and  y  values  of  the 
radial  coordinate  points  given  by  Eq.  ( 120 )  are: 


Rk  j  C°S^J  "  1^Atp 


/  **  Y/Kr 

'  k-1 ,  j  1  Rfa  sec(  j  -  l)Acp  I 

(121) 
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/  Ra 

'k,j  _  Rk,i  sin(J  "  1^Acp  '  \-l,j  I  Rb  sec(j  -  l)Acp 

(122) 

Equations  ( 120)  ,  ( 12l) ,  and  ( 122)  are  used  to  determine  the  coordinate 
locations  up  to  the  diagonal  of  symmetry  shown  in  Figure  76.  From  the 
diagonal  of  symmetry  to  the  reflection  boundary,  the  cells  are  laid  out 
by  reflecting  the  coordinate  locations  around  the  diagonal  of  symmetry. 

The  preceding  layout  of  radii  makes  it  possible  to  meet  the  require¬ 
ment  of  Eq.  ( 118)  for  essentially  square  cells.  It  is  also  necessary 
to  choose  correctly  the  value  of  Acp.  A  set  of  radii  computed  from 
Eq.  ( 120)  can  be  inserted  into  Eq.  ( 118)  to  compute  the  appropriate  Acp 


Acp 


1 


R 

_ a _ 

sec(j  -  l)Acp 

R, 

sec(  j  -  l)  Acp  / 


(123) 


The  appropriate  number 
mined. 


N  of  cells  in  the  cp  direction  can  now  be  deter- 
9 


N 


TT 

2  Acp 


(  124) 


Equation  ( 123)  need  not  be  solved  exactly  because  it  is  used  only  as  a 

guide  in  the  choice  of  N  . 

cp 

Since  the  grid  may  undergo  large  distortions  during  the  calculation, 
it  is  well  to  consider  possible  cell  shapes  at  later  stages.  If  the 
problem  is  one  in  which  the  void  enlarges,  the  cells  will  tend  to  shorten 
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in  the  radial  direction  and  elongate  in  the  angular  direction;  therefore, 
it  would  be  appropriate  to  choose  somewhat  larger  than  indicated  by 
Eq.  (124). 

The  loading  is  provided  by  moving  the  left  planar  boundary  at  a 
constant  velocity,  thus  applying  an  approximately  constant  axial  strain 
rate  to  the  cylinder. 


1 

4 
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3.  MOMENTUM  CONSERVATION 


In  deriving  momentum  conservation  relations  it  is  possible  to  use 
either  a  discretization  of  the  differential  equations  of  momentum  con¬ 
servation  or  to  consider  force  balances  around  a  finite  element.  In 
the  following  derivation  the  second  point,  of  view,  using  the  finite 
element,  is  followed.  Therefore  the  steps  in  the  calculation  are  to 
isolate  a  volume  element  for  which  the  acceleration  and  velocity  are 
computed,  to  compute  the  forces  acting  on  that  element,  and  to  compute 
the  mass  of  the  element. 

Two  types  of  cell"-  are  defined  for  the  wave  propagation  calculation. 
Both  are  shown  in  Figure  77,  which  contains  a  grid  of  coordinate  points. 


FIGURE  77  TYPES  OF  CELLS  FOR  STRESS  AND  MOMENTUM 
COMPUTATIONS 
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Cell  A  is  the  natural  cell  surrounded  by  four  coordinate  points.  This 
is  the  cell  for  which  the  strains  and  stresses,  which  are  homogeneous 
throughout  each  cell,  are  computed.  The  momentum  computation  determines 
the  velocity  of  the  coordinate  points.  For  these  calculations  cell  B, 
containing  the  mass  around  a  coordinate  point,  is  used.  The  calculations 
are  broken  into  four  portions  corresponding  to  the  parts  lying  in  each 
of  the  surrounding  stress  cells.  One  typical  portion  is  shown  in 
Figure  78  with  the  nomenclature  and  sign  convention  that  are  used  in 
the  derivation. 
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FIGURE  78  STRESS  AND  COORDINATE  NOMENCLATURE  FOR  A  CELL 

The  configuration  of  the  shaded  element  is  defined  in  such  a  way 
that  the  x  and  y  coordinates  of  the  point  0  are  averages  of  the  coordi¬ 
nates  at  the  four  corners  of  the  stress  cell.  An  end  view  is  also 
shown  in  Figure  78  as  a  reminder  of  the  three-dimensional  character  of 


210 


the  element.  The  areas  of  the  shaded  element  on  which  stresses  act  in 
the  x  and  y  directions  are  as  follows: 


The  area  in  the  x-y  plane  on  which  the  circumferential  stress  acts  is 

broken  into  two  portions  A  and  A  as  shown  in  Figure  78.  These  portions 

0  3 

and  the  total  are: 


A0  “  iC(2x0  -  V<y2  -  y4>  *  Vy3  *  y4  -  V 


*  X4<2y0  -  y2  '  y3)] 


(127) 


A3  '  iCVy2  -  y3>  +  Vy4  -  V  +  X2<y3  -  y4>] 


(128) 


A  =  A  +  A  (129) 

xy  0  3 

Equations  (127)  and  (128)  are  derived  by  simplifying  the  usual  general 
relations  for  the  area  of  a  triangle. 

The  forces  in  the  x  and  y  directions  applied  to  the  small  mass 
represented  by  the  shaded  area  in  Figure  78  are  determined  by  multiplying 
the  stresses  shown  in  Figure  78  times  the  areas  in  Eqs.  (125),  (126), 
and  (129).  The  expressions  for  the  forces  are: 
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X 


(130) 


r 

and 


F 


T  A  +  T  A 
xy  vy  xx  xx 


► 


F  =  T  A  +  T  A  -  T  A  d6  (131) 

y  yy  yy  xy  xx  99  xy 

The  preceding  relations  for  areas  and  forces  are  valid  for  any  configura¬ 
tion  with  the  mass  element  centered  at  point  3;  therefore,  these  equations 
can  be  used  for  all  four  mass  elements  surrounding  any  coordinate  point. 

The  mass  of  the  small  element  is  determined  by  multiplying  the 
average  density  of  th?  cell  shown  in  Figure  78  times  the  volume  of  the 
element.  The  mass  is  as  follows: 


d0 

V2  + 

/V2  +  V4  \ 

M  =  p — 

A  I 

v  +  y  +  - - - 

1  +  A  [ - - -  +  2  y  ) 

3 

0 

y°  3  2  ) 

'  3\  2  3/ 

Newton's  law  is  applied  to  obtain  the  change  in  velocity  at  the  coordi¬ 
nate  point  3,  considering  force  and  mass  contributions  from  four  elements 
around  the  point. 


Au 


4 

F 

1  xi 


4 


)At 


E  M 
i=l  i 


(133) 


where  Au  is  the  change  in  velocity  in  the. x  direction  over  the  time 
increment  At.  The  foregoing  procedure  is  in  the  VOID  computer  program. 
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4. 


STRAIN  COMPUTATION 


The  strain  computations  in  the  two-dimensional  wave  propagation  program 
are  based  on  the  assumption  that  the  strains  are  uniform  throughout  each 
cell  of  type  A  shown  in  Figure  77.  The  computations  are  constructed  to 
meet  the  following  consistency  requirements. 

e  +  s  =  —  (l34) 


e  +  e 
*  y 


+  e. 


AV 

V 


(135) 


where 


e  ,  e  ,  e  =  changes  in  the  strain  that  occur  during  a  time  incre- 
x  y  o 

ment 

AA  =  change  in  the  cell  areas  in  the  x-y  plane 

AV  =  change  in  the  volume  of  the  cell 

To  ensure  that  compatibility  of  strains  is  enforced,  we  assume  a 
velocity  field,  rather  than  a  strain  field.  Strains  that  are  uniform 
throughout  a  cell  are  produced  by  the  following  linearly  varying  velocity 
field . 


u  =  u  +  ux+uy 
Ox  y* 


(136) 


v  =  v  +  vx  +  vy 
Ox  y 


(137) 
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The  strain  rates  corresponding  to  these  velocities  are: 


e 


x 


du 

<3x 


u 


X 


( 138 ) 


e 

y 


dv 

dy 


v 

y 


Y 

xy 


dv  _du 
dx  dy 


v  +  u 
x  y 


(139) 


(140) 


d) 

xy 


(141) 


The  velocity  fields  of  Eqs.  (136)  and  (l37)  can  be  determined  for  any 
triangle  if  the  velocities  at  the  coordinate  points  are  known.  Consider 
for  example  the  triangle  in  Figure  79  with  coordinates  1,  2,  and  3  and 


FIGURE  79  QUADRILATERAL  ELEMENT  PRODUCED  FROM  TWO 
TRIANGLES 
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velocities  in  the  direction  of  u  ,  u  ,  and  u  .  The  velocity  field  param- 

12  3 

eters  u  ,  u  ,  and  u  can  then  be  determined  from  the  following  three 
0  x  y 

equations : 


u  =  u  +  ux  +  uy 
1  0  x  1  yi 


u  =  u+  ux+uy 
2  0  x  2  y  2 


(142) 


u  =  u  +  ux  +  uy 
3  0x3  y  3 


th 


where  the  x^.y  .  are  coordinates  of  the  i  point  at  some  (as  yet  undeter¬ 
mined)  time.  Solution  of  Eqs.  (l42)  gives  the  following  results  for  u 

x 

and  u  : 


("l  *  V  (yi  -  y3)  -  ("l  -  V  (yi  *  V  . 

ux  .  - -A . . .  (1«) 


(u  -  u  )  (x  -  X  )  -  (u  -  u  )  (x  X  / 

u  =  -  — - - - - - - 3  —  1 - - - —  -  /Ml] 

y  2A  ' 


where  A,  the  area  of  the  triangle  123  shown  in  Figure  79,  is 


2A  l  f  -  x  )  '  y  -  y  )  -  ( x  -  x„ )  ( y  -  y) 
I  2  ^3  1  3 '  W1  y2 


(145) 
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Similarly  the  strain  in  the  y  direction  can  be  determined. 


v 

x 


2A 


(146) 


v 

y 


(147) 


The  next  step  is  to  specify  x  ,  y  in  Eqs.  (l43)  through  (l47)  in 

i  i 

such  a  way  that  Eq .  (l34)  is  satisfied.  This  calculation  is  performed 

in  two  steps;  first  the  requirements  are  satisfied  for  each  of  the  two 

; 

triangles  shown  in  Figure  78  and  then  the  computation  is  made  for  the 
whole  quadrilateral.  To  meet  the  requirement  for  triangle  123,  the  area 
A  of  Eq.  (145)  is  taken  as  the  average  of  the  areas  at  the  beginning  and 
end  of  the  time  increment,  that  is, 


A 


V 

2 


(148) 


A  compatible  form  for  the  strain  rate  in  the  x  direction  is  given  by 


e 


x 


A0  0 

A  u 

x 


1  1 
+  A  u 

x 


0 


A 


I 

+  A 


(149) 


where  values  with  a  superscript  0  are  computed  with  initial  values  of 
x  and  y,  and  values  with  a  superscript  1  are  evaluated  with  final  values 
of  x  and  y.  These  final  values  of  coordinates  are 
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A  +  A  +  A  +  A 
i  1  2  2 


where  subscript  1  refers  to  the  triangle  123  and  subscript  2  to  the  other 
triangle  in  Figure  79.  For  satisfying  Eq.  (l34)  the  area  A  is  now  taken 
as  one-half  the  denominator  in  Eq .  (l5l),  that  is,  the  average  of  the 
areas  at  the  beginning  and  end  of  the  time  increment. 

For  use  in  the  computer  program,  it  is  advantageous  to  simplify 
Eq .  ( 151 )  as  much  as  possible.  After  considerable  algebra  and  the  aid  of 
Eqs.  (143),  (l44),  (145),  (l46),  and  (l47),  the  following  results  are  ob¬ 
tained 


m  m 

u  y  -  u  y 
13-24  24J13 

0  1 
A  +  A 


m  m 

V  X  -  V  X 

24  13  13  24 


(154) 


Y 


xy 


m  m  m  m 

u  x  -ux  +vy  -vy 
24  13  13  24  13  24  24  13 

0  1 

A  +  A 


(ii 


xy 


m  m  m  m 

ux  -ux  +vy  -vy 
13  24  24  13  13  24  24  13 


,0  1. 

2(A  +  A  ) 


(155) 


where  the  doubly  subscripted  velocities  and  coordinates  have  the  following 
meaning 


u  =  u  -  u  ( 156 ) 

ij  i  j 


m  1  ,  1  ,  > 
x  -  x  i  -u  it  -  x  -  — u  At  (157) 

ij  i  2  i  j  2  j 


The  requirement  given  by  Eq  (l35)  is  met  somewhat  more  readily  in 

the  computer  program.  The  values  of  e  and  e  are  first  determined  from 

x  y 

Eqs.  (l52)  and  (l53),  and  the  volume  change  is  determined  by  calculations 
of  the  volume  before  and  after  a  time  step  according  to  Eq .  (l32).  Then 
only  e  is  unknown  in  Eq.  (l35),  and  that  equation  is  used  to  determine 
the  strain  in  the  circumferential  direction;  hence  the  requirement  of 
Eq.  (l35)  is  satisfied  exactly. 
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5. 


STRESS  RELAXATION  MODEL 


A  general  two-dimensional  model  for  stress  relaxation  has  been  devel 
oped  including  the  effects  of  work  hardening,  incremental  plasticity, 
loading  and  unloading.  The  model  was  devised  to  correspond  to  the  normal 
concepts  of  viscosity  that  are  used  in  simpler  situations.  In  the  devel¬ 
opment  below,  first  the  correspondence  between  the  stress  relaxation 
model  and  a  simple  viscous  model  is  established  in  a  very  simple  geometry 
Then  in  preparation  for  the  two-dimensional  geometry,  relations  are- 
derived  for  equivalent  values  of  shear  stress  and  plastic  shear  strain 
which  represent  the  stress  and  strain  tensors.  A  strain-hardening 
model  developed  by  Wilkins  (Ref.  49)  is  introduced.  Then  the  full  cal- 
culational  procedure  for  two-dimensional  problems  is  described. 

a.  Comparison  of  Stress-Relaxation  aid  Viscosity  Models 

The  normal  relation  between  shear  stress  T  and  shear  strain 
Y  for  a  viscosity  model  of  an  elastic-plastic  solid  is: 

.  Y 

T  =  U.Y  T  <  - 

2 

Y  Y 

=  -  +  T)y  t  *  - 

2  2 


where 

M>  =  the  shear  modulus 

T|  =  the  coefficient  of  viscosity 

Y  =  the  yield  strength 
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For  stresses  less  than  the  yield  strength  the  behavior  is  elastic. 
Above  the  yield  strain  the  stress  has  both  a  plastic  and  a  viscous 
component. 

The  stress  relaxation  model  corresponding  to  the  preceding 
viscous  model  is: 


(159) 


For  stresses  less  than  yielding,  this  model  is  also  elastic.  For 
stresses  above  yielding,  a  time  constant  T  provides  for  a  gradual  re¬ 
turn  of  the  shear  stress  to  the  yield  value.  To  examine  further  the 
correspondence  between  the  two  models,  we  integrate  the  equation  for 
stress  relaxation  above  yielding  for  the  case  in  which  the  shear  strain 
rate  is  a  constant.  The  result  is 


T 


Y 

2 


4-  T^Y  (l  - 


-( t-At )/T  ^ 


(160) 


where 

T  =  the  time  from  the  beginning  of  loading 
At  =  the  time  at  which  the  shear  stress  reaches  the  yield  point 
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The  second  part  of  Eq.  (158)  is  equal  to  Eq.  (160)  for  large  times  if 

T1  =  T|i 

The  response  of  the  viscous  and  stress  relaxation  models  to  a  constant 
shear  strain  rate  is  shown  in  Figure  80.  Evidently  the  viscous  model 
has  a  somewhat  unrealistic  response  in  the  vicinity  of  the  yield  point. 

For  large  times  the  stress  relaxation  model  and  the  viscous  model  have 
the  same  behavior.  From  these  observations  we  may  conclude  that  if 
transient  behavior  and  rapidly  varying  strain  rates  are  to  be  dealt 
with,  a  stress  relaxation  model  is  required.  If  the  times  of  interest 
are  large  with  respect  to  the  relaxation  time  and  transient  phenomena 
are  not  of  importance,  the  viscous  model  is  adequate. 

To  determine  the  type  of  model  required  for  the  two-dimensional 
calculations,  it  was  necessary  to  consider  the  relaxation  times  antici¬ 
pated  for  copper  and  for  aluminum  and  to  estimate  the  computational  time 
increments  for  the  void  growth  problem.  For  both  copper  and  aluminum 
the  relaxation  times  were  about  1  nanosecond.  The  computational  time 
increments  anticipated  for  a  void  of  1  micron  radius  is  about  one-tenth 
of  a  nanosecond  or  loss.  Hence,  the  transient  behavior  will  be  of  great 
importance,  and  iv  is  necessary  then  to  use  the  stress  relaxation  model. 

b.  Strain  Hardening 

A  strain-hardening  model  should  permit  the  yield  strength  to  in¬ 
crease  whenever  the  stress  exceeds  yielding.  The  yield  strength  should 
increase  as  a  function  of  the  total  plastic  strain;  it  should  not  in¬ 
crease  indefinitely  but  should  approach  an  asymptotic  value  for  large 
plastic  strains.  Such  an  asymptotic  strain-hardening  function  has  been 
determined  experimentally  by  Grace  (Ref.  29)  for  OFHC  copper.  These 
requirements  are  met  by  the  strain-hardening  model  of  Wilkins  (Ref.  49). 
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RESPONSE  OF  VISCOUS  AND  STRESS  RELAXATION  MODELS  TO 
A  CONSTANT  SHEAR  STRAIN  RATE  FOR  THE  CASE  T  =  At 


The  form  of  Wilkins'  strain-hardening  relation  is 

P 

Y  M  i  \ 

Y  =  Y  +  -  ( 162 ) 

op 

1  +  bY 

where 

Y  =  the  initial  yield  strength 

o 

P 

Y  =  the  plastic  strain 

M  =  the  strain  hardening  modulus  for  small  plastic  strains 

For  large  plastic  strains  the  yield  strength  approaches  Y  +  M/b.  In 

o 

this  equation  the  absolute  value  of  the  plastic  strain  is  used  so  that 
strain  hardening  occurs  under  compressive  or  tensile  loads. 

c.  Effective  Values  of  Stress  and  Strain 

The  preceding  sections  dealt  with  a  single  stress  quantity 
and  a  single  strain  quantity.  For  extension  of  these  relations  to  the 
tv.o-dimensional  problem  it  is  necessary  to  introduce  new  variables  for 
stress  and  strain  that  in  some  way  represent  the  shearing  stress  and 
shearing  strain  in  the  material.  The  choice  for  stress  is  the  von  Mises 
stress,  which  is  closely  related  to  the  yield  criterion  of  von  Mises 
(see  Hill,  Ref.  46). 
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where 


CT 


1’ 


O 

3 


the  three  principal  stresses 


ct  =•  the  effective  stress 


By  Lhis  definition,  in  a  uniaxial  tension  experiment  in  which  and 

cr  are  zero,  ct  is  the  applied  tensile  stress.  According  to  the  von 
o 

Mises  criterion,  which  will  be  used  here,  yielding  occurs  when  ct  is 
equal  to  the  yield  strength.  An  alternate  form  for  Eq.  (163)  which 
does  not  require  that  the  principal  stresses  be  known,  is 


,  /i"  2  ~2  /2  t  2  2  2  , 

a  *  V5  V  *  +  °y  +  +  2(T-  +  T-  -  T-> 


(164) 


yz 


zx 


where 


o'  =  a  deviator  stress 


For  any  problem  in  which  o  =  o  ,  it  can  be  shown  that 

2  3 

ct  =  ct  -  ct  =  3ct'/2  and  T  =  (a'  -  a')/2  =  3cr'/4 

1^1  1  J  1 


Therefore 


o  =  2T 


(165) 


CT 


/ 


1 


4 

-  T 
3 


(166) 
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Equation  (166)  is  useful  in  transforming  from  the  one-dimensional  models 
of  the  preceding  sections  to  the  multidimensional  case. 

Common  definitions  for  the  effective  shear  strain  follow  the 
same  form  as  Eq.  (163). 


Y 

a 


where 


(  167  ) 


y  .  =  the  effective  shear  strain 
a 

a  =  a  constant 

e  ,  e  ,  e  =  principal  strains 
1  2’  3 


The  value  of  a  is  determined  i^.9*ch  a  way  that  Y  is  the  actual  maximum 
—  a 

shear  strain  in  any  situation  in  which  e  =  e  .  In  such  a  case  the 

2  3 

derivation  of  Timoshenko  (Ref.  50,  p.  223)  shows  that  the  maximum  shear 
strain  is 


Y  = 


e  -  e 
1  2 


(168) 


Therefore,  a  should  be  We  wi^Ll  use  this  relation  for  increments 

of  plastic  strain.  Hence, 


P.2  ,  P  P 

de„  )  +  (de  -  de 

2  2  3 


N< 


de. 


Pn2 
de1  ) 


(169) 
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where 


P 

dY  =  the  effective  plastic  strain 

Because  the  sum  of  the  plastic  strains  is  zero,  Eq,  (169)  has  the 
alternate  form 


P  ,  [3  f.  pTi  "  P~2  "  P.2  ,  . 

dy  =  )  +  (de2  )  +  (de3  )  U70) 

Somewhat  different  definitions  of  effective  plastic  strain 
have  been  used  by  other  investigators.  Hill  (Ref.  46)  used  a  =  2/3 ; 

_p 

in  this  way  Hill's  effective  strain  de  is  equal  to  the  axial  strain 
in  simple  tension.  Wilkins  (Ref.  49)  used  a  =  2/3.  Evidently  the 
value  of  a  is  arbitrary  and  can  be  selected  to  fit  the  particular 
computations  in  mind. 

P  P  PIP 

For  any  case  in  which  de  =  de  ,  then  de  =  -  —  de  and 

2  3  2  2  1 


(171) 


This  equation  is  needed  in  the  transformation  from  the  one-dimensional 
to  the  multidimensional  case. 

Because  the  principal  strains  are  generally  unknown,  it  is 
expedient  to  put  Eq.  (170)  into  a  form  using  any  orthogonal  strains. 

For  the  axisymmetric  condition 

P  .  [3  f,  P?2  )  P~2  "  P~2  T,  iTT  .  , 

dY  =  Vi  V  ^  }  +  d6y  }  +  (dS3  }  +2(dYxy  }  (1?2) 

where  the  third  (circumferential)  direction  is  always  a  direction  of 
principal  strain. 
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d. 


Two-Dimensional  Model  for  Stress  Relaxation 


The  multidimensional  stress  relaxation  model  has  the  form  of 
Eq.  (159)  but  also  incorporates  the  general  plasticity  formulation  of 
Hill  (Ref.  46).  In  Hill's  analysis  the  plastic  strain  increment  is 
given  as 


3a'  da 
lj 


2a  h 


where  H,  a  plastic  modulus,  is 


da  3da 


P 

since  dy 


3/2  *  de  P  (Eq.  (171)). 


Elimination  of  H  from  Eqs.  (173)  and  (l74)  gives 


(173) 


(174) 


(175) 


In  an  equilibrium  situation  a  is  equal  to  the  yield  strength.  Then, 
during  stress  relaxation,  the  amount  by  which  the  deviator  stress  exceeds 
its  equilibrium  value  is 


P 

de 

excess  deviator  =  0^  -  a^  — ^ 
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(176) 


T 


The  viscous  equation  corresponding  to  Eq.  (178)  is 


CT 

P 


de  P 
ij 


P 

dY 


+  2T1 


(180) 


which  is  in  agreement  with  the  forms  of  Rouse  (Ref.  251,  p.  203)  and 
Prager  (Ref.  52). 

Equation  (178)  has  been  constructed  to  provide  for  differential 
changes  in  the  deviator  stress.  However,  under  some  circumstances  it 
may  be  necessary  to  account  for  large  time  increments.  Therefore, 

Eq.  (178)  is  integrated  to  produce  the  following  equation: 


de 


ijO 


+  a 


ij 


dY 


+  2T 


6 

ij 

3 


(i-e-(t-to)/T) 


(181) 


where 


a  =  the  deviator  stress  at  the  end  of  the  time  increment 
ij 


ijO 


=  the  deviator  stress  at  the  beginning  of  the  increment 


tQ  =  the  time  at  the  beginning  of  the  increment 


For  the  integration,  the  strain  rate  is  taken  as  constant  through  the 
time  increment.  This  form  of  the  equation  is  usable  if  the  ratio 
P  P 

de  /  dY  can  be  estimated.  This  estimate  is  made  with  the  aid  of 
i  j 


Eq.  (175)  using  elastic  estimates  for  c  and 


ij 
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The  calculational  procedure  used  in  the  program  has  the  follow¬ 
ing  steps:  first,  compute  the  increments  in  the  deviator  stresses  from 
an  elastic  calculation,  then  compute  a  from  the  elastic  deviators. 

Using  Eq.  (175)  to  estimate  the  ratio  of  plastic  strains,  compute  a 
second  estimate  of  the  deviator  stress  from  Eq.  (l8l).  From  these 

second  estimates  of  deviator  stress,  recompute  a  and  also  compute 
P  P 

dY  and  de  .  Compute  the  new  value  of  yield  strength  c  Then  repeat 
ij  p 

the  calculation  of  Eq.  (l8l)  for  the  third  estimate  of  the  deviator 
stress.  We  assumed  that  this  double  iteration  would  provide  sufficient 
accuracy  in  the  deviator  stresses. 


230 


6.  STABILITY  CRITERION  FOR  TWO-DIMENSIONAL  CALCULATIONS 

For  one-dimensional  hydrodynamic  calculations  a  fairly  full  inv<  h 
tigation  of  stability  of  the  computations  has  been  undertaken  by  Riehtrnyer 
and  Morton  (Ref.  53)  and  by  Herrmann,  et  al.  (ltef.  fvl ) ,  Wilkins  (lift,  IH) 
has  outlined  a  procedure  for  establishing  the  stability  of  calculations 
in  two  dimensions.  However,  a  further  development  is  required  for  n 
situation  in  which  real  material  viscosity  is  included  in  one-  or  two- 
dimensional  calculations. 


This  new  concept  for  stability  is  based  on  the  hypothesis  that  all 
forms  of  stability  depend  simply  on  an  effective  sound  speed.  The  addi¬ 
tion  of  artificial  viscosity  or  other  types  of  viscosity  tend  to  require 
shorter  time  steps  in  the  calculations  because  they  increase  the  effective 
sound  speed.  This  effective  sound  speed  is  related  to  an  effective  mod¬ 
ulus  for  the  material  as  follows: 


a  —  Aa 

AP  +  Q  _ 3 _ i_ 

_AV  +  _Av 

V  Gi  "  3V 


(182) 


where 


AP  =  the  change  in  pressure  at  a  given  cell  during  the 
current  time  increment 

A a  #  =  the  change  in  deviator  stress 

Q  =  the  artificial  viscous  stress 

A V 

— -  =  the  relative  change  in  volume 

,  th 

the  strain  in  the  i  direction 
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First  a  calculation  is  made  Jor  the  one-dimensional  problem  to  com¬ 
pare  the  results  from  the  hypothesis  above  with  that  of  the  more  usual 
approach  followed  by  Herrmann,  et  al.  (Ref.  54).  The  linear  and  qua¬ 
dratic  forms  for  the  artificial  viscosity  are 


Q  = 


A  Sp  2 

c  axc^  +  pc 

l  at  q 


(183) 


where 


C  ,C 
L’  Q 


coefficients  of  the  linear  and  quadratic  terms  for 
artificial  viscosity 


AX  =  cell  thickness 


C  =  sound  speed  for  elastic  waves 
p  =  density 
t  =  time. 


This  expression  is  used  only  if  Q  is  positive,  that  is,  for  compression; 
Q  is  set  to  0  for  rarefaction  waves.  Equation  (l83)  is  transformed  by 
using  the  identities  relating  density  and  specific  volume,  and  the  fol¬ 
lowing  equation  describing  mass  conservation 


1  _3p  _3u 

p  at  3x 


(184) 


Equation  (183)  then  takes  the  following  form  in  which  the  absolute  value 
sign  is  used  with  the  change  in  particle  velocity  so  that  Q  will  be  posi¬ 
tive  in  compression. 


Q 


.  M  rc2|4u|  +  c  c] 

V  At  Q1  1  1 


(185) 
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where 


At  =  the  time  increment  used  in  the  computations 
V  =  the  specific  volume. 

From  Eq .  (185),  a  modulus  can  be  defined  as  in  Eq .  (182),  that  is, 


Then  the  effective  sound  speed,  which  will  govern  stability  of  the  cal¬ 
culations,  is  from  Eqs.  (182)  and  (186) 


(187a) 


(187b) 


( 187c) 


where 

1  I!  I'  III  i  Ih 

|i  =  shear  modulus 

C  =  the  usual  sound  speed  based  on  these  modulii 

For  stable  calculations,  the  Courant-Friedrichs-Lewy  condition  as 
follows  is  used  to  determine  the  time  increment  permitted 


At  * 


(188) 


Ax 

c* 


where  C*  is  usually  interpreted  to  be  the  local  sound  speed,  but  here  it 
will  be  taken  as  the  effective  sound  speed  C  given  by  Eq .  (187).  In¬ 
sertion  of  Eq.  ( 187)  into  Eq.  (188)  gives 


(189) 


When  this  quadratic  is  solved  for  the  time  increment,  the  criterion  is 
found  to  be 


(190) 


This  expression  is  identical  with  that  found  on  page  73  of  reference  54. 
Hence  the  new  concept  does  appear  to  give  the  correct  stability  criterion 
for  one-dimensional  flow. 

For  multidimensional  problems,  the  last  term  in  Eq .  (l87a)  is  taken 
as  the  maximum  of  the  values  in  the  three  principal  directions.  An  al¬ 
ternate,  and  simpler,  course  is  to  use  the  last  term  from  Eq .  (l87b) 
with  p,  equal  to  the  largest  shear  modulus.  Then  the  effective  sound 
speed  is 


-2 

C 


AP  +  Q 
Av 


+ 


4M- 

max 
3  P 


(191) 


This  criterion  is  sufficiently  general  for  the  stress  relaxation  problem. 
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7. 


RESULTS  OF  VOID  GROWTH  COMPUTATIONS 


Three  computations  were  made  and  analyzed  to  assist  in  defining 
constitutive  relations  lor  material-:  with  voids  and  to  indicate  the 
shape  of  the  void.  Variables  in  the  three  calculations  are  given  in 
Table  XVIII.  The  only  difference  between  calculations  4  and  5  was  that 
work  hardening  was  permitted  in  4,  varying  the  yield  strength  from  1  to 
4  kbar.  In  all  three  problems  the  boundary  velocity  was  constant, 
leading  to  a  constant  engineering  strain  rate  on  the  cylinder.  During 
loading  the  stress  initially  rises  rapidly  in  response  to  the  strain. 
Then,  as  the  void  growth  begins  to  account  for  larger  proportions  of  the 
applied  strain,  the  stress  reaches  a  peak  (as  shown  in  Figure  81 )  and 
then  declines.  The  peak  stress  listed  in  Table  XVIII  is  the  force  acting 
on  the  planar  face  of  the  cylinder  divided  by  the  area  of  that  face. 


A  comparison  of  calculations  4  and  5  shows  the  effec'  strong 
work  hardening.  Comparison  of  runs  5  and  8  gives  some  inci .  ion  of 
the  effect  of  relative  void  volume. 


TABLE  XVIII 

VOID  GROWTH  COMPUTATIONS 


R  R  ,  R 
0  final  cyl 


No. 

(p) 

(p) 

(p) 

(10^/sec) 

4 

1.0 

1.75 

3 

2.67 

5 

1.0 

1.68 

3 

2.67 

8 

1.0 

2.68 

10 

0.80 

(cr  ) 

1  max 

(kbar) 

Yield 

(kbar) 

Duration 

(psec) 

V  /Vn 
v  0 

(pet) 

22.5 

1  to  4 

0.047 

2.6% 

20.3 

1 

0.052 

2.6 

33,6 

1 

0.045 

0.067 
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STRESS  AND  PRESSURE  -  kbar 


FIGURE  81  VARIATIONS  OF  AXIAL  STRESS  AND  PRESSURE  WITH  TIME 
FOR  COMPUTATION  5 
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a .  Void  Shape  Changes 


The  voids  appear  to  grow  in  a  stable  manner  under  the  tensile 
loading  and  to  maintain  an  approximately  spherical  shape.  An  indica¬ 
tion  of  the  growth  pattern  is  shown  in  Figure  82;  the  void  surface  is 
a  smooth  curve  at  all  times,  and  the  trajectories  of  the  coordinate 
points  are  nearly  radial  from  the  center  of  the  void.  The  eccentricity 
that  does  appear  in  the  three  calculations  is  shown  in  Figure  83,  along 
with  the  eccentricity  of  the  loading.  The  eccentricity  of  both  loading 


0  12  3 


DISTANCE  ALONG  AXIS  OF  SYMMETRY — micron  ga-8678- 

FIGURE  82  SUCCESSIVE  VOID  SURFACES  DURING  CALCULATION  4 
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RELATIVE  RADIUS  OF  THE  VOID 


GA-8678-44 


FIGURE  83  ECCENTRICITY  OF  THE  VOID  AND  OF  THE  LOADING 


and  void  increases  with  growth  for  the  two  large  void  volume  cases  (4  and 
5).  For  the  third  case,  the  change  in  loading  and  void  eccentricity  is 
almost  negligible.  For  the  two  with  marked  eccentricity,  the  stress 
eccentricity  is  double  or  triple  the  void  eccentricity.  This  result 
contrasts  with  Berg's  analysis  (Ref,  2)  of  growth  of  a  circular  void  in 
a  plate  under  plane  stress;  the  two  eccentricities  were  equal  in  his 
case.  We  also  note  that  there  is  less  eccentricity  for  case  4,  with  the 
larger  yield  strength. 
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b.  Pressure-Volume  Curves 


The  VOID  calculations  were  intended  to  supply  an  equation  of 
state  for  use  in  a  one-dimensional  code  such  as  SRI  PUFF.  Such  an 
equation  of  state  is  a  relation  between  the  average  stresses  on  a  gross 
section  and  the  specific  volume  of  the  solid  material  (or  gross  specific 
volume,  or  other  macroscopic  strain  quantity).  As  usual,  these  stresses 
were  separated  into  a  pressure  term  and  a  deviator  stress  tenn,  each 
being  an  average  over  the  gross  section. 

For  estimation  purposes,  we  assumed  that  the  pressure-volume 
relation  for  the  material  with  voids  had  the  form 


K 


V  -  V 
sl  sO 


(192) 


where 


P^  and  P 
1  0 


average  pressures  acting  on  gross  sections 
at  the  end  and  beginning  of  a  time  increment 


V  _  and  V  =  relative  void  volumes  at  the  end  and  beginning 
vl  vO 

of  the  time  increment 


V  „  and 
sl 


specific  volumes  of  the  solid  material  at 
either  end  of  the  time  increment 


K  =  the  bulk  modulus  of  the  solid  material 


oi  =  a  constant 


To  evaluate  the  appropriateness  of  Eq,  (192),  \:r  plotted  the  average 
pressures  as  a  function  of  the  specific  volume  of  the  solid  for  the  three 
runs,  as  shown  in  Figures  84,  85,  and  86.  In  each  case  the  computed 
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PRESSURE-VOLUME  RELATION  FROM  CALCULATION  4 
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240 


1120 


0.1122  0  1124  0.1126  0.1128  0.1130  0.1132  0.1134 

-3/, 


SPECIFIC  VOLUME  OF  SOLID,  V,  —  cmJ/flm 

FIGURE  85  PRESSURE-VOLUME  RELATION  FROM  CALCULATION  5 
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AVERAGE  PRESSURE  —  hbar 


Vs,  SPECIFIC  VOLUME  OF  SOLID  —  cm3/flm 

GA-8678-47 


FIGURE  86  PRESSURE-VOLUME  RELATION  FROM  CALCULATION  8 


curves  approximate  the  pressure-volume  relation  for  the  solid  at  small 
void  volumes.  As  the  void  volume  increases,  there  is  greater  deviation. 
The  data  in  Figures  84  and  85  were  used  in  Eq.  (192)  to  find  values  of  a. 
The  results,  shown  in  Figure  87,  indicate  that  a  =  ~2  during  most  of 
the  growth  process.  Therefore,  in  the  SRI  PUFF  calculations  we  use 
Eq.  (192)  and  a  =  2  for  the  pressure  portion  of  the  equation  of  state. 

c.  Deviator  Stress 

The  deviator  stress  was  also  obtained  from  the  three  calcu¬ 
lations.  These  stresses  are  given  as  a  function  of  relative  void  vol¬ 
ume  in  Figures  88,  89,  and  90.  To  organize  this  information,  we  pre¬ 
sumed  that  the  deviator  stress  has  form 

-  \>r  T  3  <1!*> 


where 

p,  =  the  shear  modulus 

3  =  a  constant  (~4) 

V  =  the  relative  void  volume 
v 

T  =  p/r],  a  relaxation  time 

T)  =  the  coefficient  of  viscosity 

Thus,  the  elastic  modulus  is  reduced  as  a  function  of  void  volume  while 
the  second  term  on  the  right  allows  for  stress  relaxation.  This  equation 
describes  the  results  in  Figures  88  and  89  fairly  well  with  a  coefficient 
of  viscosity  of  250  poise,  i.e. ,  the  one  used  in  the  microscopic  calcu¬ 
lations.  The  differences  between  Figures  88  and  89  are  readily  explained 
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FIGURE  90  DEVIATOR  STRESS  VARIATIONS  FROM  CALCULATION  8 
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by  the  work  hardening  permitted  in  calculation  4.  The  results  of  Fig¬ 
ure  90  do  not  fit  the  form  of  Eq.  (193).  This  difference  has  not  been 
explained  but  indicates  that  the  functional  form  of  the  deviator  stress 
is  more  complex  than  Eq.  (193).  Currently  an  integrated  form  of  Eq .  (193 ) 
is  used  in  the  ductile  fracture  routine  for  the  deviator  stress  calcu¬ 
lations. 

d.  Void  Growth  Rate 

According  to  the  spherically  symmetric  solution  and  to  Berg's 
plane  strain  solution  (Ref.  2),  the  growth  rate  of  a  void  in  a  viscous 
material  is  given  by 


R 


4T| 


(194) 


where 

p  =  the  pressure  in  the  spherical  case  and  the  average 
of  the  two  applied  stresses  in  the  planar  case 

T]  =  the  viscosity 

p  =  a  threshold  pressure 
0 

The  growth  rate  results  from  the  VOID  calculations,  shown  in  Fig¬ 
ures  91-93,  generally  follow  the  form  of  Eq.  (194).  The  slight  s 
in  the  points  is  probably  caused  by  oscillations.  For  case  4,  wl. 
work  hardening  was  permitted,  the  initial  value  of  p^  is  about  zero, 
whereas  it  is  3  kbar  on  the  unloading  branch  of  the  curve  in  Figure  91. 
For  calculation  5,  the  threshold  pressure  is  between  0  and  0.3  kbar. 

For  case  8,  the  threshold  appears  to  be  about  1  kbar.  The  velocity 
relationships  tend  to  curve  upward,  exhibiting  a  somewhat  smaller 
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PRESSURE  —  kbar 
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FIGURE  91  VOID  GROWTH  AS  A  FUNCTION  OF  PRESSURE  FROM 
CALCULATION  4 
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FIGURE  92  VOID  GROWTH  VELOCITY  AS  A  FUNCTION  OF  PRESSURE 
FROM  CALCULATION  5 
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FIGURE  93  VOID  GROWTH  VELOCITY  AS  A  FUNCTION  OF  PRESSUPF 
FROM  CALCULATION  8 


viscosity  than  the  250  poise  used.  For  calculation  5,  7]  from  Eq.  (194) 
is  225  poise;  7]  is  200  poise  for  calculation  8,  This  upward  curva¬ 
ture  and  the  variation  of  7]  from  the  value  used  in  VOID  may  have  been 
caused  by  the  excessive  cell  distortion  that  occurred  during  all  cal¬ 
culations,  but  especially  during  8. 


A  comparison  of  the  foregoing  VOID  results  with  the  earlier 
results  of  Berg  (Ref,  2)  and  the  spherically  symmetric  void  calculations 
of  Appendix  III  suggests  that  Eq .  (194)  should  be  used  with  T|  as  the 
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value  of  the  material  viscosity  and  pQ  as  2Y/3.  These  values  are  used 
in  the  ductile  fracture  calculations. 

e.  Summary 

In  the  VOID  calculations,  the  voids  tend  to  retain  a  shape 
that  is  more  spherically  symmetric  than  the  applied  stress  field.  The 
computed  form  of  the  void  is  very  smooth,  showing  no  evidence  of  local 
instabilities  or  other  problems,  although  the  adjacent  cells  undergo 
very  large  deformations. 

Stress- volume  relations  for  the  damaged  material  can  be  con¬ 
structed  by  considering  the  pressure  and  deviatoric  stress  response  of 
the  solid  phase  only. 

The  viscous  growth  relation  derived  for  simpler  geometries 
appears  to  hold  for  this  microscopically  one-dimensional  flow  also.  The 
threshold  stress  for  growth  is  small,  of  the  order  cf  the  yield  strength. 
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8.  LISTING  OF  THE  VOID  PROGRAM 


In  the  following  pages  the  VOID  program  and  its  two  subroutines, 
SWEEPV  and  SCRIBE,  are  listed  with  their  flow  charts.  Next  i^  a  set  of 
input  decks  and  some  sample  printout.  The  program  was  written  for  the 
CDC  6400  at  SRI  in  Fortran  IV.  The  memory  required  is  about  100,000  oct 
words . 

The  VOID  program,  as  presented,  is  a  special  purpose  program  and 
therefore  will  not  have  wide  application.  However,  it  may  serve  as  the 
basis  of  a  more  general  two-dimensional  code  or  of  other  special  purpose 
codes . 

The  input  cards  and  variables  are  as  follows; 

Card  1:  Free  field  format,  heading  only. 

Card  2:  Control  variables.  Format  is  A10,  110,  A10,  110. 

IMAX  is  the  maximum  number  of  cycles  permitted. 

NMTRLS  is  the  number  of  materials. 

Card  3;  Characteristics  of  the  calculations.  Format  is  4(A10,  E10.3). 
DELTAT  is  the  maximum  time  step,  sec. 

SMAX  is  the  uniform  one-dimensional  stress  used  in  the  initial! 
tion,  dyn/cm2  (positive  in  tension). 

XD(2)  is  the  velocity  of  the  plane  of  forcing,  cm/sec. 

TS  is  the  stop  time  of  the  calculation,  sec. 

Card  4;  Print  controls.  Format  3(A10,  IlO). 

IPRINT  is  the  modular  number  of  cycles  at  which  a  complete  list 
ing  is  given  of  positions  and  stresses. 

NJED  is  the  number  of  historical  listings  requested. 


KPRINT  is  not  used. 


Card  5: 


Card  6 : 


Cards  7 
and  8 : 


Card  8a: 


Historical  print  controls.  Format  A10,  7(l6,  12,  12). 

JEDT  is  a  number  associated  with  a  variable  for  which  a  histor¬ 
ical  listing  is  desired.  The  correspondence  between  JEDT  and 
the  variable  is  spelled  out  in  SWEEPV  following  location  660. 
The  location  number  is  670  +  JEDT. 

JEDK  is  the  K  coordinate  of  the  desired  variable. 

JEDJ  is  the  J  coordinate  of  the  desired  variable. 

Up  to  60  values  of  the  JEDs  may  be  used  so  that  several  cards 
may  be  required. 

First  material  card.  Format  3A10,  E10.3,  A10,  A8,  12. 

AMAT  is  the  material  name. 

3 

RHO  is  the  density,  gm/cm  . 

NYAM  is  an  indicator  for  yield  behavior: 

0  no  yield  strength 

1  perfect  plasticity 

2  viscous,  work  hardening. 

Equation  of  state  parameters.  Format  4(A10,  E10.3). 

CA,  CB,  CC  are  parameters  of  the  hydrostat  (dyn/cm2):  P  = 

CA’U  +  CB-u2  +  CC'U3. 

EQSTE  is  not  implemented. 

EQSTG  is  the  Gruneisen  ratio. 

EQSTH  is  not  implemented. 

9 

PMIN  is  the  minimum  pressure  permitted,  dyn/cm“ . 

YCC  is  the  yield  strength,  dyn/cm2. 

Yield  card,  required  only  for  NYAM  jt  0.  FORMAT  4(A10.3). 

For  NYAM  =  1,  YCC,  YCT,  and  MU  are  used. 

For  NYAM  =  2,  FB,  FM,  MU,  and  ETA  are  used. 

YCC  is  yield  in  compression  (and  tension  for  2nd  model). 

YCT  is  yield  in  tension,  dyn/cm2. 

O 

MU  is  the  shear  modulus,  dyn/cm  . 
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FB  is  b,  a  work-hardening  parameter  in  Eq.  ( 162 )  ,  dimensionless. 

2 

FM  is  M,  a  work-hardening  modulus  in  Eq.  (162),  dyn/cm  . 

ETA  is  the  material  viscosity,  poise. 


Card  9 


Geometrical  Layout.  Format  4(A10,  E10.3). 

RIN  is  the  radius  of  the  void,  cm. 

ROUT  is  the  radius  of  the  cylinder,  cm. 

NRAD  is  the  number  of  cell  rings  in  a  radial  direction. 

NTHETA  is  the  nnmt.er  of  cells  in  a  circumferential  direction  in 
any  cell  ring. 
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c 

c 

c 


PROGRAM  VO  I J( INPUT .OUTPUT . TAPt  5=1 NPUT , T  APE6 =OUTPUT t  T*P  Efl= 
l  OUTPUT, T APE4, T APE3, PUNCH) 

REAL  MU, MOON 

COMMON  CA(4)  ,CBI4) ,CC( 41 .EUSTtl 4) , EJ STG( 4 • , EUSTHI A) ,AMA T(  A  I , MU14 

1  RH0I4)  ,  YCCI4)  ,  YCT(4),MC0N(4)  , SCONI 4  I , PMI NI4 I , SP (4  I 

2  ,FM(4),FB(4),ETAI4) 

CUMMUN  (MAX, IPRlNT, ICYCLE,KlNT,KMIO,KMN,KMX, JMX.IRMAX, 1KT, KT, JT, 

1  KWF,I STATE , I  FLAG, Jl.MlkR, I JBUNO, I FCUT , ORfcO.URM IN ,KCU T ,L ALPHA , 

2  NOIM 

COMMON  NKEO.KPR INT , KEOR 1 2 0 ) ,KEU 1 20 1 , NJEU • JEDRI 60) , J EOT  I  60) , 

1  JEDKI60I  ,  Jb0J(60)  ,NSCH  III E,N JK  EU.KEO  l T I  120) 

COMMON  R(  120),SK(20)«SJ(60),XOK(20),VK(20) 

CUMMUN  JM( 2 ) ,KM( 2) , AREA! 2) . DEL X( 2 ) , DEL V , XO J 2 ) , VCON.LOSU , S THE SS 
COMMON  TYMb,XOINT,UELTN,OELTH,JELTHN,DELTMlN, OISCPTI 10) 

COMMON  C ALT  1 M 

AXI46.15),  AXH( 45,15) t AXOH ( 45 • 1 5 ) t  lMA(45.15)t 
AY (45,15),  AYHI45.15) , AY0HI45, 15) ,  AEI45.15I, 

AA (45,15),  AVI  45, IS)  ,  API45.15), 

ASXX(45,15),ASYY(45,15) , ASXYI45, 15) , AST  1 1  45, 15), 

AT  XXI  45,  15),  ATVYI',5,151  ,  AT XYI  45 , 1 5)  ,A  I TT 145 , 1 5 )  , 
ASBARPI45.15) ,ASBAR(45,15) .AVZI45, 15) 


CUMMON 


READ  AND  PRINT  INPUT  OATA 


JB=KB=0 


100 

101 


102 

103 


120 

125 


130 


135 


J A=  45  $  KA=15  $ 

II I=770*22*JA*XA 
00  101  1=1,  111 
CAIl  ) =  0 • 

PRINT  1000 

CALL  S0ATEI01SCPTI2)) 

OISCPTI 1)=10H  DATE  = 

READ  1100, (OISCPTI I ) ,1=3,10) 

IF  (EOF, 5)  102,103 
STOP  70001 

PRINT  1100,  (OISCPTI I ), 1  =  1, 2) 

PRINT  1100, (UISCPTI I), 1=3,10) 

CALL  SECOND! TIMEO) 

READ  1 102,  A  1,  MAX,  A2, NMTRLS 
PRINT  1 1 02 , A1 , I  MAX , A2 • NMTRLS 
COS 0=4. 

READ  1104,  A1,0EL¥TAT,A2,SMAX,  AJ,XDI2)  ,A4,TS 
PRINT  1104, Al.DELT AT,A2,SMAX,A3,XD(2) ,A4,TS 
RE  AO  1 103  ,  A 1 ,  1PR  1  NT  ,A2  ,  NJtO  ,  A3  ,  KPR1  NT 
PRINT  1103,Al,iPKINT,A2,NJE0,AJ,KPRINT 
NJKtU=NJED 

IF  I NJEO  .EU.  0)  GU  TO  130 
Nl=  1 

N2=MIN0(N1»6,NJED) 

READ  1125, Al, I JEUTI 1),JE0K( 1  I , JtOJIl ) ,1=N1,N2» 

PRINT  1 12  5  ,  Al  ,  I  JEOTII), JEDKI 1) , JEUJI I), I  =  Nl,N2) 

IF  I N2  .EU.  NJED)  GO  TO  130 

Nl=N2*l 

GU  TO  125 

CONTINUE 

VCON= .66666  7*3.1416 
OU  150  M=l, NMTRLS 

RE AO  1130, AN AT  I M ) , A 1 , A2 ,RHU( M ) , A3 , A4 , NY  AM 
PRINT  1130, AM AT (N),A1,A2 ,RHO I M) , A  3 , A4 , N YAM 

RE AO  1104, Al.CAIN) , A2 ,CB( M ) , A 3.EGSTE I M I , A4 ,E0STG I M I , A5 , EOST HI  Ml , 
1  A6.CCIM) , A  7 ,PMIN(M),AB,YCC(M) 

PRINT  1104, Al.CAIN ),A2,CB(N), A3, EOSTE INI, A4  .EGSTGI Ml , AS , tOSTHl Ml , 
1  A6,CC(M),A7,PM!N(M), Ad , YCCI  Ml 

IF  I  NY  AM— 1 1  140,  135,137 
READ  1104,A1,VCCM,A2,YCTM, A3, MU  I  Ml 
PRINT  1104, Al.YCCM, A2, YCTM , A3.MUIM I 
VCC I M ) =0.666667 *YCCM*YCCM 
YCT I  Ml  =  0.66666 74 YCTM* YCTM 
GU  TO  140 


V01D0010 
V0I00020 
VO  100030 
, VO  100040 
VO  1000 50 
VUI00060 
V0I00070 
VO  1000 BO 
VU 100090 
VOIOOIOO 
VO  100110 
VO  100120 
VO  1 00 130 
VU 100140 
VOI00150 
VU 1 00160 
VUI001 70 
VU1D01B0 
VO 100 190 
V0100200 
VU  10  02 10 
V0I00220 
VU 100230 
VUI0O24O 
VU 100250 
VO  1 00260 
VU 1002  70 
VUI002BO 
VO  100290 
VU100300 
VU 1 003 10 
VU100320 
VU 1003 Ju 
VU 100340 
VOlDOiSO 
VU 100360 
VO 10 03 70 
VUI003B0 
VU 100390 
VO  100400 
VU 100410 
V0I00420 
VU 100430 
VO  1 00440 
VU 100450 
VU 100460 
V0100470 
VU100480 
VU100490 
V0100500 
V0100510 
VU 100520 
V0I00530 
VU 100540 
VU 10 0550 
V01U0560 
VU 100570 
VU1005d0 
VU 100590 
VU100600 
VUI00610 
VUI00620 
VUIU0630 
VO IU0640 
VUIU0650 
VU 100660 
VU 1 00670 
VU100600 


PROGRAM  VOID 
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137  RE  AO  1104, Al ,Fd(M) , A2.FMIMJ  ,  A3,MU(M)  , A4,E TA (M) 

PRINT  1104, Al,FB(M)  ,A2,FM(M)  ,A3,MU(MI  ,A4,ETA(M) 

JAK A* JA*KA 
1X1  139  1=1,  J  AKA 

139  ASBARP1I I  = YCC ( Ml 

140  SP(MI*S0RT( (CA(MI*1.333333*MU(M) l/RHOIM)  ) 

150  SCONI  M I  =2  ,*MU(  M I 

C 

C  ******  LAYOUT  FOR  SPHERICAL  VUIUS 
C 

600  READ  1160,Al,RiN,A2,RUUf,A3,NRAU,A4,NTHtTA 
NTHETA=((NTHETA- 11/21*2*2 

PRINT  1160,  A  l,  R  IN,A2,RUUT,A3,NRA0,A4,N THETA 
XD  I  N  T = 0  • 

C  SIGN  CONVENTION  IS  NOW  POSlTIVt  IN  TENSION 

EME=-YCC(1 )/(2.*MU(l)l 

SE=0.6667*YCC(  ll-( (CC( l)*EME*Cb<  1 1  1  *E ME *LA ( 1 )  1  *E ME 
IF  (SMAX  .GT.  SE)  GO  TU  605 
C  ELASTIC  ROUTE 

EMU=-SMAX/(CA( 1)*1.333*MJ<  11) 

EMM=-SMAX/ (CAT  1)*1.333*MU(  1 )  ♦  (  Cbl  II *EMQ*LC Tl)  )  *EMU ) 

PMAX*-( (CCT  11*EMM*CBT II >*EHH*CA(1  I  l*EMM 
EMAX=0.5*SMAX*( l./T l.*EMMI-l.  I  /RHUT  II 
VMAX*  l./T ( l.*£MM)*RHU( 11  I 
ASBART1  ,1  l*1.5*(SMAX-PMAXl 
GO  TO  607 

C  PLASTIC  ROUTE 

605  EMG=-  TSMAX-0.6667*YCC(  II  l/CAT II 

EMM*-(  SMAX-0. 666  7*YCC ( 1  I  )/  (CAT  1  >*EMU*(  Cbl  1)  *EMU*CC(  1111 

PMAX=-( (CC(  ll*EMM*Ca( II  1*LMM*CA(  1 1 >*£MM 

ASBAR (1,1 I = YCC( 1 1 

VE»l./((l.*EMEI*RHU(  111 

VMAX=l./((  1  •  *EMM l*RHO(  1 ) I 

EMAX*0.5*(SE*IVE-1./RHU(11  I ♦  (  SMAX* SE I  * ( VMAX- Vt I  I 
607  V=VMAX*KHO( II 
SU=SMAX-PMAX 
SU2*-.5*SD 

PRINT  1 607, SE.PMAX, ERE,  EMU,  EMM,  VE,  VMAX, EMAX 
RI NCR* (RIN/RQUTI**( 1 ./FLOAT!  NR AU1 1 
C  LAY  OUT  ALONG  AXIS  OF  SYMMETRY  AND  REFLECTION  BOUNDARY 

N=NTHETA*1 
KI  NT;*  NRAO*  1 

C  SET  COOKOlNAItS  CF  CORNER  POINTS 

AY  ( l  ,  N I  *  A  Y  H I 1 , N I  *  ROU  T 
AX  (  1 ,  N  I =AXH(  l,N»=KCJUT 
AX  (  KI  NT, l I *AXH( KINT , 1J=RUUT-RIN 
AY  (  K INT ,N I  * AYH(  K (NT  ,N)=RIN 
AX(KINT,NI=AXHUINT,N)*RUUT 

C  LAYOUT  X  AND  Y  ALONG  RIGHT  BOUNDARY  AM)  X  UN  AXIS  OF  KUTAIIUN 

RF*RUUT 

00  610  1*2, NRAO 
RF=KF*R(NCR 
AX (I , NI*AXH( I,N)*RUUT 
AY ( I , N I *AYH ( I ,NI*RF 
610  AX ( I ,  l)  =  AXH(  I,  11*R0UT-RF 

IF  (  IJBUNO  .EQ.  4)  GU  TU  650 

THETA=3.14159265/(2.*FLUAT (NTHETAI  I 

NTH=NTHETA/2*l 

UO  630  J*2 ,NTH 

Nl*N*l-J 

N2*N*2-J 

AY( 1, JI-AYH1 1, J1*R0UT*TAN(  (  J-1I*THETA> 

AX( 1,N1 l*AXH(l,Nl I "ROUT -AY ( 1 , J) 

AX(1, JI-AXHI l,J)*0. 

AY ( l,Nll*AYHt l,Nll*ROUT 

RI NCR*( RlN/RUUT*COST  (  J- 1 1  *  THE T A  I  I ** (  1. /NRAO I 
OU  625  K*2 ,K  IN  T 

AY(K,N11*AYH(K,NII«AY(X-  1,NII*RINCK 


PROGRAM  VOID  (Continued) 


V0!0069u 
VUI00700 
VU l 00 / 10 
VO  1 00  720 
V010U73U 
VU IUU/40 
VU  IDO  750 
VU I  00  7 60 
VO  I UU  7  70 
VUIU07dO 
VO  100790 
VUIOOauO 
vuiuoau 
VUlUGd20 
VUIOOdiO 
VU  1 00  d40 
VUIUOdSu 
VOlOOdbO 
VUIOUH/O 
VUlOoddU 
VUIOOdVJ 
VO  100900 
VU 1009 10 
VUI J0920 
VU100930 
VU IU094O 
VU1OO950 
VUI 00960 
VO  1009  70 
VOlOOVdO 
VOIUU990 
VU1D10OO 
VO  IO 1010 
VUI 0102O 
VO  10 10  30 
VUlO 1040 
V0IO1050 

voioiodo 

VUIU1070 
VOlUlOdO 
VUI  010  90 
VUIU1100 
VUIU  11 10 
VUI 0  1 1 20 
VulOlliO 
VUI 0 1140 
VU 101 150 
VU  1 0 1 160 
VU 10  1170 
VUiUlldO 
V  U 1  0  1 190 
VU 10 1200 
VUIU1210 
VU 10 1220 
VUI01230 
VO  10  1240 
VUIU  1250 
VU 10 1260 
VU 1U 12  70 
VOIU12dO 
VUIU 1290 
V0IU1300 
VUIU131 0 
VU I U 1 32 J 
VUIU1330 
VUIU 1 340 
VUIU 1350 
Vul01360 
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c 

c 

c 


AX(K, J 1=AXH(K,  JI=ROUT-AY(K,Nl) 

AY  <  K ,  J  )  =AYH  1  K  ,  J  )  =AY  ( K- 1 ,  J)  *R  INCR 
AX(  K,NI)=AXH(K,N1)=R0UT-AYIK, J ) 
AV(K,N2)=AV<K,J)=V 
A1  24=0 . 5* (  AXIK,J-1)MAY(K,  J)-AY(K 


1  -AYlK.J-ll  )*AXIK-l,J-l)*IAY(K,  J- 11 
AA(K»N2)=AAIK»J)=A124*A234 


VU10137J 
VG l D13d0 
VU I U 1390 
VO  1 0 1400 


-  AY  t  K- 


K,J)*(AY(K, J-l) 

VG 1 U 14  10 

) 

VU 10 1420 

♦AXIK-1, J)*(AY(K- 

l.J-l)  VGI01430 

,J>>> 

VU 10 1440 

VU 101450 

,-l.JI) 

VU 10 1460 

625 

630 

650 


1  »A234*( AY(K-1,J-1)*AY(K,J-1)*AY1K-1,J)  )  ) 

AVZIK, J)=AVZ(K,J)/V 

AVZ ( K ,N2 I  =VCQN*  (  A124*(  AYIK.N1 t ♦AYIK,  N2)  +AY  1  K-l  ,N1 )  )  ♦A2  34*  (  AY  ( K-l  , 
1  Nn*AY(K,N2)*AY(K-l,N2)J) 

AVZIK, N2 )=AVZ( K,N2 l/V 
IMAIK,J)=lMA(K,N2)=l 
ASBARlK,JJ=ASdAR(K,N2)=ASUAR(  l,  it 
ASXX(K, J)=ASXX(K,N2I=SD 
AT  XXI K, J)*ATXXIK,N2)=SMAX 

ASYY(K,  JI  =  ASYY(KfN2)=ASTT(K,  Jl • AS  I T I K ,N2 ) “SG- 

ATYYIK,  J)*ATYY«K,N2)*ATTTCK,  J)= ATTT I K, N2 )=*PMAX*SD2 

API  Kj  J) =  API  K*N2I=  PMAX 

A£ I K ,  J )=AE(K,N2)=tMAX 

CONTINUE 

CONTINUE 

JMI  I  MNTHtT  A»1 

KM  I  1 t  =  KINT 

IE  (NUIM  . EU  .  1)  JMI 1 )  =  l 

KM ID=K I  NT  +  1 

TYME=0. 

IC  YCLt  =  0 
DE  L  TH= L.E-12 
OE  L  TN=  >  5*U  E  L  TH 
KMAX*  K I  NT 
KMN-1 

PRINT  INITIAL  LAYOUT  EUR  SPHERICAL  PROBLEMS. 


PRINT  1000 

PRINT  llOO.IOISCPTIIt.l’ 
JMI*  JMI 1) 


1.  10) 


PR 

I  NT 

1603 

DU 

661 

J-  1 

,  JMI 

661 

PR 

INT 

1600 

,  IAXI 

K  t 

Jt, 

K*l 

,KI 

NT) 

PR 

I  NT 

1602 

DO 

663 

J=l 

.JMI 

663 

PR 

INT 

1600 

.  1  AY  I 

K. 

J)  , 

K=l 

,K1 

NT) 

PR 

INT 

1602 

00 

665 

J=l 

.  JMI 

665 

PR 

INT 

1600 

,  (AVI 

K, 

J  )  « 

K*  1 

,KI 

NT  1 

PR 

INT 

1602 

00 

667 

J=1 

•  JMI 

667 

PR 

INT 

1600 

,  1  A  A I 

K, 

J)  , 

K*l 

,KI 

NT) 

PR 

INT 

1602 

DO 

669 

J=1 

•  JMI 

669 

PR 

INT 

1600 

,  I  AVZ 

(K 

,J) 

,K* 

l.K 

INT) 

PK 

INT 

1601 

,  THETA, 

N THETA 

JMX* JM 1 1  I 
IRT=JT= 1 
KT=KMN-1 

CALL  SECOND! TIMNOW) 
CALIIM=TI MNUK-T IMtO 
PRINT  9999,  CALTIM 
XU2=XUI 2) 


C  ******* 

C 


CALL  SwEEPE  EOR  A  CALCOLATI ONAL  CYCLE 


VGIU1470 
VUI014dO 
VUID149Q 
VO  101500 

vo ioi ?  to 

VO  10 15  20 
VO  1 0153  0 
VO  10 1540 
VU 10 1 550 
VO  101560 
VU 101570 
V01U15d0 
VO  10 1590 
VU101600 
VO lU 1610 
V0I0162U 
VU  1 0 16  30 
VO  101640 
V0101650 
VO  10 1660 
VU 10 16  70 
V01016d0 
VO  10 1690 
VUI01700 
VU101 710 
VUIU1720 
VUI01 730 
VO  1 01740 
VO  10 1750 
V0I01760 
VUI0177U 
VUI01 7dO 
V0IU1790 
VOlOlbOu 
V0I01U10 
V0101d20 
vo loid  jo 

V0l01d40 
V01Uld5U 
VU  101860 
VOIU1870 

vuiuiddo 

V010 1890 
VO  10  1900 
VU 10 1910 
VOI01920 
VU ID  1930 
VU 101940 
VO  10 1950 
VU 10 1960 
VO  10 19  70 
VUI01980 
VUI01990 
V0102000 
VO  1 020 10 
VU 102020 
V0102030 


PROGRAM  VOID  (Continued) 

258 


I 


316  ICYCLE=ICYCLE*-l 

IF  ( MOO (1CYCLE  ,  IPRI NT ) *MUO  I  ICYCLE ,  KPR l NT )  .NE.  01  UU  TO  320 
CALL  SECOND!  T tMNUW) 

CALT1M=TIMN0W-TINEQ 
320  TYME*TYME*OELTH 

IF  (ICYCLE  .EU.  2000)  X0<2)=0. 

IF  I  ICYCLE  .tj.  2200)  XU(2)=-X02 
KMN=MAX0(KMN-1,  1) 

IF  ( KMAX  .LT.  KM( 1 1  I  KMAX=KMAX* l 
CALL  SWEEP V (KMN  ,KMAX,JMX,KA • JA ) 

410  TG  =  TYME*l .E6 

420  IF  INJEO  .LE.  0)  GO  TO  430 
DO  425  I *1 » NJEO 
R ( I  )  =  S J  1 1 ) 

425  SJII)=0. 

430  CONTINUE 

C  STORE  STRESS  HISTORIES 

IF  (NJKED  .GT.  0)  WRITE  14)  I CYf-E , T 6, I RI  I ) ,  1=  l , NJk EO) 

C  ERROR  FINISH 

IF  (NSCRIUE  .GT.  0)  GO  TU  ‘■jO 

C  *******  CHECK  FOR  ENC  Of  CALCULATION  AND  SET  NLXI  II  ME  STEP 

C 

IF  (TYME  .GE.  TS)  GO  TO  50u 
IF  I ICYCLE  .GE.  IMAX)  GO  TO  500 
490  DELTHW-AMINlIUELTHWtUELTATI 
DELTN-OELTH 

DE  L  TH*AMI  N1 (0.9*DELTHW, AMAX1  (  1 . 2*DELT H, 0 . 035*0EL THH ) ) 

DELTN*. 5*1 0ELTN*0EL  TH) 

IF  IOELTH  .GT.  l.E-12)  GO  TO  3lo 
500  CALL  SECONDIT IMNUW)  $  CAL T IM* T IMNUW-T I MEO 

PRINT  1 500, TYME.TS, ICYCLE, I  MAX, OELTH.NSCRIdE, CALI IM 
PRINT  1501 ,NJEO,NJKEO 
NJED=MIN0!NJE0,60I 
540  IF  (NJEO  .LE.  0)  GO  TO  560 
DO  550  I-l.NJED 

550  KE01TII  )=JEL)J(  I  )*1Q0*JE0K!I)*1 0000 *J EOT!  1) 

560  CONTINUE 

PRINT  1560,NJKE0,ICYCLE,|KEDIT(  I)  ,  1*1, NJKEU) 

CALL  SCRIBE  IT1MEU) 

GO  TO  100 
1000  FORMAT  (IH1) 

1100  FORMAT  (10A10) 

1102  FORMAT  ( A1 0 , 1  10 , AID,  1 101 

1103  FORMAT  (4<A10,U0)) 

1104  FORMAT  ( 41 A10 ,E 10. 3 )  ) 

1125  FORMAT  I  A 10, 7 ( 16, I 2 ,  1  2 )  ) 

1130  FORMAT  (3 A 10 ,E 1 0. 3 , AlO, AB ,  1 2 ) 

1160  FORMAT! 21  A  10, E 10. 3) , 21  AlO,  110)  ) 

1430  FORMAT  I  i 3  ,FH  .6 , 1 3F9. 3/ 1 UX,  1 JF9.  31 ) 

1500  FORMAT  </*  STUP,  TYME  =*E10.3,*  TS=*E10.3,*  ICYCLE=*15,*  IMAX=  * 
l  15,*  DEL  TH*  *E10.3,*  NSCRIUE*  *13,*  C  ALT  IM-=*E  10 . 3 ) 

1501  FORMAT  I  *  VALUES  UF  NJEU**15,*  NJKED**15) 

1560  FORMAT  (*  VOID  -  NJKEU**13,*  ICYCLE=*I3,*  KEO»*  10  1 10/t  33X,  10110)  ) 

1600  FORMAT  (1X.15E9.2) 

1601  FORMAT!/*  INITIAL  ANoLES,  THETA  »*,E10.3,*  NTHET A  =*,14) 

1602  FORMAT  I) 

1603  FORMAT  (*  LISTING  OF  X,  Y,  V,  A,  AND  VZ*/> 

160  7  FORMAT!*  SE»*E10.3,*  PMAX*  *E  10.  3,  *  MU=*3E10.3,*  V**2E1 0.3, 
l  *  E-*,E10.3) 

9999  FORMAT  (10H  CALTIM  *  ,E10.3) 

END 


VUID2040 
VO ID2U50 
VU ID206G 
VU1U2D  70 
VUI020B0 
VUIU209U 
VUID2100 
VU1U21 10 
VU 1 02 120 
VU 1 02 1 30 
VO 102 l 40 
VU 1 02 1 50 
VUIU21O0 
VUID21 70 
VU  I02ld0 
VU 102 190 
VU  102200 
VU 1022  i  0 
VuIU222J 
VU  I U  22  30 
VU 1 02240 
VUID2250 
VU I  02260 
VUI022/0 
V J 1 022  BO 
VU 102290 
VUIO230J 
V'J  1 02  3 10 
VU 102  320 
VO  1023  30 
V  J  10  2  340 
VUID2350 
VUI023O0 
VUID2370 
VO  I023U0 
VU 1023  90 
V0I024OO 
VU  102410 
VO  1 02420 
VU I 02430 
VU 1 02440 
VU 1 024  50 
VUID24O0 
VU 1 024  70 
VU  1 02**  BO 
VO  102490 
VU1O250O 
VO  1025 10 
VU  102  520 
VU  !■  '25  30 
VU 102 540 
VO  102550 
VUIU2560 
V0I025  70 
VUIO25B0 
VO  102590 
VU 102600 
VU I  026 1 0 
Vu 102620 
VU 102630 
VU 102640 
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The  main  program  reads  Input 
data,  lays  out  the  finite 
difference  grid,  calls  SWEEPV 
at  each  time  step,  and  calls 
SCRIRF  at  the  end  of  a 
computation. 

Input  data  controlling:  the 
length  of  the  computation, 
printout  required,  nature  of 
the  computation  and  number  of 
materials  are  read.  For  each 
material,  3  cards  are  read  de¬ 
scribing  the  equation  of  state, 
for  materials  with  strength  and 
viscosity,  an  additional  card 
is  read. 

One  additional  card  gives  the 
number  of  cells  in  the  radial 
and  circumferential  directions. 

Compute  stresses,  energies,  and 
specific  volumes  associated  *ith 
an  initial  uniform  one-dimensional 
stress  state. 


The  X,  Y  coordinates  of  all  cells, 
the  areas  of  the  cells  and  their 
volumes  are  computed.  The  yield 
strength,  stresses  and  energies  of 
the  cells  are  Initialized  to  the 
one-dimensional  state  computed  in 
the  previous  step. 


Call  Subroutine  SWEEPV  for  calculations 
of  coordinates  and  stresses  at  the  next 
time  increment. 

Write  on  tape  the  quantities  to  tie 
listed  in  historical  printouts  at 
the  conclusion  of  the  colculotion. 

Test  the  ending  criteria  bused  on  number 
cycles,  duration  of  computation,  or 
presence  of  an  error  (NSCI1IUE) 


Compute  the  time  increment  for  tho 
next  computational  cycle. 


Call  subroutine  SCRIBF.  to  list  the 
stored  values  in  a  historical 
printout. 

Return  to  100  to  read  the  next 
data  deck. 
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I 


c 

c 

c 


10 

15 


30 
3  2 

35 

*.0 


SUBROUTINE  sweepvikmin.kmax,  jmax.kd,  JU ) 

HEAL  MU.MCON 

COMMON  CAI4I  ,  CBI  4 ) , CCI 4) , EQST E( 4 )  .EQSTGI  4),EQSTH(4)  ,AMAT  (  4  )  ,  MU  ( 4  ) 

1  RH0I4) , YCCI4)  ,VCT(4),MC0N<4I  ,SCUN(4) , PM  INI  4)  ,SP( A) 

2  , F  M ( 4  >  ,F0(4) *  E  r  A( 4  > 

COMMON  I MAX,  I  PH  IN  T ,  ICYCLE , HINT ,KM1 D ,KMN , KMX , JMX , I RM AX, IKT,KT,JT, 

1  KWF , 1  STATE,  IFLAGtJl, MIRK, IJBUNU,  1 FCU T , OREO  ,UKMlN,KCUf ,L ALPHA, 

2  NO  IM 

COMMUN  NKbL>,KPRINT,KEQR<  20)  ,  KEOI  20 )  ,  N  J  EL ,  J  t  OR  (  60 )  ,  J  EUT  (  60 )  , 

1  JE0KI60) , JED J  t  60 ) , NSCR 13 1, NJKfcO,  KE D I T 1 120  ) 

COMMON  R< 12  0) , SKI20) ,SJ(60)  .XDKIzui  ,  VKi 2u) 

COMMON  JMI  2) ,KM( 2)  , AREA! 2) ,OELX(  2) ,DEL V , XD( 2  )  ,  VCON , CQSQ .STRESS 
COMMON  TYME,XOlNf»OELTN,OELTH,DELTHW»DELTMlN»DlSLPTl 10) 

COMMUN  CALT  IM 

COMMON  AX( 45 , 15) ,  AXHl 45 , 1 5) • AXUHI  45 , 1 5 )  ,  IMA(45,I5), 

1  AY ( 45 , 1 5  )  ,  AYH(45,15),AY0H(45,15) ,  AEI45.15), 

2  AA(  45 ,151,  AVI '« 5, 15),  API45.15), 

3  ASXXI  45 ,15  )  ,  A  ,  L5),ASXY(45,  15)  ,ASTU45,  15), 

4  ATXXI  45,15)  ,A  , l 5 ) , A TXY  I  45 , l 5 >  ,  AT T T  1 45 , 15  ) , 

5  A  SBARP (45,15)  (45,  15),AV2(45, 15) 

DIMENSION  X ( 4  5 ,  15)  ,  XHI45.15),  XUHI45.15),  M(45,15) 

1  Y(45,15),  YH ( 45 , 1 5 ) ,  YUHI45.15),  EI45.15) 

2  A I  45 , 15) ,  V I  45 , 15 ) ,  PI45.15), 

3  SXX 1 45,15),  SYY (45, 15) ,  SXYI45.15),  STTI45.15) 

4  T  XX ( 45 , 1 5 ) ,  T  YYl 45 , 15 )  ,  TXY(45,15),  TTTI45,15) 

5  SB ARP ( 45 , 15 ) ,  SBAR(45,15),  V2I45.15) 

DIMENSION  SXI  151 ,SYI 75) 

DIMENSION  CAPAI  15),BI(  15 ) , SIGLCNI 15) »GAMI 15,15) 

EQUIVALENCE  (AX  ,X)  ,(  AXrl ,  XH)  ,  IAXDH,  XDH)  ,  I  IMA  ,M  )  ,  (AY,  Y) ,  I  AYH  ,  YH)  , 

1  I  AYUH.YDH) , I  Ac,  El , ( AA , A ) ,  I A  V ,  V )  ,  I AP , P ) • I  A SXX, SXX) , I ASYY,  SYY)  , 

2  (ASXY,SXY),(ASTT,STTI,(ATXX,TXX),(ATYY,TYY),(ATXY,TXY), 

3  I  ATTT,  rm,  (  A  SBARP,  SBARP  ),<ASBAK,SBAR)  ,(AV2,VZ> 


DV VM IN=  0 . 

DEL  TH , XUNH , E  XXH  ,QJNH,DELZ  ARE  DEFINED  AT  HALF  STEP 
X,Y, STRESS,  E,  P,  SURTa,  AREAXD  ARE  DEFINED  AT  FULL  STEP 
CLIN-0.5 
KE=KPR=JE=0 
IHEAD=KHEAO= 1 
IR*  1 

JM2=(JMAX*l)/2 
AI SUM=AICAPAS*A1BIS=0. 

IF  (ICYCLE  .  GT  •  II  GU  TO  15 

TMASS=RHUI 1  )•( XI  1  ,  JMX)*Y (1 , JMX 1  **2-2 . / 3 . *Y( K  INI  ,JMX)**3)/V(2,2) 
RAVG=Y|KINT , JMX ) 

00  10  1=1,225 
GAMII 1=0. 

TXXQ*TYYW*TXYR=TTIW=ER=VR=PH*QQNH=SPSQ=XUNH=YDNH*0. 

CONTINUE 

IF  (MOOI ICYCLE,  1PRINTI  .EQ.  0)  I  HE  AU  =  2 
IF  (MOOIICYCLE.KPRINJ)  .EQ.  0)  KME AD=  2 
IF  (NJEO  .EQ.  0)  GO  TO  40 

IF  UEOMJE  +  ll  .GE.  KM1N  .OR.  JE  .GE.  60)  GO  TO  35 

JE=  JE+ 1  S  GU  TO  32 

JE=JE«-1 

CONTINUE 

DTSQM=1 . 

SPM IN=  1  • E2  5 

UO  900  K  =  KMl N  *KMAX 

KM  1*  K-l 

KPl«  K»l 

00  BOO  J* l , JMAX 

JP1=  J»l 

JM 1 *  J-l 

IM=M( K , J  ) 

IF  HR  .NE.  I  .UR.  K  .NE.  KM  INI  GU  TO  200 

SX(Ji=XH(KMl,JI*X(KMl,JI 

SY ( J )=YH I KM1  ,  J ) =V ( KM1 , J  ) 


SWEP0010 
SHEP0020 
,  SW  EPOO  30 
SMEP0040 
SREP0050 
SWEP0060 
SREPOO  70 
SREPOOdO 
SMEPC090 
SR  EPO 100 
SHEP01 10 
SR  EPU  1 20 
SWEP01 30 
SR  EPO 140 
SrEPOI 50 
SR  E  Pc  160 
SREPOI 70 
SREPOldO 
SREP0190 
SREP0200 
,  SHEP0210 
•SREP0220 
SMEP0230 
, SHEP0240 
, SREPU250 
SREP0260 
SREP0270 
SREP02B0 
SREP0290 
SwtPu 300 
S  nEPO  3  10 
SREP0320 
SREP0330 
SR  EPO  340 
SREPU3S0 
SR  EPO  360 
SREP0370 
SREPODdO 
SHEP0390 
SREP0400 
SREP0410 
SREP0420 
SREP0430 
SREP0440 
SREP045O 
SREP0460 
SREP0470 
SREP04BO 
SREP0490 
SREP050O 
SREP0510 
SREP0520 
SREP0530 
SREP0540 
SREP0550 
SREP  0  560 

SREP057U 

SREP05d0 

SREP0590 

SWEP0600 

SREPGslO 

SREP0620 

SREP0630 

SREP0640 

SREP0650 

SREP0660 

SREP0670 

SREP06B0 
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******* 


FIN)  STRESSES  AND  MASSES  ARCUNU  POINT  -K.J- 


C** 

240 


C 

250 


GO 

1=4, 


TO  2  50 

LUWER  RIGHT 


wU  Al)K  AN  T 


YO  =  0.25 
Y23  =  0.5 
Y24  =  0.5 
v34  =  0.5 
OY24 
AX  X  = 

A  Y  Y 
A 


XO  =  0.25  ♦  ( Al  FX2FA3FX4) 


FX 

FY 


FX 

FY 


280  CONTINUE 

C 

c  ******* 

c 

300  XN  =  XIK.J) 
YN  =  Y  (  K .  J  > 


COMPOTE  NEW  POSITIONS  ANO  VtLOCIflES  AT  POINT  -K.J- 


SWtPOtYO 
SwEPO  70o 
SW  tPO  7  lo 


200 

FX 

=  FY  =  AMASS 

=  c  • 

SkEPO  720 

00 

280  1=1,4 

SWEP07 30 

go 

TO  ( 210,220, 250,240  I  I 

SwEPO/40 

c** 

1=1 

,  UPPER  nIGHT 

CUAURANT 

SWEP075O 

210 

IF 

(J  .  EQ .  UMAX 

•  UR  .  K  .tU.  KMAX I  GO  TO 

280 

SwEP0760 

XI 

=  XIKPI ,JP1 ) 

*  Y I  =  YIKP1.JPU 

SWEP07  70 

X2 

=  XIK.JPl) 

*  Y2S  -=  Y2  =  Y  (  K  ,  JPI  1 

SwtPG?80 

X3 

=  XIX, J) 

$  V  3  =  Y  I  K,  Ji 

Sw£P07Y0 

X4 

=  XIKPI, J) 

$  Y4  =  YIKPl.J) 

SWEP0800 

JJ 

=  JP1 

$  KK  =  KPI 

Sm  P08iO 

GO 

TO  250 

Sw  t.Pwd  2u 

c** 

1  =  2 

UPPER  Li.PT 

OUAORANT 

SrEPU830 

220 

IF 

(J  .Eg.  JMAX 

.OK.  (K  .EO.  1  .ANO.  J  . 

oE.  JM2 I ) 

TO  280 

S  W  EP084O 

IF 

(K  ,Nt.  II  GO 

TU  225 

SwbPUdBO 

C 

SPECIAL  EXTERNAL 

PRESSURt  BOUNDARY 

SRtPOdfaO 

FX 

=  -STRESS  *  (Y(K,JP1)**2  -  Y1K,JI**21 

/  4. 

f  FX 

SwtPCd  70 

GO 

TO  280 

S  rc  PoB  80 

C 

NORMAL  PATH 

SWtPOdYO 

225 

XI 

=  XtKMI , JP1 ) 

A  Y 1  =  YIKMltJPlI 

SrEPLYOO 

X2 

=  XIKMl.J) 

A  Y2  =  YIKM1.J1 

SrtcPGYlO 

X3 

=  XIK.JI 

$  Y3  =  Y  (  K,  J) 

SWEPO Y^O 

X4 

=  XIK.JP1I 

A  Y2S  =  Y4  =  Y(K.JPl) 

SWtPOYJJ 

JJ 

=  JP1 

*  KK  =  K 

SwEPUY4J 

GO 

TU  250 

SWEPjYSU 

C** 

1  =  3 

LOWtR  LEFT 

OUAORANT 

SnEPOYbO 

230 

IF 

(J  .EO.  1  .UR 

.  (K  .Eg.  1  .ANO.  J  .G.. 

JM2)  I 

GO 

r  o 

28o 

SutPOY 70 

IF 

(K  .NE.  1)  GO 

TO  235 

SwEPOYbO 

C 

SPtCiAL  EXTERNAL 

PRESSURE  BOUNDARY 

SwEPOYYu 

FX 

=  -STRESS  *  IY(K,J)**2  -  Y I K , JM1 J  **2  1 

/  4  . 

F  FX 

SwlPIOOO 

GO 

TO  280 

SwEPlOlJ 

235 

XI 

=  XI  KM l , JM  1 1 

*  Yl  =  YIKM1.JM1 I 

jR  EP 10  20 

X2 

=  X(K.JMl) 

*  Y4S  =  Y2  =  YU, JMI) 

SWEP 1030 

X3 

=  X(K,„) 

A  YJ  =  YIK.JI 

SWEP 1040 

X4 

=  XIKMl.J) 

A  Y4  =  YIKM1.J) 

SWF,  .050 

JJ 

=  .1 

A  KK  *  K 

SwtPiooo 

SwtP 10  70 
SWtPlOdO 


IF  (J  .Eg.  1  .UR 

.  K 

.EO.  KMAX)  uU  TJ  280 

SWtP 10 YU 

XI  =  XIKPI, JM1J 

A 

Y  1  =  Y'l  KPI  ,  JMI.  I 

SwEPllOU 

X2  XIKPI  i  J  I 

A 

Y2  =  YIKPl.J) 

SWtPll  10 

X3  *  XIK.JI 

A 

Y  3  =  YIK.J) 

SWtP l 120 

X4  =  XIK.JM1I 

Y4S  =  Y4  =  YIK, JMI) 

SwEPl 1 30 

JJ  =  J 

A 

KK  =  KPI 

SW  E  P  l 40 

COMPUTE  AREAS,  FURCES 

ANO  MASSES 

SwtPl 1 50 

I YIFY2FYJFY4)  A 
1Y2  ♦  Y3I 
IY2  ♦  Y4) 

I  Y  3  ♦  Y  4 ) 

Y  2  -  Y4 

0Y24  ♦  I  Y24  ♦  YJ)  /  4. 

(  <Y23fYU)*I X0-0.5*! X2FX31  )  -  ( Y J4FYCI * ( XU-0 . 5 *  1 X3 FX4 ) )) /2 . 
•X0-X3)*0Y24  ♦  2.*X2*( Y34-Y0)  f  2  .  *X4 *  I YO- Y23 ) 

Y2- Y3)  -  X3*OY24  ♦  X2MY3-Y4) 

7 5*1  AO+A  31 
R  .  J  J  ) 

AMASS  ♦  RhG( IMAJ/VIKK, J J) *(A0*l Y24fy3fYO)  f 
Ai*(V24*2.*Y3l)/24. 

F  TXYIKK, JJ)*AYY  ♦  TXXIKK, JJ )*AXX 

f  TYYIKK, JJI*AYY  f  TXY I KK . J J ) ♦ AXX  -  TTTIKK,JJ)*AXY 


SW  E  F  1 1  GO 
SwtPl 1 70 
SwtPllBO 
SwEPl l YO 
SwtPUOO 
SwEP 12 10 
SWtP122J 
SntPUJO 
SWtPl24u 
SW  tP 12  5U 
SWEP1260 
SwEP 12  7u 
SWEP1280 
SwtP  12Yu 
SwtPiJOO 
SWtPlilO 
SwEP I  520 
SWEP1330 
SWEP 1340 
SWEP1350 
SWEP1360 
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C  COMPUTE  NEW  AkEAS  FUR  VELOCITY 
IF  (  J  .  Eg.  JMl  I  HI  I  Y2S  =  YN 
IF  (J  .tO.  II  Y4S  =  0. 

AREAXU  =  ( Y2S*Y4S«-2.*YN)  *  (Y2S-Y4S) 

IF  IJ  .GT.  1)  GO  TU  305 

C  ZERO  THfc  -Y-  VALUES  ALONG  Tht  LINES  OF  SYMMETRY. 

YNW=YNH=YON  H= AL FA= YDtF =0 . 

GO  TU  31 A 
305  CONTINUt 
YONH  =  0. 

IF  (J  .GE.  JM2  .AND.  K  .EU.  1)  GO  TU  312 
YUNH  =  YOU ( K  t  J  I  ♦  UELTN*FY/ANASS 
312  YNW  =  YN  ♦  YONH*UELTH 
YNH  =  I YN* YNW  1/2.0 
31A  IF  (J  ,EO.  JMAXI  GO  TO  320 

XONH  =  XJHU.JJ  ♦  UELTN*FX/AM4SS 
GO  TO  325 
320  XJNH=  XD 1NT 
325  XNW  =  XN«-XONH*OtLTH 
XNH  =  ( XN  ♦ XNW 1/2.0 

C  ROUTINE  FOR  CONSTANT  STRAIN  LN  LUTtK  BOUNDARY 

IF  (J.G1.  1  .AND.  K  .GT.  1)  GO  TO  340 

IF  (K  .GT.  D  GO  TO  330 
IF  (J  .  NE.  JM2)  GO  TO  600 
Xl)A=X0  (  2  I 
XA=XN*XCA*OELTH 
XAH= . 5* ( XA *XN  I 
00  337  1=1, JM2 
SX ( I  I =X A 
XHI  1,  I ) =XAH 
XDHIl.l  )  =X0 A 
337  CONTINUE 
XNW=XA 
XNH=X AH 
XUNH=  XUA 

330  IF  (J  .EU.  1  .UR.  K  .Eg.  1)  uQ  TO  600 
C 

C  *******  COMPUTt  NEW  ARtA  AND  VULUML  FOR  CtLL  -K,J- 

C 

3A0  Xl  =  XNW 

X2“ SXC  J  I 
X3«X(KM1,JM1  I 
XA=SX( JMl) 

Y l  =  YNW 
Y2=SY I J) 

Y3  =  Y(KM1,JM1  | 

YA  =SY I JMl I 
AN* AIK, J) 

VN= VI K , J I 
XA2  =  XA-X2 
YA2  =  YA-Y2 

A1 24*0.5*1  X4*I Yl-Y2l-X1*Y42*A2*IY4-Yl)l 
A2  3A=0 .5*1  X4*<  Y2-Y3 I *X2* I Y 3-Y4  )*X3*Y42  I 
AW=  A12 A  ♦  A23A 
AH=  0.5*1  AW*AN  ) 

SORTA=ABS(Xl-X2  +  XA2*Yl-Y3-YA2)/A. 

VW  =  VC(JN*(  A 12  A*  I  YA*Y1*Y2I  *A234*(  Y3*Y4*Y2  )  l/VZIK,  JJ 
355  VH*  0.5  *(Vw*VN) 

OELVH  =  VW  -  VN 

IF  (ABS(OELVM)  .LT.  1.E-8I  0£LVH*0. 

DfcLVV  *  OELVH  /  VH 
"“JV  *  OELVV  /  OELTH 
C 

C  *******  COMPUTE  STRAINS  AT  HALF-IIMt  STEP  BACK 

C 

9  ECUN  *  0. 5*DtL  TH/AH 
XH 1  3  *  XNH  -XHIKMI.JHII 
XHA2  *  XHIK,JMI)-XH(KM1,J) 


SMEP1370 
SWEP1380 
SwtP 1390 
SWEP1A0U 
SWtP  IA  1U 
SwtP  1420 
SWEP1430 
SWtPlAAO 
SWtP 1450 
SWEP1A60 
SWtP1470 
SwtPlAUO 
SW  EP 1490 
SWEP1500 
SWtP15 10 
SWcP  1520 
SWEP1530 
SWEP15A0 
SwtPlSSO 
SWEP1560 
SwtP157u 
SW tP 1560 
SWEP1590 
SW  E  P  16  00 
SWEP1610 
SMEP1620 
SWtP 16  3  0 
SWtP loAO 
SwtPlb50 
SW  tP 1660 
SWtP16  70 
SW  EP  1660 
SWEP1690 
SW  EP 1 700 
SWtPl/lU 
SW  EP  1 720 
SWEP1730 
SWtPl 7  40 
SWcPl 750 
SWEP1760 
SWtP17  70 
SwtP 1 780 
SW  tP 1 790 
SwtP 1800 
SW  t  P 16  10 
SwtP  1620 
SWEP1630 
SW  tP 18A0 
SWEP1850 
SW  t P 1860 
SWEP1870 
Sw  EP 1 8  80 
SWtP 1890 
SWEP 1900 
SwtP 19 10 
SWEP1920 
SW  tP 1930 
S W t PI  940 
SWEP 1950 
SWEP1960 
SwtP  1970 
SWEP1960 
SWEP1990 
SWEP2000 
SWEP2010 
SWEP2020 
SWt P20 30 
SWEP20A0 
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YH 1  3  =  YNH  -YIIIKM1, JMl) 

YH42  =  YH(K,JM1)-YH(KM1, J) 

XDH 1 3=  XDNH  -  XDH(KMl,JMl) 

XDH42=  XOHIK.JMI)  -  XOH  (KMl.Jl 
Y0H13=  YUNH  -  YDH(KM1,JMI) 

YDH42=  YDHlK.JMl)  -YDH(KMl.J) 
fcXXH  =  tCON* (  XDH42*YHl  3- Y  H42 *X  DH1 3 ) 

EYYH  =-tC0N*(YDH42*XHl3-XH42*Y0H13) 

EXYH  =  tCON* (  YUH42*YH13-YH42*YUHi  3-XJM42  *  XH1  3  FXH42*XOH l 3 i 

etth  =  oelvv  -exxh—  tYYH 

c 

c  *******  COMPUTE  JtVIATUK  STRESSES  Af  PRESENT  TIME 

c 

SCUNC  =  0ELVV/3.0 
SXXN  =  SXXtK.J) 

SYYN  =  SYY(K.J) 

SXYN  =  SXY( K i J ) 

EN  =  E  (  K  i  J  ) 

ALFA  =  0.5*ECON*(YDH42*YHl  3- YH42*Y  0H13*XDH42*XH13-XH42*  X  JH  131 
ALFA  =  -  ALFA 
BETA  =  2*SXYN*ALFA 

SXXW  -  SXXN  *SCUN(  Mt*t  EXXH-ScUNU  *BtfA 
SYYW  =  SYYN  FSCONl l  M  )  *  (  E  Y  YH-SCUNC  I -tit  T  A 
SXYW  =  SXYN  *MU(  IM)*tXYH*-l  SYYN-SXXN) *ALFA 
STTW  =  STTI K,  J ) *SCON l  IM) *( E T TH-SCONC ) 

IF  (ETA ( l MI*FM( IM)  .oT.  0.)  GU  Tu  450 
C 

C  RUUTt  FUR  PtRFECT  PLASTICITY 

IF  (YCTIIM)  .tg.  0.)  GU  TO  4-30 
CY  =  l. 

IF  (YCTIIM)  .tg.  YCCIIMII  GO  TU  2-. 

IF  (  ABS  (  SXXW  I  .LT.  AbSISYYWI)  C.0  TU  M2  1 
SCUNC  =  SXxw 
GO  TO  22 

421  SCUNC  =  SYYW 

22  IF  I ABSI  S'  TH)  .or.  A  (AS  I  SCUNC)  I  SCUNC  =  SlTw 

IF  ( SCGNC  .LT.  0.)  23,24 

23  YC  =  YCC( IM) 

GO  TO  425 

24  YC  =  YCT ( IM) 

4  25  SJNW=SXXW*SXXWFSYYW*SYYw*5TTw*STTWf2  .♦SXYw*5XV'W 
IF  (SJNW  -  YC  .Lt.  0.1  GU  TU  490 
CY  =  SOKHYC  /  SJNW) 

SXXW  =  CY  ♦  SXXW 

SYYW  =  CY  ♦  SYYW 

STTW  =  CY  ♦  STTw 

SXYW  =  CY  *  SXYW 

GO  TU  490 
C 

C  ROUTE  FUR  VuCUUS  wCKK-HA RUEN I  NG 

450  SBPW=SBARP( K, J) 

SJNW-  1.5*1  SXXW*SXXW+SYYw*SYYW*STTw*STTW+2  .♦SXYW*  SXYW) 

SBW=S0RT(S JNW) 

C  CUMPARE  UEV I ATUrt  (  SBW )  WITH  YIELUISBARP) 

IF  (SOW  .EE.  SBPW  .  AiMl).  SBAK(K,J)  .Lt.  SBPw)  GU  Tu  490 
IF  ( SBW  .EU.  SBAR ( X , J ) )  GU  TU  490 
IF  (SBAK(KfJ)  .GT.  SBPW)  GU  TU  460 
C  SET  SXXN,  ETC.  TO  VALUES  AT  YIELD 

SSR=  C SBPW- SBAR  I  K, J) )/ (SBW-SBAKI X, J1 I 
SXXN=SXXN»( SXXW- SXXN) ♦SSR 
SYYN=SYYN+ 1 SYY w- SYYN ) ♦SSR 
$XYN=SXYNf( SXYW- SXYN I ♦SSR 
ST  TN=STT  IK  ,  J ) *  I  ST TW-ST T ( K , J ) ) *SSR 
460  CONTINUE 

C  FIRST  CYCLE  TO  COMPUTE  OtVIATUR 

DTP  =OEL  TH* ( A MAX l (SBPW, SBW) -AMAXU  SBPW, SUAR(K,J)))/( SBW- SBAR  l  K, J 
ALF=OTP*MU( IM) /tIAI IM) 


SUBROUTINE  SWEEPV  (Continued) 


SwtP2050 
SwtP2060 
SwtP20 To 
SWLP20BO 
SWEP2090 
Sw  EP2 loO 
SwtP2l lo 
Sw  EP2120 
Swt  P2 1 30 
SwtP2l40 
SWEP2150 
SwEP21oO 
SW  tP2 l  /O 
SWEP21B0 
S  wE  P2 1 90 
Sw  tP2200 
SwtPC2 10 
SW  tP2220 
SwtP2230 
SWEP2240 
SWEP2250 
SwEP22oO 
5wtP22  TO 
SwEP22dO 
SWLP2290 
SwtP230J 
Sw  EP  2  3  10 
S wt  P  2  320 
SW  t  P23  30 
SwtP23nJ 
SWEP23 30 
iwtP2360 
iwtP2  3  T o 
3WtP23dO 
SwtP2390 
Sw  tP240o 
SWEP2410 
SwtP2420 
SWE  P  24  30 
SW  t  P2440 
SWcP2430 
SwEP24t>U 
SwtP24  TO 
SwEP24dU 
SW  tP2490 
SWtP25U0 
SWEP2310 
SwtP2520 
SwtP2p 30 
SWEP2540 
SWEP2550 
SwtP2560 
SWEP25T0 
SwtP25dO 
SWEP2590 
SW  EP2o0u 
S  WL  P26  1  0 
SWEP2620 
Swt  P2630 
Sw  EP26  40 
S.wCj>2o50 
SWtP26oo 
SHF/..  3  TO 
SwtP2SB0 
SwCF2690 
)  Swt P2  TOO 
Sw  tP27  10 
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non 


BET=ALF/( l.*0.5*ALFI 

SXXA=SXXN*I-SXXN«-SBPW*SXXW/SBW*2.*ETA(  1M)  *  l  E XXH-SCONC  )  /UE L  IH  )*Bt T 
SYYA=SYYN*(-SYYN*SBPW*SY¥W/SBW*2.*ETAIIM)*I  cYYH-SCUNC  I/UEITH)*BET 
SXYA  =  SXYN*l-SXVN*SBPw*$XYW/SBW*ETAI  IM) *EXYH/UEL TH) *BtT 
STTA=STTNM-STTN+SbPW*STTW/SBW*2.*ETAIlM)*tETTrt-SCUNCI/0tLTH)*8ET 
SB  A=  SORT  ( l  .5*1  SXXA*SXXA+SYYA*SYYA+STI A*STTA*2.*SXYA*SXYAI  ) 

C  COMPUTE  FACTOR  RELATING  PLASTIC  TU  TGIAL  STRAIN  -  oYM 

CYM=(  SBw-SBAI/l  SBh-SBARlK,  Jl  I 

OG ASSORT  I  1. 5*1  EXXH*EXXH«-EYYH*tYYH«-ETTH*ETTH«-.5*tXYH*EXYH)  I*CYM 
l  ♦l.E-10 

C  ADJUST  YIELD  STRtSS  FOR  WORK  HARDENING 

GAMW=GAM(K, JI+ABSI JGA I 

SBPW=GAM«*FM( IM|/( l.+FBI IM)*GAMWI  ♦  YCCl IMI 
C  SECOND  CYCLE  TO  COMPUTE  UtVIATUK 

DTP=DELTH*(AMAX1(SBPW»SBWI-AHAX1(SBPW*SBAR(K|J) } ) / ( Sdw-SUAK (K, J) I 
ALF  =  OT  P*MU(  IMI/ETAI IMI 
BE  T  =  ALF / ( 1 .♦0.5*ALF) 

SXXW=SXXN*  (-SXXN*SBPW*CYM*EXXH/UGA*2.*ETA(  IM)*(EXXH-SCUNC 1/UtLTHl 
l  *8ET 

SYYW=SYYN<  I-SYYN*SBPW*CYM*£YYH/UGA  +  2.*ETA(IM)*IEYYH-SCONC l/UELTH) 
l  *BE  T 

STTw=STIN*I-$TTN*SbPW*CYM*ETTH/DGA»2.*ETAI  1M)*IE!TH-SCunCI/dELTh1 
1  *BET 

SXYW  =  SXYN+(-5XYN«-.5*SBPW*CYH*EXYH/DGA*ETA(  lM»*EXYH/UtLTH)*BET 
SB8-SWRTI1  .5*1  SXXW*SXXW*SYYW*SYYW*STTW*S1TW*2. *SXYW*SXYWI ) 

C YMB= I SBW-SBB)/ I SBW- SHARI K, JI I 

DGA»UGA*CYM/CYMO 

GAMCK, J)*GAH(K, JI*ABSIOGAI 

SHARP! K,J)  =  GAM(K,J)*FM|  I M ) / I  1 . +  FB I  I M I *G AM  I  K , J ) ) ♦ YCC I  I M ) 

SOAR I K«  JI- SHB 
490  CONTINUE 

*******  COMPUTE  0,  P,  E  AND  TOTAL  STRESSES  AT  PRESENT  TIME 

ARTIFICIAL  VISCOSITY  COMPUTATION 
QQNH  =  -RHOI  I  M I / VH*VOQV* I COSJ*  ABS I  AH) * VDUV-CL  IN*SURTA*SPI IMI I 
3082  CUNTINUE 

C  DISTOKTIONAL  STRAIN  ENERGY 

DEL2*  .  5*  VH*  I  (  SXXW+SXXNI  ♦  EXXHM SYYW  +  S Y YN I *E Y YH+ I  ST T to*ST T I K , JIJ* 
l  ETTH*(SXYW»SXYNI*EXYH)/RHUI IMI 
C  PRESSURE  CALCULATION  AND  ENERGY  CALCULATION 

ECON=(l.-VWI/VW 

PHUG  *  -ECONMCAI  IM  )  »ECON*  I  Col  lMI*tCUN*CCI  IM)  )  J 

PW  *  I PHUG* I l.-EQSTC(IMI*ECGN/2. I-EJSTGI  IM»/VW*I  I EN ♦DeL l )*RHU( IMI 
1  -gONH*DELVH)  I/I  1 . *EUST Gl  IM ) / VW*DEL VH J 
IF  (PM  ,GT.  PM  IN  I IM  I  I  WRITE  IB, 1004)  PW , 1 K , ICYCL E , T YME  ,  J , K 

pw  «  ammii  pw.pmin: imii 

EW  =  EN  +  UEL £♦(  P W*UCJNH I  *DEL VH/RHUl  IMI 
C  FIND  TOTAL  STRESSES  AT  PRESENT  TIME. 

TXXW  =  SXXW  ♦  P*  ♦  -JONH 
TYYW  *  $ YY W  ♦  PW  *  QCNH 
TXYW*  SXYW 

TTT*  =  STTW  ♦  PW  ♦  JONH 
C  COMPUTE  SOUND  SPEED 

EMODUL 1-0. 

IF  (UELVH  .EQ.  0.)  GO  TO  560 
EMUOULI  *  -PW/fcCUN  ♦  QUNH/ DEL V V  ♦  SCONIIMI 
560  SPSU*AMAXl ICAI  IM)*SCCN(IM)  f EMUUUL l )*VH/KHO(  IM) 

C  CHECK  FOR  MINIMUM  UELTH  AT  HALF  TIME  STEP  AHEADICHECK  FUR  STABILITY! 
0TSU*AMIN1(  1 1  Yl-Y3)**2*(Xl-X3!  **2  )/2.«(Y42*V42*X42*X42l/2.  . 

1  .25*((Yl-Y2-Y3  +  Y4l**2*(Xl-X2-XJ*X4»**2»  t 

2  .25*11  Yl*Y2-Y3-Y4)**2*IXl*X2-X3-X4)**2 II/SPSU 
IF  (UTSO  .GE.  OTSQMI  GO  TO  600 

KT*K  t  JT«J  t  IRT-IR 
OTSQM»OTSU 

IF  (DTSUM  ,LE.  01  GO  TO  950 
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SWEP2720 

SWFP27J0 

SMEP2740 

SWEP2750 

SM  EP2  ibO 

SWEP2770 

SM  EP27BO 

SMEP2  790 

SWEP2800 

SWEP2B10 

SWEP2B2U 

SWEP2B30 

SWEP2B4D 

SWEP2B5D 

SMEP2B6U 

SWEP2B7U 

SMEP2BBU 

SW  EP2U9U 

SWEP2900 

SMEP291D 

SWEP2920 

SWEP2930 

SWEP2940 

SmEP2950 

SWEP296D 

SWEP2970 

SWEP29BJ 

SwE  P2990 

SWEPiOOO 

SwtP301D 

SWEP3020 

SndP J03U 

SWEP3040 

SwEP  3050 

SWEP3060 

SwtP3070 

SwEP30B0 

SWEP309U 

SWEP31DU 

SWEP3I1U 

SWEP3120 

SWEP3130 

SWEP3140 

SWEP3I5U 

ShEP  3160 

SwEPJl 70 

SwE  P31 dU 

SWEP319U 

SWEP3200 

SWEP3210 

SWEP322D 

SWtP32 30 

SWEP3240 

SWEP325D 

SWEP3260 

SWEP3270 

SWEP328U 

SWEP329U 

SWEP 3300 

SHEP33 10 

SWEP3320 

SWEP33JU 

SWEP3340 

SMEP3350 

SWEP3360 
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c 

C  *******  MAJOR  PRINTOUT 

C 

600  GO  TO  (615,605,610,630)  IHEAO 

605  IF  (IK  .EU.  II  WRITE  <8,Lo00)  IC YCLE , T YME ,Ufc LTH ,  1  R I  ,KT , JT , CALT IM 
1  ,KM1N,KMAX ,KREO,KCUT 
610  WRIT  (8,1002)  IH , K , XN W , YN  W 
IHE7  3  =  4 
GO  TO  640 

615  GO  TU  (640,620,625 ,6301  KHEAD 

620  IF  ( I R  .EU.  1)  WRITE  (8,  1000)  ICYCLE,IYME»ULLTH»1KT , KT , JT  ,  L  ALT  i  rt 
1,KM1N,KMAX  .  KKEO , KCUT 
625  KHEAD*  3 

IF  (K  .Nt.  KEO(KPR)  .UR.  IR  .NE.  KEUR ( KPK )  )  GO  To  640 

KHE  AU=4 

KPR=KPK*l 

WHITE  (  8,1002)  1 R ,K , XNW , YN  W 

GO  TO  640 

630  WRITE  (8,10031  J , XNW , YNW , T XXW, T Y YW, TX YW, T T I w, EW,  Vw ,  PM  ,  UONH, iPiU 
1 , XDNH, YDNH 

IF  ( J  .NE .  JM( IK) I  GO  TU  640 
IHEAO- MAXO (  IHEAO- 1 , 1) 

KHEAD=MAX0( KHEAD-1 ,1  ; 

C  AVERAGE  RADIUS  ANU  VELUCIIY,  LATERAL  STRESS 

640  IF  <K  .Ne.  2  .OK.  J  .LE.  JM2)  GO  TC  643 
IF  (J  .GT.  JM2* 1 )  GU  TO  641 

SL  A  T  =  V VU I OW  =  0  . 

641  SLAT=SLAT*TYYW*(X2-X3) 

IF  (J  . EQ .  JMAX)  SLAT=SLAT/tX(KlNT,JMAX)-XA) 

643  IF  (K  .NE.  Kl  NT )  GO  TU  647 

VVdIUW=VVU lUW+l X1-X4) »( Y 1* *2* Y 1  * Y4 ♦ Y4 **2 ) 

IF  (J  .EU.  1)  VVUl0w=0. 

IF  (J  .LT.  JMAX)  uO  TU  647 
IF  (ICYCLE  .GT.  1)  GO  TU  645 

VVA=2./3.  *<  .5*1  XI  KINT,  JMAXl-XIMNT,  i  )*Y(KINT,  JMAX)  }  )**3/VV01 0* 
VVC= (  l.5*AbS(VVA) )**(1 ./3. ) 

YSU=Y( 1, JMAXI**2 
PRINT  1  645  ,  VVA , V VC 

1645  FORMAT  (*  VVA=*E10.3,*  VVC=*E10.3) 

645  VT  =  YSQ*( XI K  INT, JMAX )-XA  ) 

VV=VVA*VV01UW 
VS=< VT-VV) /THASS 
V8AR-VT/TMASS 
RLLV=VV/VT 

KAVGW* VVC* (  AriS  (  V  VO  I OW  I  )**(  L./J.) 

VA VG= (RAVGW-KAVC)/U£LTM 
RAVG*  R AVOW 


S«LP33  70 
SWEP 3380 
SWEPJ390 
SwEP34u0 
SW  E  P  34  10 
SWEP3420 
SWLP3430 
S  wE  P3440 
SWLP3450 
SWEP3460 
SWEP347J 
SwEP  3460 
SWEP3490 
SwEP  3500 
SwEP35  1J 
SwEP  3520 
SWEP35 30 
SWEP3540 
SwtP3s50 
SWEP  3560 
Sw£P35  70 
SwEP 3580 
SwtP3590 
SwEP3oJ0 
SwePTolO 
SW  E  P  3620 
SwcP3ojO 
SwtP3640 
SwEP 36 50 
SwtP3o60 
Sw  EP  36  7  J 
S  wt  P  36  80 
SWEP3690 
SnEP3/00 
SWtP3710 
SwEP  3  720 
SWEP373J 
SweP  3  740 
SwEP3  750 
SWEP  3  7 60 
SWEP37  10 
SWEP3/80 
SWEP3790 
SwEP380U 
Sw  E  P  58  10 
SwEP  3820 
Sw  EP 38  30 


646 


647 

660 


SUMST=0. 

00  646  J J*  2  » JM2 

SUMST=(SXX(2,JJ)*P(2»JJ)  )*IY(l  ,  J J)**2-Y( l , J J- 1 )**2 ) <  SUMS! 
STRESS=SUMST/Y( l,JM2)**2 
PAVG=<  STKtSS*2.*SLATI/3. 

SO A VG  =  STKE  S  S-PAVG 
CUNT  INUE 

IF  (K.NE.JE0K1 JE)  .UR.  J.  NE . JEU J ( JE )  . OK.  1 K .NL . JLCK ( J t )  )  GU  TO 
JEOTYPE=JEUT(JE) 

GO  TO  (671,672,673,674,675,6 
L  685, 686, 687, 688, 689, 690, 69 


76,677,678,679,680,631,682,665,66*, 
1,692,693,694,695)  JEOTYPE 


S  WL  P  36  4  J 
SwEP3d50 
SwEP  3660 
>wEP36  70 
SwEP  36  80 
SWEP3690 
SWEP3900 
70JSWEP3910 
Sw  t P392 0 
SWEP393J 
SWEP5940 


671 

SJUEI  =  (  SXXW+PW)*!  .E-9 

4  JE  = 

JE 

* 

1 

4 

GO 

TU 

660 

SWEP3950 

672 

SJ(JE)  =  ( SYYW+PW)*l.E-9 

4  JE  * 

JE 

♦ 

1 

4 

GU 

TU 

660 

SWEP3960 

673 

SJ  ( JE I =  SX YW 

*  1 .E-9 

$ 

JE* JE ♦ 1 

4 

GO 

TO 

660 

SWEP  39  70 

6  74 

SJ(JE)  =  l STTW*PW)*l.E- 9 

4  JE  * 

JE 

♦ 

l 

4 

GU 

TO 

660 

SWEP  i960 

675 

SJ ( JE 1 =  SXXW 

*  1 .E-9 

4 

JE=JE+l 

4 

GO 

TO 

660 

SWE  P  3990 

676 

SJUEI*  SY YW 

* l . E-9 

t 

JE* JE* 1 

4 

GO 

TU 

660 

SWEP4uO J 

677 

SJUEI*  STTW 

*  1 .E-9 

4 

JE  = JE *1 

4 

GO 

TO 

860 

SwEP40l0 

678 

SJ( JE (=  PW 

*  1 . E— 9 

i 

JE=JE*1 

4 

GO 

TO 

660 

SweP4o20 

679 

SJUEI*  O'INH 

♦l.E-9 

$ 

JE  =JE  *1 

4 

GU 

TO 

660 

SwEP4030 
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680 

SJI JE I  =  SORT 1TXYH*TXYHF.25*ITXXH-TYYH)**2)*1 

.E- 

-9 

SHEP4040 

JE=JEfI  »  GO 

TO 

660 

SHEP4U50 

681 

SJI JE)=STRESS  M.E-9 

* 

JE*  J£f  1 

i 

GO 

TU 

660 

SNCP4060 

682 

S J 1 JE)  =  SLAT  *l.E-9 

i 

JE= JE* 1 

$ 

GO 

TU 

060 

SHEP4070 

683 

SJ  ( JE  I  =PAVG  *1 • E-9 

JE=  JE*  l 

3 

GU 

TO 

660 

SWEP40  80 

684 

S J 1 JE 1 *  SOAVG  *l.E-9 

3 

J  E= JE  f  l 

3 

GO 

TU 

660 

SWEP4090 

685 

SJ  ( JE J-VAVG  *l.E-5 

3 

JE* JE  Fl 

3 

GO 

TO 

660 

SmEP41 00 

‘  86 

S J I JE) -RAV  G  *  1 . E  *4 

3 

J  £  =  JEf  1 

3 

GO 

TO 

66  0 

S*EP41 10 

6o7 

SJI JE)=VS 

3 

JE  *  JE  Fl 

3 

GO 

TO 

660 

S«EP4l20 

688 

SJI  JE  1-ViJAR 

S 

J  E= JEf l 

3 

GO 

TO 

660 

SHEP413J 

689 

SJI  Jfc)=RELV 

3 

JE*  JE  Fl 

3 

GO 

TU 

oo  0 

SHEP4140 

690 

Sj ( JE ) -  S8H*l.E-9  3  JE 

=JE*1  3  GO 

10 

660 

SheP415u 

691 

SJI JE)=SUPH*l.L-9  $  JE 

*  J  E  F 1  $  GO 

TU 

660 

SHEP4160 

692 

SJIJEI*XNW  *I.Ef4 

t 

JE*  JEf  1 

3 

GO 

TO 

660 

SHEP4170 

693 

S J I JE) - YNH  *  1 • c  *4 

S 

J  E  *  J  E  f  1 

3 

GU 

TU 

66  0 

Sh  EP4 180 

694 

SJI  JL J  =  xONH*t.E-5  t  JE 

=  JE» 1  3  GO 

TO 

660 

She  P4 1 90 

695 

SJI JE)*YONH*l. E-5  $  JE 

*J  E*  l  3  GO 

TO 

660 

SHEP42 00 

700 

CONTINUE 

SHEP421U 

C 

SHEP4220 

c  *******  Transfer  ne*  values  to  array* 

SHEP  4230 

IK  IK  .LU.  1)  GO  TO  720 
XI KMl »  J )  =  SXIJ) 

YlKMl.JI  =  bYl J  > 

720  SXIJ)=XNH 
SY ( J) *YNH 
XH(  K,  J)  =  XNH 
XUHIKt JI*X0NM 


S  Ht  P42  40 
SHEP4250 
SHEP4260 
SHEP42  70 
ShEP4280 
SHEP4290 
SHEP4300 
SHEP43  U 


YH  (  K ,  J  I  =YNH 
YUH1K,JI=YDNH 

IF  (J  .Ed.  1  .OK.  K  .LU.  II  GU  TO  dOO 
A(  K  •  J  |  =  AH 
VIK.JJ  =  VH 
P(K,J)  *  PH 
E  (  K i J  I  =  EH 
SX X | Kf  J )  =  SXXH 
SYYIK.J)  *  SYYH 
SXYIK.J)  =SXYH 
STTIK.J)  =  ST  TH 
TXXIK.J)  *T  XXH 
TY Y( K ( J  I  =  T YYH 
TXY(K,JI  =TXYH 
TTTlK.J)  =  T  TTH 
C  END  CF  J  LOOP 

800  CONTINUE 

IF  IK  .NE.  KMAX)  GO  TU  900 

C  AOO  IN  MOTION  UP  PRUJEcTILE  FOR  NONACTIVE  CELLS 

IF  (  IK.E0.2.ANO.K.LT.KM(2)  .ANJ  .  K  .  LT . KCUT I  810,850 
810  ECON  =  XNH-XIK, JMAX) 

TOON  =  XNH-XH(k,JMAXI 
KKK*MIN0IKM(2 ) *KCUT I 
OO  840  IK  *  KPl.KKK 
JJ.J  =  JM(  2  1 
DU  830  J=1,JJJ 
X(IK,JI  *  X  1 1 K • J ) ♦ECUN 
XH(IK,J»=  XHI IK.JIfTCUN 
830  CONTINUE 
840  CUNTINUE 
850  CONTINUE 

DU  4004  J*1 (JMAX 
XIKMAXtJ)  *SXIJ) 

YIKMAX.JI  *SY ( J I 
4004  CONI INUE 
C  ENO  OF  K  LOOP 

900  CONTINUE 

OE  L  THH*SdK  T I OT  SOM) 

RETURN 


SnEP4320 
SHEP4J30 
SHEP4340 
SHEP4350 
SHEP43oO 
SHEP4370 
SHEP438U 
SHEP439U 
SHEP4400 
SHEP4410 
SHEP4420 
ShEP443u 
SHEP4440 
SHEP4450 
SHEP4460 
SHEP4470 
SHEP448U 
SHEP44VJ 
ShEP450u 
SHEP4510 
SWEP4520 
ShEP45 30 
SWEP4540 
SHEP455J 
ShE  P45GJ 
SHtP4370 
ShEP4580 
SHEP4590 
SHEP AbOQ 
SHEP4610 
SHEP4620 
SHEP4630 
SHEP4640 
SHEP4650 
SHEP4660 
SHEP46  70 
SHEP4680 
SHEP4690 
SHEP470J 
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950  NSCKldE=l  SkbPWlO 

pri  m  i9  50,Kr,jr,iKr,vw,utLZ,D^.PK,rxxw,iYtw,ix'(’r.,riri«,bAA«,byyH,  oklp4  720 

1  sxYw,sTiw,vxxi<,vYYk«,YXYw,VTTw,Disg,sPSL,ObLVV  s.,tP4/3J 

2  , Yl ,Y2 ,Y 3 ,Y4,X1 , X2.X3, X4,Y42,X42  ;>KbP4/40 

RETURN  SkbP47‘jJ 

C  3*tP47oO 

C  SWEP4  7  70 

1000  FORMAT  (13H0****  ICYlL  b  -  I  4  ,  *  f Y Mb =*t 1 0 . 3  ,  *  ObL I H-*  L  10. 3 ,  *  IkI.KT,  SWEP47dO 
l AND  JT  =  *3  I  4*  *f  CALI lM=*tlO.  3,*  KM  IN , KM AX , KK b 0 , KCUT  =  *4 1 4  I  SrftP479j 

1001  FORMAT  < 15HJlNTLKPACb=CUL.,l4)  SHbP4dJ0 

1002  FORMA!  I*  Kb  0 1  UN  *12,*,  K-UL  .  *  1 4 ,  1  OX  ,  *  X  (  J  =  1  I  -*t  1  0 . 3 ,  *  ,  YIJ=1  )=*cbWLP40lU 

l 10.3,1 JX,*X,y  IN  CM,  STRESS  IN  JYN/CM2 *  ,  ShbP4«20 

1  /♦  j  x  y  ixxh  tyyr  ixy„*,  ♦  s*ep4b30 

2  TTTW  LW  VH  PW  UQNH  SP  S  w  X  SW  EP4840 

3DNH  YU  NH* I  3«bP4a30 

1003  FORMAT  (15,13110.3)  SdbP4d6J 

1004  FORMAT  (*  PRESSURE  =*E10.3,*,  1K=*I2,*,  I C YCL E=* i 3 ,* ,  T  YMb  =  *c 10.3S«bP4o/0 

1,*,  J  =  *I  3  ,  *  ,  K  -  ♦  1 2  ,  2  0  X  ,  * - * — *1  S„tP4ddO 

1950  FORMAT  (*  bRRJR  FINISH  AT  K=*I3,*  J=*(3,*  IR=*[3,/*  V^*l1u.3,  SMbP4d90 

1  *  UE  L  2=  *C 1 Q. 3 , ♦  L  =  *E10.3,*  P  =  *E1U.3,*  I=*4bl0.3,/*  S=*<,tl0.i,  S„cP4900 

2  *  V=  *4  E 1 0 • 3,/*  UTSU=*bl0.3,*  SP  Sw=  *L  10 . 3  ,  *  UE L V V= *t 1 J . 3/  SdbPs4lu 

2  *  Y  ~  *4t 1 0 • 3 , *  X=*4L1U.3<*  Y42=*L10.3»*  X42=*E1J.3)  i„bP492U 

bND  SREP4930 
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Subroutine  SWEEPV 


© 


The  routine  computes  positions  anti 
stresses  of  afl  cells  at  each  call. 
It  is  called  by  VOID  at  each  time 
step. 


Initialize  print  variables  for  each 
cycle  and  initialize  TMASS  and  CAM 
on  first  cycle. 


Begin  loops  to  compute  new  positions 
and  stresses  for  each  (K,  J)  value. 


For  each  coordinate  point  compute 
the  stresses  and  masses  of  adjacent 
cells. 


Compute  the  new  coordinate  velocities 
and  positions  from  conservation  of 
momentum. 


Compute  new  area  and  volume  of  the 
roll  IF,  I) 


Compute  strains  during  time  increment. 


Compute  elastic  deviator  stresses. 


Test  for  type  of  yielding  model  to 
use.  If  viscous,  work-hardening  is 
used,  then  go  to  450. 


Perfect  plasticity  route  for  computa¬ 
tion  of  yielded  deviator  stresses. 
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Tost  deviator  stresses  for  yielding. 


Reset  SXXN  to  deviator  stress  at 

yielding . 


Compute  first  estimate  of 
yielded  deviators. 


Compute  first  estimate  of  plastic 
strain. 


Compute  second  and  final  values 
of  deviator  stresses. 


Compute  plastic  strain  and  yield 
strength . 


Compute  the  artificial  viscous 
stress,  pressure  and  energy. 


Compute  total  mechanical  stresses. 


Compute  the  square  of  sound  speed 
and  the  square  of  the  permitted 
time  step. 
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Print  coordinate  positions  and 
stresses  if  required  by  the  print 
controls . 


Store  computed  quantities  in  the 
SJ  array  as  required  by  the  JED 
input  cards.  The  SJ  array  is  stored 
on  tape  after  each  computation  cycle. 


Reset  the  array  variables  with  the 
local  variables. 


The  permitted  time  step  for  the  next 
cycle  is  computed  from  the  smallest 
value  of  DTSQ. 
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50 

100 

13b 

137 

1000 

l  iOC 
9999 


SUBROUTINE  SCKl BE  < T  IMEO)  SukdOOlO 

REAL  MU, MOON  SCkd002o 

COMMON  CA(4),Gd(4),CC(4),EJSTE(4l,E0STG<4),t0bTH(4)  ,  AM  A  II  9 1 ,  MU  l  <♦ )  ,  SuRBGU3o 

1  RHOI 4) ,  YCCI4) , YcT<4) .MC0NI4I , SCGN<4) , PP1NI4) ,SPI4)  SCKB004J 

2  ,FM(4 I ,FB (4  I ,E  TAI4)  ScKBUObO 

COMMON  I  MAX,  1  PRINT , 1 CYCL  E , K 1 N I , KM  10 , KMN , KMX ,  JMX , 1  KM AX , IkT ,KT  »JT ,  SCKBOOoO 

1  K  WF , I  STATE, I F  L AG, J1 , M I KK • I JBUNO, IF CUT , CREO.UKM IN  ,KcU T ,L ALPHA  ,  ScHBOO  TJ 

2  NO  1 M  SCRdOOdO 

COMMON  NKED.KPK INI ,KEOR( 2U I , RE  0 ( 2 0 ) , N Jt 0 , J b OR (  60 ) , J 1 0 T ( 60 ) ,  SCRBQ090 

1  JEDKI60)  ,  JtUJ(60)  ,NSCK  iat,NJKEU,KE01T<  120)  SCKBUlOO 

COMMON  R<  1^0  )  ,  SK(  20  )  ,SJl  60  )  ,XL)K(2G)  ,VM20)  SCRBOUO 

COMMUN  JM(  2  ) ,KM( 2 ) , AREA! 2) ,0tlX( 21 ,OCLY, XL)  I  2 ) , VCUN.COSw, STRESS  SCHB0120 
COMMON  TYME.XU1NT  ,0  tL  TN  ,0E  L  TH ,  Ofc  L  THb  ,Dt  L  I M 1 N  ,  0 1  SC  P I  (101  SCRdOl  30 

COMMON  CAL  T  1  M  SCRBOUO 

COMMON  AX(  4b, 1 b)  ,  AXH(  4b,  1  b>  ,  A  Xl)H(  45 , 1  b  I  ,  IMAUb.lb!,  ScRdUlbO 

1  A  Y I  4  b  »  1 3  I  ,  AYH(4b , 151 , AYDHl 45, lb) ,  AL(45,15),  SCkdUloJ 

2  AA(  4b , lb),  A V ( 4b • 1 b ) ,  AP(4b,lb),  SoRbOl/O 

3  ASXX(4b,lb ) , ASYV(4b, lb) , ASXYi 4b, lb) , AST T I  4b, l b)  ,  SCRB01B0 

4  AT  XXI  45,  15)  ,  AT  YY(4b,  lb)  ,ATxY14b,  lb)  ,ATTT  (4b,  lb)  ,  SckBOUO 

b  ASHARP(45,lb),ASBAK(4b,lb)  ,  A  V  7  (  4  b  ,  lb)  SlRBU2U0 

COMMON  OISCl  16) , S< 10,5d0( , T 1 M ( bBO) , 1N0( 7)  SCRB0210 

UIMENSION  I  A ( 24  I  Sckb022u 

EQUIVALENCE  (  lA.LMSCPTI  3)  )  SCRB023U 

01  MENS  ION  SM2C  (  120) , SMN (  120) , SMX J 1 1 U) , S MN J I  10)  ,  SMXKI  3) , SUN A (3)  SCkbu240 

RE  W I  NO  4  SCR13U2  bO 

NSCR I d  E=N 1=1  SOKU0260 

N2  =  MI NO  I Nl *  9.NJKE0)  SLRd02 70 

00  100  NP= l, ICYCLt  dCRB02d0 

REAU  <41  N, I, Ikll ) , l=l,NJKEO»  SCRBO290 

.EC.  1)  WRITE  ( 8,  1000  )  U I SCPI ,NsCkI bE  ,  (KtOI T ( I ) , UNISCKB0300 

SCKB03 10 

WRITE  (B.llOOl  N, T, ( R< I ) , l=Nl,N2)  SuKd0320 

REWINO  4  SCRdO J30 

NUN2  +  1  SlRB034u 

NSCKIoE=NSCKlUE+l  Si.KB03d0 

IE  (N2  .LT.  NJKEO)  00  TO  50  SCKB0360 

CALL  SECUNOI T IMNUW)  SCRB0370 

CALTIM=TIMNOW-TIMeU  SCRB03B0 

PRINT  9999,  CAL T IM  SCRbu390 

RETURN  SCRB040U 

FORMAT  (1HI,10A10/*  NSCkIdE=*l3,*  STRcSS  HISTORIES,  -  TIME  IN  Mi CKSCRd04 10 
1  OS  ECS ,  STRESS  IN  KdAR,  VELUCITY  IN  MM/MICkUSEC,  VOLUME  IN  Cc /OR *M* SCRB042U 
2/*  INTEGER  CUUE  RUNOKOJ  WHERE  R=KEGIUN,  N=TYPE  -  UTXX,  2- TY Y ,  3SCKb0430 
3=TXY,  4=  TT  T  ,  5=SXX,6=SYY,  7=  S  T  T ,  B=Pw,  9  =  UQ»  10=IXYC»/*  SCRBU440 

4 OR  NOROK  WHERE  N=TYPE  -  O-AVERAGE  STRESS,  1  =  A VEkAGE  SPECIFIC  VOLUMSCRB04bJ 


IF  (MUHIN, 50) 
,  N2 1 


bE,  2=  AV EK AoE  PARTICLE  VtLUCITY, 
6ME*10I  12/) 

FORMAT  (  15, F l  1.6,  ICF12.5) 

FORMAT  (lOH  CALTIM  =  ,E10.3) 

ENU 


K^REgIUN,  K=K-huk*//* 


N 


T  I  ScHdU4oO 
SC  Kb  04  70 
SCRBcaBO 
SCKBU490 

ScRBObOO 
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Subroutine  SCRIBE 


The  routine  provides  a  historical 
listing  of  all  variables  requested 
in  the  JED  input  cards.  The  routine 
is  called  by  VOID  at  the  end  of  the 
computation. 

Rewind  the  tape  containing  the 
stored  historical  arrays,  SJ. 

The  work  of  this  routine  is  performed 
in  two  loops.  The  outer  loop  provides 
for  printing  N,  time  and  10  variables 
at  a  time.  The  inner  loop  runs  over 
ICYCLE,  the  number  of  cycles,  and  makes 
the  historical  listing  of  the  variables. 
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IDtNT  - 

5V,  START  WITH  1-G 

STRESS  STATE 

,  IhtN 

APPLY  lONSIAn 

I  STRAIN 

IMAX  = 

3000 

NM1KLS 

- 

1 

DELTA! 

=  1.0 

SMAX  = 

1 .  ;00E  +  C9 

X0( 21= 

-duU. 

TS 

- 

1  .  J\ju  E- 

Go 

I  PR  1  NT 

= 

50 

NJcD  = 

30 

KPK1M 

= 

lUuOu 

JED  = 

1 

2  2 

5  2 

2 

23  2  2 

3 

2 

2 

1  2  3 

1 

4 

1  2 

7 

3 

2  7 

20  2 

7 

22  5  1 

1 

5 

2 

3  5  2 

20 

5  3 

4 

20 

5  4 

3  5 

4 

l  5  7 

3 

5 

7 

20  5  7 

2 

U  5 

7 

12 

5  7 

13  5 

7 

14  5  7 

l  5 

5 

7 

1 6  3  7 

23 

( 

17  3 

7 

18 

5  7 

19  5 

7 

CUPPER 

OFHC 

RHU  = 

0.9  3 

NYAM=  2 

CA  = 

l.407E*12 

Cil  = 

2. 87  It.  *12 

EwSTt 

= 

3.25lE* 10 

LUS  1  G 

2.04 

EUSTH  = 

.25 

cc  = 

2. 333L*12 

PM  IN  - 

1.0u0t*ll 

roc 

•= 

1  .0u0t*09 

FB  = 

7.0 

FM  = 

0  . 

MU  = 

5  .  1  8  0  L  ♦  1  1 

Ll  A 

- 

2  3  0  . 

RIN  = 

l .CODE 

-04 

I'.UOt  = 

3. 0UUt-04 

NRAli  = 

4 

N  1  HL  I  A 

- 

0 

IDENT  =  8 V i  LONG 

RUN 

1  WITH  CJNS  T  AN  1  VELUUIY,  1  Mu  Vl.l  0  mN:I 

U  MU  OYL. 

1MAX  =  2500 

NMTRLS  = 

1 

OELTAT  =  1.0 

SMAX  = 

1.0001*09 

AUI 2  )  =  -dGJ. 

IS  =  l.OUUE 

-ob 

IPRINT  = 

50 

NJED  = 

10 

N  PR  1  NT  =  lUuOO 

JED  =  22 

7  l 

11  7  5 

13  7  5 

14  7  3  15  7  3 

16/3  23 

1  3 

17 

7  5 

Id  7  5 

19  7  5 

COPPER  OFHC 

RHU  - 

8.93 

NYAM  =  2 

CA  *  1.407E+12 

Gb  = 

2.8711*12 

cJSfL  =  3.25UL+10 

LUS I G  -  c . 04 

EUSTH  =  .25 

CC  = 

2.335h*l2 

PMIN  =  l.U0ut*ll 

YlC  =  I.U0UE+U9 

Fb  =  7.0 

FM  = 

0  . 

MU  =  3.18JL*li 

Ll  A  =  2  5U. 

RIN  =  1 .UUOE 

-04 

ROUT  = 

i.aouc-03 

NR AO  =  6 

NIHlIA  = 

4 
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IDENT  *  OV,  LONG  RUN  MITH  CONST4NT  VELOGITY,  1  HU  YOIO  4NO  10  HU  CYL. 
LISTING  OF  «,  Y,  V,  4,  4N3  YZ 

0.  3.19E-0W  5.36E-0N  6. ONE-ON  7.05E-0N  O.SSE-0N  9.00E-0N 

0.  3.Z0E-0*  5. NOE-ON  6.96E-ON  Z.96E-0N  0.63E-0N  9.00E-ON 

0.  3.57E-0W  5.06E-0N  Z.3NE-0N  O.Z9E-ON  0.90E-ON  9.Z9E-0N 

S.06E-0N  7.21E-0N  0.13E-ON  O.ZNE-ON  9.1SE-0N  9.N3E-0N  9.62E-0N 

1.00E-03  l.OOE-OJ  1.00E-03  1.00E-03  1.00E-03  1.00E-03  1.00E-03 

0 .  0*  0  *  0*  0*  0*  0  • 

N. 1NE-0N  2, 79E- 0 ♦  1.07E-ON  1.26E-0N  O.N7E-05  5.69E-05  3.03E-0S 

1.00E-03  6.N3E-0N  N.1NE-0N  2.66E-0N  1.71E-0N  1.10E-0N  7.07E-05 

1.00E-03  6.72E-0N  N.S2E-0N  3. ONE-ON  2. ONE-ON  1.37E-0N  9.2NE-05 

1.00E-03  b.OlE-ON  N.6NE-0N  3.16E-0N  2.15E-0N  1.N7E-0N  1.00E-0N 

0*  0.  0*  0*  0*  0.  0. 

O.  1.00E»00  1.00E»00  1.00E»  03  1.00EN00  1.00E«00  1.00E*00 

0.  1.00E*00  1.00E>00  l.OOE*O0  I.OOEnOO  1.00E»00  1.00E«00 

0.  1.00E»00  1.00E*00  1.00E*00  1.00E»00  1.00E*00  1.00E»00 

0.  l.OOE’OO  1.00E»00  l.OOE’OO  1.00E*00  l.OOE’OO  1 . 0  OE ♦ 0  0 

0.  0.  0.  0.  0.  0.  0. 

0.  1.12E-07  S.1NE-09  2.36E-00  1.00E-00  N.9NE-09  2.26E-09 

0.  1.66E-07  7.19E-00  3.11E-00  1.3NE-00  5.01E-09  2.51E-09 

0.  1.66E-07  7.19E-00  3.11E-00  1.3NE-00  5.O1E-09  2.S1E-09 

0.  1.12E-07  5.1NE-00  2.36E-00  1.00E-00  N.9NE-09  2.26E-09 

Ot  0*  0  •  0*  0*  0*  0* 

0.  1.2NE- 10  3.03E-11  1.10E-11  3.63E-1Z  1.12E-12  3.NNE-13 

0.  6.23E-10  1 • 75E-1 0  N.9NE-11  1.39E-11  3.93E-1Z  l.llE-12 

0.  0.70E-10  2.50E-15  7.10E-11  2.02E-11  5.7SE-12  l.GNE-12 

0.  5.90E-10  1.05E-10  S.75E-11  1.70E-11  S.53E-12  1.71E-12 

INITIOL  ONGLES,  THETO  «  3.927E-01  NTHET*  *  N 
COLTIH  *  1. 010E-91 

YV4=  3.N65E-01  YVC*  S.ONOE-Ol 
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ICYCL£=  50  TYME=  2*0  32E-09  OELTH=  6.326t-ll  IRT.KT,  4N0  JT=  17  2,  C4LTIM=  1.936E*00  <MIN,KM4X,K9£0, KCUTs 
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u  uj  uj  ui  v 

t  49  70  «H  » 

-  NM4  4 
D  O  O'  CM  O 

•  •  •  •  t 

r  m  K  4  UJ 

CM 

n  O'  <p  O'  4  : 

3  0  0  0  0  9 

►  444  *9 

J  UJ  UJ  Ul  S  7 

C  PJ  IP  * 

-9  CM  P.  70  It 

VJ  N.  U>  ^  — 


3  UN  IP  IP  IP 

Uj  o  o  o  CJ 

4  4  4  4 

UJ  UJ  Ul  UJ 
«  ^  CM  «J 
O  09  X>  IP 
O'  *-«  m>  *4 
•  •  •  » 

CM  -4  NO  O' 

X  O'  O'  O'  O' 
7-0000 
7-  4  ♦  4  4 

■  7-  UJ  UJ  Ul  Ul 

3  IP  P-  O' 

10(7  4  *J 

l  3  ip  «:  o 


■>  X  u  O'  O'  ® 

>  >■  □  o  □  a 

-  X  4  *  4  ♦ 

7-  Ul  UJ  UJ  UJ 

m  O  4  K  U) 

r  o  ip  o  ip 


'  X  O'  O'  O'  O' 
'>•0000 
»  >■  4  4  4  4 
I  7-  UJ  UJ  UJ  UJ 
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A  PORTION  OF  THE  SCRIBE  LISTING  FROM  CALCULATION  8V 


NOMENCLATURE  FOR  APPENDIX  V 


A°  ,AX 


A  ,A 
O’  3 


A  ,  A 
xx  yy 


C 

C,C* 


C  ,C 
L’  Q 


H 


K 

K  ,k 


M 

M 


N  ,N 
R  cp 


P,P 


areas  at  beginning  and  ending  of  a  time  increment,  cm 

areas  of  triangles  0-23-34  and  3-23-34  in  the  x-y  plane, 
cm^ 

2 

area  of  an  element  in  the  x-y  plane,  cm 

projected  areas  of  an  element  in  the  x  and  y  directions, 
respectively,  cm2 

sound  speed,  cm/sec 

ef^ctive  sound  speed  governing  stability,  cm/sec. 

coefficients  of  linear  and  quadratic  terms  for  artificial 
viscosity 

forces  in  the  x  and  y  directions,  dyn 
a  plastic  modulus,  dyn/cm“ 

Lagrangian  cell  and  coordinate  index  in  direction  normal 
to  the  radius  of  the  void 

/  2 

bulk  modulus,  dyn/cm 

Lagrangian  cell  and  coordinate  index  in  radial  direction 
of  the  void 

strain  hardening  modulus,  dyn/cm2  or  mass  of  a  cell,  gm 
effective  modulus  for  sound  speed  calculations,  dyn/cm2 
numbers  of  cells  in  the  radial  and  polar  angle  directions 
average  pressure,  dyn/cm2 
pressure,  dyn/cm2 
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Q 


R 


R 


R 


k,  j 


T  ,T  ,T  „ 

xx  yy  @9 


xy 


V 

V 

s 

V 

v 

X ,  x 

V 

Y, y 
YQ 


b 

P. 


Acp 


a 


artificial  viscous  stress,  dyn/cm2 
radius  of  void,  cm 
radius  of  cylinder,  cm 

radial  position  of  coordinate  point  (k,j),  cm 
relaxation  time,  sec 

total  mechanical  stresses  in  the  :c,  y,  and  9  directions, 
respectively,  dyn/cm2 

/  2 

shear  stress  on  the  x-y  plane,  dyn/cm 

3 

volume  of  a  cell,  cm 

3  / 

specific  volume  of  solid  material,  cm  / g 

relative  void  volume 

position  in  direction  of  loading,  cm 

/  2 

yield  strength,  dyn/cm 

radial  position  normal  to  loading  direction,  cm 
initial  value  of  yield  strength 
a  constant 

a  constant  in  the  work  hardening  function 
threshold  pressure  for  void  growth,  dyn/cm2 
time,  sec 

velocities  in  the  x  and  y  directions,  cm/sec 
angular  spacing  between  j  rows 
a  constant 

a  constant 
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Y 


Y 

a 


P 

Y 


Y 

xy 

6  . 
ij 


e 

1 


,e 


2 


.6 


3 


p 

e 

i 


e 

x 


,e 


0 


T1 


0 


a  ,o  ,a 

1’  2’  3 


O  t  S 

ij  iJ 


a  ,a  ,a 
x  y  z 


T  ,T  t  T 
xy  yz  xz 


x> 


shear  strain 

'effective  shear  strain 
plastic  shear  strain 
shear  strain  in  the  x-y  plane 
Kronecker  delta 
principal  strains 

th 

plastic  strain  in  the  i  principal  direction 
strains  in  x,  y  and  0  directions 

O 

material  viscosity,  dyn-sec/cm 

coordinate  in  the  circumferential  direction 

shear  modulus,  dyn/cm2 
/  3 

density,  g/cm 
effective  sti’ess ,  dyn/cm2 
deviator  stress,  dyn/cm2 
principal  stresses,  dyn/cm2 

components  of  the  stress  and  plastic  strain  tensors 

/  2 

stresses  in  the  x,  y  and  z  directions,  dyn/cm 
shear  stress,  dyn/cm2 

shear  stresses  in  x-y,  y-z  and  x-z  planes,  dyn/cm 
rotation  in  the  x-y  plane 
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Appendix  VI 


MATERIAL  VISCOSITY  DERIVED  FROM  THE 
STEADY-STATE  SHOCK  FRONT 

The  viscosity  of  a  material  is  a  basic  macroscopic  material  property 
that  governs  phenomena '  such  as  the  rate  of  void  growth,  the  shape  of 
shock  front  profiles, the  rates  of  attenuation  of  precursor  waves,  and 
hysteresis.  All  these  manifestations  of  viscosity  do  not  lead  to  the 
same  values  of  viscosity  because  of  the  effects  of  different,  loading  rates 
and  stress  amplitudes.  In  connection  with  a  study  of' the  fracture  of 
metals  by  void  growth,  it  was  found  that  the  growth  rate  was  related  to 
the  material  viscosity.  Thus,  if  viscosity  is  known,  some  aspects  of 
fracture  can  be  immediately  predicted.  The  required  viscosity  is  that 
appropriate  to  strains  and  stresses  in  excess  of  the  elastic  stress,  and 
to  loading  durations  of  the  order  of  tens  or  hundreds  of  nanoseconds. 

Plastic  shock  front  profiles  are  known  to  be  governed  by  the  amount 
of  viscosity;  the  stresses  are  in  the  plastic  range  and  the  rise  times 
are  usually  a  few  nanoseconds.  Therefore,  the  shape  of  the  shock  front 
profile  should  lead  to  appropriate  values  of  the  viscosity. 

In  the  following  discussion  the  governing  equations  are  introduced 
and  solved  to  provide  the  shape  of  the  shock  front  and  the  rise  time  as 
functions  of  the  linear  viscosity.  These  theoretical  rise  times  are  then 
compared  with  available  experimental  values  of  rise  times  to  determine 
the  value  of  viscosity  for  several  materials. 
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The  Eulerian  equations  for  conservation  of  mass  and  momentum  control 


the  stress  rise  through  the  shock  front: 


dp  do  3u 
dT  +  U  K  +  P 


=  0  (mass) 


(  195) 


V  2 

/  ou  du  \  dP  1  _  d  u 

\dt  +  U  dX/  dX  ”  3  ^  2 

oX 


0  (momentum)  ( 196) 


where 

o  =  density 
t  -  time 

u  =  particLe  velocity 
X  =  fixed  coordinate  position 

P  thermodynamic  stress  in  direction  of  propagation 
T|  =  coefficient  of  linear  viscosity 

Under  t lie  assumption  of  a  steady-state  profile,  these  equations  can  be 

integrated  to  provide  the  slope  of  the  stress-time  or  stress-distance 

profiles  and  also  the  complete  profile.  The  procedure  used  here  is  to 

perform  one  integration  to  obtain  the  maximum  value  of  the  slope  of  the 

particle  velocity  profile  (du-/dxl  .  Then  the  shock  front  thickness 

max 

can  be  approximated  as  u^/(du/dx)  wiiere  u  is  tbe  final,  steady-state 
value.  As  a  first  step,  the  conservation  equations  are  transformed  to 
a  coordinate  system  moving  with  the  shock  velocity  U  in  the  X  direction. 
Then  d/dt  is  replaced  by  -U  d/dx,  where  x  =  X  -  Ut ,  and  d/dX  by  d/dx. 
Then 

,  s  dp  du  dr/  .  i  . 

(u  -  U)  —  +  p  —  =0  or  —  [(u  -  U)pJ  =  0  (mass) 

dx  dx  dx 

(197) 
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,  .  3u  3P  4  3  u 

p(u  -  U)  —  +  —  -  -  ^  - 

v  '  3x  3x  3  .  2 

3x 


=  0  (momentum)  ( 198) 


Let  w  =  U  -  u.  Then  from  Eq.  (  197) 


pw  =  constant  =  p  U 

o 


199) 


Equation  ( 198)  becomes 


^  2 

3w  3P  4  „  3  w 
V  *  *  +  3  11  —  *  0 

3x 


(  200) 


Because  it  is  assumed  that  t he  shock  front  is  steady  state,  we  can 
replace  3p/3x  by  expressions  in  w  and  p. 


3P 

3x 


(201) 


Equation  (20l)  was  obtained  by  setting  c  =  3p/3p  and  using  Eq.  ( 199)  to 
evaluate  p.  With  the  aid  of  Eq.  ( 20l) ,  the  momentum  equation,  ( 200) ,  is 
written 


P  U 
o 


0 


(  202) 


Because  of  the  special  form  of  Eq.  (202),  a  first  integration  can  be 
performed  by  replacing  3w/3x  by  z  and  3^w/3x^  by  z3z/3w.  Then  the  slope 
z  is  given  by 
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3p  U  /  2\ 

— 2_  i  - 

a*  "  4n  \  *) 


(203) 


.^U-4) 

41>  J  \  ,2/ 


(  204) 


It  ls  Known  .hot  the  shocK  in  supersonic  with  respect  to  the  material 
ahead  (w  >  c)  find  subsonic  with  respect  to  the  material  behind  the  trout 
<  c).  'therefore  .  -  c  at  see  point  along  the  ShocK  front.  Accords 
,0  Ed.  (203),  3z/3w  is  zero  nt  the  point,  so  z  reaches  an  extremum  a 
maximum)  there.  The  value  of  w  at  that  point  will  be  desipnated  ... 

..  t  „  obtainable  from  either  of  the  integrals. 

The  value  oi  z  ih  ohtainaoie 
max 


^  (*  -  4 

^  J  w  / 


(  203) 


f  * 

m  J  \ 


which  are  obtained  from  Ed.  ( 204)  b,  noting  that  a  =  0  at  «  -  U  and  at 

where  uf  is  the  steady-state  particle  velocity  follo.ine  the 

shock. 
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At  this  point  an  equation  of  state  is  required  to  evaluate  c  through 
the  shock.  The  Murnaghan  form  was  chosen: 


P  =  A[(p/p  )V  -  lJ 

o 


f  207) 


To  evaluate  c,  it  is  assumed  that  the  thermodynamic  stress  P  follows  the 
Hugoniot  path  during  the  shock. 

Actually  the  path  traverses  states  with  somewhat  higher  energies, 
and  the  derivative  should  be  along  an  isentrope  instead  of  on  the 
Hugoniot;  however,  this  approximation  is  reasonable  except  for  very  strong 
shocks.  Differentiating  Eq.  (207)  by  p  and  replacing  p  by  w  leads  to 


Y-1 

2  _  5P  \A/U\ 

Sp  P  \w/ 

o 


(  208) 


where  w  =  U 

°  2  2 
Using  the  condition  that  w  =  c  ,  we  obtain 

m 

=  /^l/<Yfl)„(Y-l)/(Y+l)  (209 

The  shock  velocity  is  obtained  by  combining  the  Murnaghan  equation  with 

Eq.  ( 199)  and  P  =  p  U  u  .  where  the  subscript  f  refers  to  the  final 
f  o  f 

state.  Then 


2 


U 


(210) 
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The  value  of  c  from  Eq.  (  208)  can  be  placed  in  Eqs.  (203)  and  (  204)  to 
obtain 


z 

max 


(211) 


The  two  expressions 
then  defined  to  be 


for  z  are  equal, 
max 


The  shock  front  thickness  is 


Ax 


u 

f 


z 

max 


(212) 


and  the  rise  time  is 


At 


u 

f 


Uz 

max 


(213) 


By  expanding  the  expressions  for  z  ,  u  ,  and  U  in  powers  of  P  /A.  we 

max  f  f 

obtain  an  indication  of  the  functional  relationships. 


z 

max 


(214) 


286 


I 


Ax 


(215) 


1 

32T|  /AV  \2 

3VY*  11  \V 


At  = 


32T| 

3Pf(  V  +  1) 


(> 


(216) 


These  expressions  are  accurate  within  a  few  percent  for  Pp/A  less  than 
1.  Evidently  the  shock  front  thickness  and  rise  time  are  linearly  re¬ 
lated  to  the  coefficient  of  viscosity. 

Sample  curves  obtained  from  plotting  Eq.  (213)  with  the  Murnaghan 
parameters  for  several  materials  are  shown  in  Figures  94  and  95.  The 
curves  of  Figure  95  have  been  plotted  using  a  nondimensional  shock  front 
thickness  parameter  At  ,  which  is  indicated  in  Eq.  (216),  i.e., 


At 

n 


3At 

32T| 


Pf  (  1  +  V) 


(217) 


This  second  figure  provides  a  sensitive  measure  of  the  viscosity  when 
compared  with  experimental  values  of  shock  front  thickness. 

As  a  further  guide  in  comparing  the  experimental  shock  front  thickness 
with  these  expressions  for  Ax  and  At,  the  shock  front  profile  was  obtained 
by  evaluating  particle  velocity  as  a  function  of  distance: 


z 


du 

dx 


2 


3p  U 
o 


4T1 


(218) 
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FIGURE  94 


STRESS  —  kbar  GA-8678-S5 

SHOCK  FRONT  THICKNESS  AS  A  FUNCTION 
OF  STRESS  LEVEL 


DIMENSIONLESS  SHOCK  THICKNESS 


Equation  (218)  was  integrated  aumerically  by  the  trapezoidal  rule  starting 

at  u  =  U  -  w  and  proceeding  either  up  or  down  along  the  profile, 
m  m 

A  sample  of  these  wave  front  results  is  shown  in  Figure  96.  On  this 
nondimensional  plot  it  is  clear  that  higher  stress  waves  tend  to  rise 
faster  with  the  same  material  viscosity. 


FIGURE  96  SHOCK  FRONT  PROFILES  AT  SEVERAL  STRESS  LEVELS 


NOMENCLATURE  FOR  APPENDIX  VI 

A  coefficient  in  the  Murnaghan  equation,  dyn/cm2 

P  tnermodynamic  stress  in  the  direction  of  propagation,  dyn/cm2 

U  shock  velocity 

X  position,  cm 

c  sound  speed 

t  time 

u  particle  velocity,  cm/sec 

u^  final  or  steady-state  particle  velocity,  cm/sec 

w  U  -  u 

z  9w/dx 

At  shock  front  rise  time,  sec 

At  nondimensional  rise  time 

n 

AX  shock  front  thickness,  cm 

V  exponent  in  Murnaghan  equation  of  state 

/  2 

7]  material  viscosity,  dyn-sec/cm 

p  density,  gm/cm3 

pQ  initial  density,  gm/cm3 
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APPENDIX  VII 


DUCTILE  FRACTURE  SUBROUTINE:  DFRACT 

The  ductile  fracture  subroutine,  DFRACT,  and  the  equations  contained 
in  it  are  described  in  this  appendix.  The  present  routine  replaces  the 
two  previous  routines,  HFRACT  and  JFRACT.  This  consolidation  into  one 
routine  was  dictated  by  a  desire  to  make  the  routine  readily  usable  in 
one-dimensional  artificial  viscosity  wave  propagation  codes  other  than 
SRI  PUFF.  This  present  routine  can  h<=  employed  in  rnrlpq  with  eiiher  one- 
or  two-step  integration  schemes. 

All  the  formal  parameters  of  DFRACT  must  be  input  from  the  calling 
routine.  The  output  quantities  are  H3,  S,  P,  NM,  NT,  and  Y.  If  a  two- 
step  integration  scheme  is  employed,  then  NM,  NT,  and  Y  should  be  reset 
in  DFRACT  only  for  half  step  or  full  step  calls,  not  for  both. 

In  SRI  PUFF  5,  common  variables  are  used  in  the  call  statement  at 
the  half  step,  and  local  variables  at  the  full  step.  In  this  way,  the 
corresponding  actual  parameters  H(J,3),  SHL,  PHL,  NEM,  NET,  and  YHL — are 
reset  only  at  the  half  step.  Note  that  H3  and  JS  are  integers;  all 
others  are  floating-point. 

1.  DERIVATION  OF  EQUATIONS  FOR  DUCTILE  FRACTURE 

The  critical  damage  parameters  calculated  in  ductile  fracture  are 
the  volume  of  voids  and  the  number  of  voids.  At  each  time  step  both 
of  the  quantities  are  incremented  as  functions  of  the  applied  pressure. 
The  incremental  changes  are  described  physically  as  nucleation  of  new 
voids  and  growth  of  existing  voids. 
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Consider  first  the  nucleation  of  a  group  of  voids  with  different 
sizes.  Let  p(R)  be  the  concentration  or  number  at  each  radius  R.  Then 
the  total  number  nucleated  (per  unit  volume)  is  AN 

00 

AN  =  J  p(R)  dR  (219) 

0 

The  nucleated  volume  of  voids  is  found  bv  multiplying  the  volume  of  each 
void  by  the  number  at  that  radius: 


where 

a 

R 


AV 


4tt 

3 


00 

/*' 


p(R)dR  = 


3 

CR  AN 
n 


0 


(220) 


a  constant  depending  on  the  distribution  p(R) 

a  radius  parameter  of  the  distribution  (R  =  T  in  the 

n  3 

code)  . 


For  example,  if  the  nucleated  distribution  has  a  form  similar  to  the  final 
(observed)  distribution,  the  p(R)  can  be  represented  by 


p(R) 


-  AN 

—  exp(-  R/R  ) 
R  n 

n 


(221) 


Then  a  =  8tt.  Alternatively,  if  the  voids  are  all  nucleated  with  the 

same  radius  R  ,  then  a  =  4tt/3.  In  the  subsequent  analysis  it  is  found 
n 

convenient  to  assume  that  Eq.  (221)  describes  the  distribution  at  all 
times. 


293 


The  nucleation  rate  governing  AN  is  assumed  to  have  the  following 


form 


AN 

At 


(222) 


where 

nucleation  parameters 

T  in  the  code,  a  threshold  pressure 
5 

r 

At  each  time  increment,  the  void  volume  is  incremented  by  an  amount 
DWG,  a  quantity  with  the  dimensions  of  specific  volume.  Since  DWG 
and  the  void  volume  WO  are  dimensional,  they  do  not  automatically 
expand  or  contract  with  the  gross  specific  volume;  their  expansion 
follows  the  growth  and  nucleation  laws.  The  increment  in  void  volume 
is  found  by  combining  Eqs.  (220)  and  (222). 


DWG 

n 


(223) 


where  we  have  divided  by  D,  the  gross  density,  so  that  DWG  is  the 

n 

volume  change  for  a  particular  mass  of  material.  In  the  code,  p  is 
taken  as  the  average  of  the  pressures  at  either  end  of  the  time 
increment . 


The  growth  contribution  to  DWG  is  derived  from  the  basic  viscous 

law 


R 


AR 


(221) 
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where 


R  =  the  time  derivative  of  radius,  a  growth  velocity 

p  =  the  threshold  pressure  (p  =  T  in  the  code) 

gO  gu  2 

T)  =  the  material  viscosity 

T  =  O.75/T]  is  the  viscosity  parameter  used  in  the  code 

For  a  time  increment  in  which  the  pressure  varies  linearly  with  time, 
Eq.  (219)  can  be  integrated  to  provide  the  final  radius. 


(225) 


where 


Pl’  po  = 


V  R0 


The  volume  of  a 


pressures  at  the  end  and  beginning  of  the  time  increment 
radii  at  either  end  of  the  time  increment 
void  at  the  end  of  the  increment  is 


where 

v^,  v  =  volumes  at  the  end  and  beginning  of  the  time  increment 

The  change  in  volume  for  all  voids  is  found  by  multiplying  the  volume  of 
each  void  times  the  concentration  p(R). 
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DWG  =  V  -  V 
g  vl  vO 


p(R)dR  -  V 

vO 


(227) 


which  is  obtained  with  the  aid  of  Eq .  (226).  The  concentration  p(R)dR 
has  been  replaced  by  p(R^)dR^  because  the  number  of  voids  has  not 
changed.  When  the  invariant  terms  are  taken  outside  the  integral  and  wt. 
recognize  that 


4tt 

3D 


f  3 

J  V(Ro)dRo 


(228) 


then 


r  /  P,  p„  \  - 

\ 

DWG  =  V 
g  vO 

exp 

U  *  -pB°H 

-  1> 

(229) 


The  combination  of  Eqs.  (223)  and  (229)  gives  the  total  growth  in  the 
volume  of  voids . 

In  the  fracturing  routine  an  iteration  procedure  is  used  to  deter¬ 
mine  the  applied  pressure.  First,  two  estimates  of  pressure  (PJ  and  PK) 
are  made,  and  the  change  in  void  volume  DWG  associated  with  each  is 
calculated.  Then,  from  the  equation  of  state,  pressures  PA  and  PB  are 
computed  based  on  the  two  values  of  DWG.  The  four  values  of  pressure 
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are  used  to  make  a  new  estimate  of  PJ.  The  convergence  criterion  is  a 
sufficiently  small  difference  between  PJ  and  PA. 


The  first  estimate  of 
cycle.  The  estimate  of  PK 


PJ  is  simply  the  pressure  PO  of  the  previous 
is  the  minimum  of  three  pressures: 


•  The  pressure  based 
change  is  taken  in 


on  no  void  volume  change  so  that  all  volume 
strain. 


•  PG,  the  pressure  that  would  cause  void  growth  to  absorb  the 
entire  volume  change. 


•  PN,  the  pressure  that  would  cause  nucleation  to  absorb  the 
entire  yolume  change. 


The  strain-based  pressure  is  the  usual  one: 


PK 


AV 


s 


(230) 


where 

K  =  the  bulk  modulus 

AV  =  the  change  in  gross  specific  volume 

V  the  specific  volume  of  the  solid  material 

s 

For  the  growth  based  pressure,  replace  DWG  in  Eq.  (229)  by  AV  and 

g 

+  11  +  2p  -  p  (231) 

/  go  0 


solve  for  p^  =  PG.  Then 


PG  =  — r-  In 

T^At 


/Av 

\  vQ 


Similarly  the  nucleation-based  pressure  is  derived  from  Eq.  (223)  by 

replacing  DWG  by  AV  and  solving  for  p  =  PN.  Then 
n  1 
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PN 


(232) 


where 


Z  =  aR  T 
3  n  4 


The  pressures  PA  and  PB  are  average  pressures  on  the  gross  area  of 

any  cross  section  through  the  material.  Therefore  they  are  derived 

from  the  specific  volume  of  the  solid  and  the  ratio  of  the  solid  area  to 

the  gross  area  of  the  section.  This  ratio  is  (1  -  Of  V  D),  where  a  is 

c  v  c 

a  constant.  Let  p  be  the  pressure  in  the  solid  material.  Then 
a 


P 


/ 

a 


PA 

1  -  at  V  D 
c  v 


K 


V  -  V 
s _ sO 

V 

s 


V  -  V 

PO  s  sO 

1  -  a  V  D  “  K  V 
c  vO  0  s 


(233) 


This  form  for  the  equation-of-state  relation  is  verified  by  the  two- 

dimensional  code  calculations  of  Appendix  V.  In  those  results  it  was 

found  that  o  should  be  about  2. 
c 

The  deviator  stress  is  computed  from  the  following  elastic-plastic- 
viscous  relations 
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(234) 


ASD 


2 

=  -  Y  F  + 

3  1 


4T|  AV 
3  V  At 


F 


2 


where 

Y  =  the  yield  strength 

=  the  gross  specific  volume 

T]  =  the  viscosity 

=  a  thermal  strength  reduction  factor,  which  is  set  to  1.0  in 
these  calculations 

F  =  1  -  4V  /V  ,  a  reduction  factor  derived  from  the  results  of 

2  v  0 

Appendix  V 

In  the  code  4 11/3  is  replaced  by  1/T^,  and  the  change  in  density  rather 
than  change  in  specific  volume  is  used  in  the  viscous  portion  of  the 
relations . 

In  some  cases  the  direct  use  of  Eq .  (233)  leads  to  unstable  itera¬ 
tions  in  the  routine.  For  small  values  of  DWG  (the  usual  condition), 

PA  becomes  less  negative  (smaller  tensile  value)  with  increasing  DWG. 

But  after  some  critical  value  of  DWG,  further  increases  can  lead  to  a 
more  tensile  value  of  PA.  This  reversed  relationship  between  PA  and 

DWG  occurs  for  large  values  of  V  as  the  denominators  in  Eq.  (233) 

v 

become  important.  The  critical  value  of  DWG  is  obtained  by  differen¬ 
tiating  the  coded  form  of  Eq,  (233)  with  respect  to  DWG.  Setting  this 
derivative  equal  to  zero,  we  find  that  the  extremum  of  PA  occurs  approxi¬ 
mately  at 
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DWG 

max 


1  -  a  (NM) 
c 

2  D  O' 

c 


(235) 


where  NM  =  D^,  the  relative  void  volume  at  the  beginning  of  the 

time  increment.  To  maintain  stability  in  the  iterations,  it  is  then 
required  that  DWG  never  exceed  DWG 

max 
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2. 


CODE  CHANGES  TO  ACCOMMODATE  FRACTURING 


The  changes  required  in  a  wave  propagation  code  to  include  the 
DFRACT  routine  are  similar  to  those  for  BFRACT,  the  brittle  fracture 
subroutine.  The  changes  for  both  are  described  in  Subsection  2  of  the 
following  appendix. 

3.  LISTING  AND  FLOW  CHARTS  FOR  DFRACT 

The  DFRACT  subroutine  and  a  flow  chart  are  given  on  the  following 
pages.  Next  is  a  sample  input  deck  for  an  SRI  PUFF  calculation  of  ductil 
fracturing  and  some  sample  printout. 

The  additional  input  data  required  for  fracturing  are  included  as 
the  first  six  variables  of  the  TSR(M,)  array.  These  six  are  used  as 
Tl,  T2,  .  .  .  T6  in  the  subroutine.  They  are  described  in  the  nomen¬ 
clature  list  witn  the  subroutine  and  in  the  preceding  derivation  of 
equations . 
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yi  O  O  o  w 


SUBROUTINE 

DFRACT <H3,S.P,NM, NT, UH,UULU,Tl,T2,TJ,T4,T5,T6,UT , 

LOST  CMUFR 

M 

1  , MUM, Y , 

YD,F  I 

UFR 

c 

OFR 

0030 

c 

PJ,  PK 

TWU  ESTIMATES  UF  PRESSURE 

UFR 

0040 

c 

PL 

STURAGE  FDR  PREVIOUS  ESTIMATE  UE  PRESSURE 

UFR 

00  50 

c 

PA,  Pd 

CUMPUTtU  PRESSURES,  BASED  ON  PJ  ANU  PK 

UFR 

0060 

c 

PN,  PG 

PRtSSURE  S  ASSOCIATED  WITH  NUC LEA  T ION  ANU  GROWTH 

DER 

uU  70 

c 

OVVG 

CHANGE  IN  VOIU  VOLUME,  CM3/GM 

UFR 

0080 

c 

NM 

RELATIVE  VOIU  VOLUME 

UFR 

G090 

c 

NT 

VOID  DENSITY,  NUMBER /CM3 

OFR 

0100 

c 

T 1 

uROWTH  CONSTANT  =  J/(4*ETA) 

DFR 

OHO 

c 

T  2 

GkUWTH  T HR  t s hue  u 

OFR 

0120 

c 

T  3 

NUCLE AT  ION  RADIUS 

DER 

0130 

c 

T  5 

IUCI  !  AT  IUN  1  HR  i  1  ill) 

DFR 

0140 

c 

T4,  TO 

1'  .VI  AMI  ll  1  i  1  -!li 

UFR 

0150 

c 

NUu  1  'P  (  1  1 1 1 

DFR 

OloO 

c 

UFR 

0170 

NC  =  0  $  R  EU-  1  • 

i  DELV=l./OH-I./UULU 


HEAL  NM,NT,MUM 
INTEGER  Hi 

DATA  ALF ,SMF/2.  ,1.88/ 

If  (Hi  .tU.  6)  RETURN 
Hi=  3  i  YT  =  Y  i  PJ  =  POP  i 

VVO=  NM/OULO  t  VSU=l./JULD-VVO 
DVVGMAX=( 1. -ALE* NM 1/(2. *ALF*OH ) 

ZJ=8.*i.l4l6»T3**3»T4 

C  ESTlMATt  PK  8ASED  ON  STRAIN,  GROWTH,  AND  NUCLE AT  ION 

PK-=PU-EUSTCM*0£LV/VSO 
IF  ( DEL V  .Lb.  0.)  GO  TO  JO 
PG 1  PL  - PK 

IF  I  WO  .EU.  0.)  GO  TO  2b 

PG=2./l  Tl*UT)*ALGGl  1.*0ELV/VVUI*2.*T2-PL; 

2  5  PN  =  2.*T6*ALUG(  UELV*DH/Z  3/UT  I  *-2  .  *T5-PU 
PK  =  AM  AX  KPK.PG.PN  I 
iO  PN=AKIN1(0.5*(PK*P11I-T5,0.l 

IF  (PN  .LT.  0.1  PN=fcXP(PN/T6I 
PG  =  A M l N 1 I0.5*(PK*PO)-T2,0.  ) 

UVVG=AMlNl<  DVVbMAX,VVU*(EXP<  T1*PG*0T 1-1 . »♦/ J *PN*OT/ OHI 
C  CUMPUTE  STRESS  CORRESPONDING  TO  UVVG  AND  PK 

RVV=NM+CVVG*UH 
RE D= A MAXI <0.,1 .-4.*RVVI 

PH= (P/( l.-ALF*NM)-2.*EJSTCM*( CEL V-UV VG I / ( 2 . ♦ VSO+UE L V-U V VG ) »* 
1  (l.-ALE*KVVI 
0  CUNTINUE 

BEGINNING  OF  ITERATION  LOUP 
COMPOTE  STRESS  CORRESPONDING  TU  DWG  AND  PJ 
5  PN=AMIN1 (0.5*(PJ*PUI-T5,0.  I 

IF  (PN  .LT.  0.)  PN*EXP(PN/T6J 
PG  =  AMINl (0.5*(PJ  +  PQ)-T2,0.  J 

OVVG=APIN1(OVVGMAK,VVO*(EXP( T1*PG*UT l-l.)*ZJ*PN*DT/UHI 

RVV=NM+OVVG*UH 

RE  D=  AMAX 1(0.,  1.-4. *KVV) 

PA=(P/(l.-ALF*NM)-2.*EUSrCM*(0ELV-0VVG)/( 2 ,*VSU*DEE V-DVVG) I* 
l  ( 1 «—  ALE  *RV V  I 

SUH=  S-P-AM AX l (MUM*( l .-SMF6RVV J , 0 . 1 *OELV*UH 
IF  ( A8S( SDH )  .LT.  Y*F*RtU)  GO  TO  70 
YT=AMINl(ABS(SOHl ,< Y»YU*AUSI  OH-OULUl  J*REO) 
S0H=SlGN(YT*F,SUH)-1.0/Tl*IOH-D0LD I/UH/OT  6RED 
70  SA=PA*SOH 
PL  =  PJ 

PJ=  (PK*PA-Pa*PJI/(PA-Pl3+PK-PJ) 

NC=  NC+ 1 

C  TEST  FOR  COMPLETION  OF  ITERATIONS 

IF  (NC  .GE.  10)  GO  TO  iOO 
IF  ( AilSI PL-PA )  .LT.  1.E8)  GU  TO  300 
IF  (ABSIPA-PJ)  .GT.  A8SI Po-PJ ) )  GO  TU  55 
P6*PA  S  PK *PL  t  GU  TU  55 
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UFR  0360 
DFR  0370 
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UER  0390 
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UFR  0440 
UFR  0450 
UER  0460 
OFR  0470 
DER  0480 
UFR  0490 
OFR  0500 
DFR  0510 
DER  0520 
UFR  0530 
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UFR  0550 
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SUBROUTINE  DFRACT 
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UFR 

0710 
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UFk 

07/0 

P=  P  A  *  S  =  S  A 

OFR 

07  Jo 
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liFk 

0/40 

RETUKN 

UFR 

0  7bO 
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DFK 

0760 

c 
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OFR 

O77o 

400 
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SUBROUTINE  DFRACT  (Concluded) 
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DFRACT 


This  routine  provides  the  equation 
of  state  for  a  ductile  material 
undergoing  fracture.  It  also 
provides  the  void  volume  and  number 
of  voids. 


Set  indicators;  compute  0  , 

O 

the  nucleation  void  volume. 

Make  estimates  of  new  pressure, 
assuming  that  all  volume  change  is 
taken  in  strain,  or  void  growth,  or 
nucleation.  The  smallest  tensile 
value  of  these  is  PK. 

Set  PJ  to  pressure  of  previous 
cycle. 

Compute  void  volume  change  based 
on  the  pressure  estimate. 

Compute  pressure  associated 
with  DWG  and  PK. 


Compute  void  volume  change 
associated  with.PJ 

Compute  pressure  associated 
with  DWG 

Compute  a  new  estimate  of  PJ 
based  on  linear  interpolations 
of  PA  and  PB  with  PJ  and  PK. 

Test  for  convergence  of  PJ  by 
comparing  it  with  PA.  If 
unsatisfactory,  take  closest  of 
the  two  previous  estimates  as  PK; 
then  return  to  location  55  for 
another  iteration. 

Compute  average  stress  and 
pressure,  update  the  void 
volume  and  number,  and  reset 
current  yield  strength. 


FLOW  CHART  FOR  SUBROUTINE  DFRACT 
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TRENT  939L  (4A)  FRACTURE . 1 145  *Li  809FPS*  JULY*  1971 
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■  2.0A0C-00 

EOSTM  ■ 

2.S«0E*01 

COSTS  • 

0. 
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8  NEOTM  • 

i  11111 

NEOIT  ■ 

20 

NPERN  < 

•  l 

•  0 
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1 • 220E  *11 
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0. 
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*0. 
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MU  ■ 

3.000EM' 

*0. 

-0. 

ALUMINUM 
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0  NYAM  a  31 

NPOR  a 

6  NCON  a  p 

EOSTC  - 

t.oqoehi 

EOSTO  ■ 

1 ,500E*12 

EQSTe  a 

1 .220E-1 1 

COSTS  < 

■  2.0A0e*00 
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COSTS  • 

0. 
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*0. 
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TSR O)  . 
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TSRIA) 
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TSRlSIa 

-3.0f0E«0* 

TSRIOIa 
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•0. 

•0. 

TENS  • 

•I.ZpOC'lO 

•0. 

*1 . OOOC'OO 

COSO  a 

4.0J0E.00 

Cl  a 

S.OOOE-02 

•  0. 

YO  a 

2.000E»09 

MU  a 

i.oooE*n 

-0. 

•0, 

NLAYER  a 

2 

JMAT  a 

1  2 

-0 

0  -0  -0 

-0 

-6  -o  -o 

NZONESa  1 

10 

CELLS  IN 

2.300E-01 

CM 

•0. 

-0. 

NZONESa  1 

25 

CELLS  IN 

8.390C >01 

CM 

•0. 

-0. 
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NOMENCLATURE  FOR  APPENDIX  VII 


A 

D 


DH 

D0LD 

DT 

DWG 

EQSTCM 


F 


2 


H3 


K 

MUM 

N 

NM 

NT 

P 

PA  ,PB 


(p-p  „)/4T|  i  growth  parameter,  1/sec 

gO 

gross  density,  gm/cm3 

,  3 

current  density,  gm/cm 

3 

density  of  previous  cycle,  gm/cm 
time  i-ncrement ,  sec 

3  , 

change  in  void  volume,  cm  /gm 

o 

bulk  modulus,  dyn/cm 

thermal  strength  reduction  factor;  varying  from  0  for  no 
strength  to  1  for  no  reduction 

reduction  factor  based  on  void  volume 

fracturing  indicator  =  2  in  SRI  PUFF  for  no  damage 

=  3  for  partial  damage 
=  6  for  full  spall 

2 

bulk  modulus,  dyn/cm 

,  2 

shear  hog  ilus ,  dyn/cm 
number  of  voids,  number/cm 

relative  void  volume 

,  3 

number  of  voids/cm 
,  2 

pressure,  dyn/cm 

pressure  computed  from  the  equation  of  state 
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PJ ,  PK 


estimates  of  pressure 


R 

R 

n 

S 

SDH 

T1 

T2 

T3 

T4 

T5 

T6 

VSO 

WO 

V 

o 

V 

s 

V 

v 

V 

YD 


void  radius,  cm 

a  parameter  in  the  nucleated  distribution  function,  cm 

2 

stress  (negative  for  tension)  ,  dyn/cm 
deviator  stress 

2 

coefficient  of  growth  equation,  cm  /dyn/sec 

,  2 

threshold  stress  for  growth,  dyn/cm 


radius  at  nucleation,  cm 

3 

nucleation  rate  coefficient,  no. /cm  /sec 

,  3 

threshold  stress  for  nucleation,  dyn/cm 

,  2 

a  nucleation  factor,  dyn/cm 
3  , 

solid  volume,  cm  /gm 
3  . 

void  volume,  cm  /gm 

3  , 

gross  specific  volume,  cm  /gm 

3  . 

solid  specific  volume,  cm  /gm 

3  , 

specific  volume  of  voids,  cm  ,/gm 

,  2 

yield  strength,  dyn/cm 


strain  hardening  modulus,  defined  so  that  the  increase  in 
yield  is  YD* | DH-D0LD |  ,  dyn-cm/gm 

,  2 

pressure,  dyn/cm 

,  2 

pressure  in  the  solid  material,  dyn/cm 

.  .  2 

threshold  pressure  for  growth,  uyn/cm 

,  2 

threshold  pressure  for  nucleation,  dyn/cm 
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t 


time,  sec 


r 


volume  of  a  void,  cm 


a  constant 


a  constant 


material  viscosity,  dyn-sec/cm 


shear  modulus ,  dyn/cm 


concentration  of  voids  at  a  radius  R,  number/cm 


APPENDIX  VIII 


BRITTLE  FRACTURE  SUBROUTINE:  BFRACT 

The  brittle  fracture  subroutine,  BFRACT,  and  the  equations  contained 
in  it  are  described  in  this  appendix.  The  routine  provides  a  calculation 
of  stress,  as  well  as  fracture  damage,  for  a  given  internal  energy  and 
density;  hence,  the  routine  contains  the  equation-of- state  relations  for 
a  material  undergoing  brittle  fracture.  The  routine  is  intended  for  use 
in  one-dimensional  artificial  viscosity  wave  propagation  codes  with  either 
one-  or  two-step  integration  schemes.  In  one-step  codes,  the  routine  is 
called  at  each  cycle  for  each  cell  in  which  fracturing  has  begun.  In 
two-step  codes,  one  of  the  steps  (preferably  the  one  that  calculates  stress 
as  a  midcell  quantity)  should  use  BFRACT  as  the  equation  of  state  during 
fracturing.  The  other  step  should  merely  take  the  average  of  stresses  m 
adjacent  cells  and  not  call  BFRACT  for  a  stress  calculation. 

All  the  formal  parameters  of  BFRACT  must  be  input  from  the  calling 
routine.  The  output  quantities  among  these  parameters  are  H3 ,  S,  P,  NM, 

NT,  and  Y.  (Note  that  LS ,  H3 ,  and  JS  are  integers;  the  other  parameters 
are  floating-point.)  In  addition  to  these  parameters  are  two  largo  arrays 
defined  within  the  routine:  CL  for  crack  radii  and  CN  lor  mi  in  i 
cracks.  These  two  arrays  are  printed  out  on  calls  from  EDJ I  JJ owing 
each  TIME  EDIT  listing. 

DERIVATIONS  OF  EQUATIONS  FOR  BRITTLE  FRACTURE 

At  each  call,  the  subroutine  is  provided  with  a  new  density,  and 
it  computes  stress  and  pressure  and  also  the  current  extent  of  damage. 
Because  the  damage  and  stress  level  are  related  nonlinearly,  the  stress 
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is  determined  through  an  iteration  process.  First,  a  stress  is  estimated 
and  the  damage  is  computed.  From  this  damage,  a  stress  is  determined 
from  the  equation-of- state  relations.  Then  a  new  stress  estimate  is  made. 
This  process  is  repea  ..d  until  the  estimated  and  computed  stresses  are 
sufficiently  close. 

The  damage  is  characterized  by  groups  of  penny- shaped  cracks;  each 
group  has  a  concentration  CN  and  a  radius  CL.  At  each  time  increment, 
a  new  group  may  be  nucleated  and  all  current  cracks  may  be  permitted  to 
grow  (if  the  tensile  stress  is  large  enough). 

Nucleation  is  assumed  to  occur  by  the  development  of  a  number  of 
new  cracks  of  the  same  size.  The  nucleation  function  has  the  same  form 
as  for  ductile  fracture 


AN 

At 

=  T4  e*P  j 

(a  -  a  \ 
nO  j 

(  T°  1 

1  a  <  a 

f  nO 

where 

AN 

'At  = 

the 

nucleation  rate 

a  = 

the 

stress,  negative  in 

tension 

n() 

T 

r> 

i  In 

nucleation  threshold 

stress 

T  ,  T  , 
4’  5 

T 

6 

nucl 

cation  parameters  used  in  BFRACT 

The  form  of  Eq.  (236)  is  justified  a  posteriori  by  the  observation  that 
the  crack  distributions  computed  with  it  compare  fairly  well  with  the 
observed. 

The  growth  of  the  brittle  cracks  is  assumed  to  follow  the  relation 
of  Dulaney  and  Brace  (Ref.  35)  for  the  propagation  of  a  Griff ith- type 
crack. 
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1 


V 

c 

v” 

t 


R  >  R 


=  0 


R  £  R* 


(237) 


where 

j 

V  =  the  current  crack  growth  velocity 

c 

V  =  the  terminal  velocity 

t 

R  =  the  crack  radius 

jjt 

R  =  the  critical  crack  radius 

According  to  Sneddon  (Ref.  34)  the  critical  crack  radius  lor  a  penny¬ 
shaped  crack  is 


TTEY 


nK 


2.  2, 

4o  (1  -  v  ) 


4a 


_IC 

2 


(238) 


where 

E  = 

the 

elastic  modulus 

i  = 

the 

surface  energy 

n  = 

the 

nominal  applied  stress 

j  - 

f'uiBP.HII  P  Ml  lo 

K 

IC 

the 

fracluio  itninlilii  ss  in  the  opening  mode 

In  BFRACT,  for  each  damage  calculation,  the  cracks  in  all  groups  are 
tested  against  the  critical  crack  size.  For  those  cracks  exceeding  the 
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critical  size,  crack  velocities  are  computed.  The  new  crack  radii  are 
obtained  from  a  Simpson's  rule  integration  of  the  crack  velocity  over  the 
time  increment. 


At .  , 

CL  =  CL  +  — ( V  „  +  4V  +  V  ) 
1  0  6  cO  cm  cl 


(239) 


where 


CLx, 


CL 

0 


the  radii  at  the  beginning  and  end  of  the 
increment  At 


V  V  ,  V  =  velocities  at  the  beginning,  middle  and  end 
cO  cm  cl  „  _ 

of  the  increment 


With  the  aid  of  Eqs.  (237)  and  (238),  V  is  computed  from  a  V  from 

a  ,  and  V  from  1  2(a  +  cr  )  ,  where  a  and  0,  are  h1  rosses  at  the  bog  in¬ 
i’  cm  0  1  0  1 

ning  and  end  of  the  time  increment. 

Only  ten  crack  groups  are  provided  in  BFRACT  for  each  cell.  If  more 
groups  are  nucleated,  these  added  groups  are  averaged  into  the  tenth  group, 
as  follows 


CL(10)  = 


J^CN(lO)  ’  CL(10)3  +  CNq  •  T^J 
CN(lO)  +  CN 


(240) 


CN(lO)  =  CN(lO)  +  CN 


( 241 ) 


where 

CN^  -  the  number  in  the  newly  nucleated  group 

T  =  the  nucieation  radius 
3 
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The  averaging  in  Eq .  (240)  is  performed  in  such  a  way  that  the  crack 
volume  is  correct  for  the  current  cycle.  The  use  of  only  ten  groups  has 
proved  satisfactory  in  our  experience.  The  largest  cracks  at  the  end  of 
the  calculation  are  those  that  were  nucleated  first.  Since  these  first 
ones  also  contribute  the  most  to  the  crack  volume,  it  is  important  to 
represent  them  accurately.  The  approximation  entailed  in  the  averaging 
of  Eq .  (240)  should  normally  have  a  small  effect  on  the  computed  crack 
volume,  and  hence  on  the  stresses  and  damage  parameters. 

The  stress  and  pressure  are  computed,  taking  into  account  the  pres¬ 
ence  of  the  cracks.  When  tensile  stress  is  applied  to  a  penny-shaped 
crack,  the  crack  opens  to  the  volume  given  by  Irwin  (Ref.  32) 

3 

/  4ttr  a 

v  = - 

3E 


(242) 


The  total  crack  volume  is  the  sum  over  all  crack  groups 


v 

TOT 


NCG 


i=l 


CN  (CL  )3 
i  i 


(243) 


The  crack  volume  is  used  in  the  same  way  the  void  volume  is  used  in 
DFRACT  to  determine  the  specific  volume  of  the  solid.  The  calculation  of 
pressure,  deviator  stress,  and  stress  follow  the  same  relations  as  in 
DFRACT  except  that  a  rate- independent  relation  is  used  for  deviator  stress. 

To  begin  the  iteration  for  stress,  two  estimates  are  made  of  the 
new  stress:  one  based  on  strain,  the  other  on  expansion  of  the  cracks. 

The  first  of  these,  labelled  SCA,  is  based  on  the  usual  equation-of- 
state  relations  for  the  solid,  plus  the  assumption  that  the  crack  volume 
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does  not  change  during  the  cycle.  The  second  estimate,  labelled  SCG,  is 
based  on  the  assumption  that  the  existing  cracks  merely  open  or  close  to 
reflect  the  volume  change.  From  Eq .  (242),  this  estimate  is 


CT 


1 


(244) 


where 


v  ,  v 
0  1 


In  the  code 


=  the  stress  at  the  beginning  of  the  time  step 
=  crack  volume  at  each  end  of  the  time  step 

nomenclature  this  equation  is 


SCG  =  SCO(l  +  DELV  WO) 


(245) 


As  in  DFRACT,  the  amount  of  crack  volume  increase  that  occurs  in 
any  one  cycle  is  limited  by  DVVGMAX. 
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2. 


CODE  CHANGES  TO  ACCOMMODATE  FRACTURING 


Several  changes  are  required  in  initialization,  printout,  and  call¬ 
ing  in  any  artificial  viscosity  code  to  permit  use  of  the  routines  BFRAC'T 
and  DFRACT.  The  changes  required  for  SRI  PUFF  3  (Ref.  55)  are  described 
here  as  an  example. 

a .  Initialization 

Ductile  and  brittle  fracture  are  implemented  as  material  models 
6  and  7,  respecively,  that  is,  NSR  =  6  or  7  (they  are  mutually  exclusive). 

The  new  material  data  required  for  fracturing  are  inserted  into 
the  TSR  array  through  READ  statements,  which  are  already  present.  Crack 
or  void  volume  is  stored  in  NEM(j)  and  the  number  per  cubic  centimeter  is 
stored  in  NET(j):  both  are  existing  arrays.  An  auxiliary  array,  EXMAT 
(M,  10 ),  has  been  added.  One  element  of  this  array  is  used  as  follows  to 
store  an  elastic  parameter  4tt/(3E),  used  in  BFRACT. 

IF  ( NSR I M I  .fcO.  7)  tXMATtM, 21=0. 4654*11. / E JS TC l M) ♦ 3 . / MU ( M > »  GSR  1«75 

In  BFRACT,  EXMAT(M,2)  is  equivalent  to  the  formal  parameter  FACT. 

b.  Printout 

For  ductile  fracturing,  the  only  new  variables  are  the  void 
volume  and  number  of  voids.  These  are  stored  in  the  NEM  and  NET  arrays 
and  are  listed  in  each  EDIT  under  the  headings  PI  and  P2,  respectively. 

In  addition,  the  second  SCRIBE  listing  prints  the  history  of  NEM  and 
NET  at  the  first  six  JEDITs. 
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In  brittle  fracturing  the  same  printout  of  NEM  and  NET  occurs 
as  for  ductile,  but  also  the  CL  and  CN  arrays  are  printed  following  each 


EDIT.  This  printing  is  accomplished  with  the  following  CALL  to  BFRACT 
in  the  EDIT  routine: 


IF  INSrtI M)  .EJ.  7  .AND.  LSU8I 12  )  .GT.  01  CALL  BFRACTI2)  EDI  0495 


The  printing  is  controlled  in  BFRACT  so  that  a  listing  is  given  only  for 


cells  in  which  fracturing  is  occurring. 


c.  Calling 


The  routines  DFRACT  and  BFRACT  have  the  function  of  equations 
of  state  and  therefore  replace  the  call  to  EQST  after  damage  occurs. 

The  CALLs  are  from  HS TRESS  and  JSTRESS  .  The  following  changes  permit 
both  routines  to  be  used  simultaneously,  if  desired.  In  HS TRESS  replace 
HST  0260  and  0270  with  the  following  (this  is  the  form  that  would  be  used 
in  a  one-step  code): 


C 


c 

51 


IF  INSRIM)  .EQ.  7)  GU  TO  51 
DUCTILE  FRACTURE  PATH 

CALL  DFRACT I  HI  J , 3 1 , SHL I  J  I  ,  P ML  I J I ,NEM  l  J  )  , NE  T 1 J  )  ,DH , DULD , TS R I M , l I  , 

1  TSRIM.2) ,  TSRIM.3) ,TSKIM,4),TSR(M,5),TSR(Hi6),.5*IDTNH*DTN), 

2  EQSTCI M) ,MUM, YULI  J) ,YA00M,F) 

LI  51  =  50 

GO  TO  70 

BRITTLE  FRACTURE  PATH 
JS  =  J 

CALL  BFRACT (LSU8 1  12) ,H(  J ,  3 J  ,  SHL I J I ,PHL I J  )  ,  NEW J ) ,NET I J )  ,  DH,  DULO, 

1  TSRIM.l  )«TSR(Mi2)tTSR(M,3),TSK(M'4) , TS K( H, 5) , TSRI  M, 6)  , 

2  . 5*(DTNH»l>TN)iEQSTC(M),MUIM),YHL(J)»YADD(M),F,EXMAT(Mt2 ) , JS) 

L I  5 )  =  51 


HST  0261 
HST  0262 
HST  0263 
HST  0264 
HST  0265 
HST  0266 
HST  0267 
HST  0268 
HST  0269 
HST  0270 
HST  0271 
HST  0272 
HST  0273 
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and  replace  HST  0760  by 


IF  (NSRIM)  .IT.  6  .OR.  HIJ.3I  .GT .  2)  GO  TO  100 


HST  0761 


Note  that  the  LSUB  array  has  been  extended  to  12  elements.  It  provides 


control  of  initialization  in  the  BFRACT  routine. 


In  JSTRESS  the  line  JST  0280  is  replaced  by 


c 


BRITTLE  OR  0UCTILL  FRACTURE  JST 

IF  (NSRIMJ)  .tO.  71  GO  TO  70  JST 

CALL  0FRACT(HJ3,S(JJ»,P(  J J J , NEMH, NET H, Ut J J) , OULU,  TSR  ( M  J ,  1 ) ,  JST 

1  TSR(M.,2),TSR<MJ,3),TSR<MJ,4),TSR(MJ,5J,TSR(MJ,6I  ,DTNH,  EOS  TCI MJ J  JST 

2  ,MUM,YJ,YAODM,F)  JST 


02  81 
0282 
02  83 
0284 
02  85 


d.  Re zoning 

The  REZONE  subroutine  has  not  been  revised  to  especially  accom¬ 
modate  rezoning  in  the  regions  undergoing  fracture.  For  ductile  fracture, 
the  usual  mass-weighted  averaging  will  control  computation  of  void  volume 
and  number.  For  brittle  fracture,  however,  the  CN  and  CL  arrays  are  not 
rezoned;  if  rezoning  occurs  in  cells  undergoing  brittlefracture  ,  the  re¬ 
sults  will  be  nonsense.  However,  normal  rezoning  can  be  permitted  in  any 
cells  that  have  not  begun  to  fracture.  In  radiation  problems,  where  re¬ 
zoning  is  most  important,  that  rezoning  should  occur  early,  generally 
before  either  front  surface  or  rear  surface  spall.  Hence,  if  rezoning 
is  controlled  carefully,  its  advantages  can  be  gained  even  with  fractur¬ 
ing  calculations. 


3. 


LISTING  AND  FLOW  CHARTS  FOR  BFRACT 


In  the  following  pages  the  BFRACT  subroutine  is  given  with  a  flow 
chart,  sample  input  decks  for  SRI  PUFF  calculations  for  brittle  fracture, 
and  some  sample  printout. 

The  additional  input  data  required  for  fracturing  are  included  as 
the  first  six  variables  of  the  TSR(M,  )  array.  These  six  are  used  as 
T1 ,  T2 ,  ...  T6  in  the  subroutine  and  are  given  in  the  nomenclature  list. 
Their  functions  are  described  in  the  derivation  of  equations  in  section  1. 
With  these  input  decks  it  should  be  noted  that  the  cell  zoning  information 
is  provided  at  the  end,  rather  than  with  each  material.  This  reflects  a 
recent  change  to  separate  material  and  layer  numbering,  a  change  that  is 
not  in  SRI  PUFF  3. 
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I 


o  u 


SUBROUTINE  bFRALHLi.HJ.SiP.NM.W  ,DH,U0LD,T1,T2, J  J,T4,  T5,T6,OT, 
l  ,  EUSTCM.MUM.Y, Yu.F.FACf ,JS» 

NEM  —  RE  l.  A  T  I  V  t  VOLUME  QF  CRACKS 

NET  —  NUMdfcH  UF  CRACKS/UNIT  VOLUME 

Tl  —  CRACK  GROWTH  VELOCITY,  CM/SLC 

T 2  —  FRACTURE  TOUGHNESS,  K1C,  UYNE *SCR T I  CM) /CM2 

T 3  —  NUCLE  A T I  ON  CRACK  RADIUS 

T4  —  NUCLE AT  ION  KATE  COEFFICIENT 

T5  —  THRlShOLO  STRESS  FUR  NUCLEATJUN 

I b  —  OtNUM I  NAT  UR  UF  EXPONENTIAL  STRESS  FUNCTIUN 

CL  AND  Cl T  --  RADIUS  OF  CRACK, CM 

CN  —  CRACK  DENSITY,  NUMUEK/CM3 

DIMENSION  CL  1 100,10)  ,CLT  HO)  ,CNUOC,  ICJ  ,  CNTI  10) 

REAL  NM , NT , MUM 
INTEGER  M3 

OATA  A. F.SMF/2.U, 1.88/ 

IF  ILS  .  ;T.  0)  GO  TC  IS 
DO  10  12=1,1000 
CL (  1 2 ) =CN I  1 2 ) =0 . 

LS  =  i 

IF  (LS  .Eg.  2)  GO  TU  500 
IF  (Hi  .OF .  2 o )  RETURN 

NC  =  U  %  Y  T  =  Y*  %  NC02=H3-i  »  Ngg=  I NCG2*  1  )  U  *  SCU=S 

VVO=NM/DULU  i  VSC=l./DOLU  -VVu  t  GEL  V=  l./DH-l./  UOL  U 
UV  V  G  M  A  X  = I t.-ALF*NM)/(2.*ALF*UH> 

REiET  NO.  OF  CRACKS/CMi 
IF  ( NCG  .LE.  0)  GO  TO  21 
DO  20  N=l»NCG 
CN(JS,N)=CM  JS ,  N)  WUH/DOL  0 
CONTINUE 

ESTIMATE  SCA  EASED  UN  STRAIN  ANC  CRACK  EXPANSION 
:.CA=P-EQSTCMWUELV/VSO+AMAXH  S-P-AMAXl  (MUM*(  l  .-SMF*NM),U.)*DELV 
l  *UM,-Y*F*Cl.-NM)) 

IF  ( DEL V  .Le.  0.)  GU  TO  JO 
SCG*SCj  =  SCA 

IF  (VVU  .EU.  0.1  GU  TO  25 
IF  (SCO  .GT.  0.)  GU  TO  25 
SCG=SC0*( l.+UELV/VVO) 

SCA=AMAX1( SCA.SCG) 

CONTINUE 


BFK 

BFr 

BFR 

bFK 

BFR 

BFK 

BFR 

BFK 

BFK 

BFK 

BFK 

BFR 

BFK 

BFK 

BFR 

BFR 

BFK 

BFR 

BFK 

BFR 

BFr 

BFK 

BFK 

BFR 

BFR 

BFR 

BFR 

BFK 

BFR 

BFR 

BFR 

BFR 

BFR 

oFK 

BFR 

BFR 

BFR 

BFR 

BFK 

BFK 

BFR 

BFK 


BFR 

f  BEGIN  ITERATION  LOOP  -  COMPUTE  NUgLEATION  AND  GRCwlH  UF  BRACKS  BFK 

VC=  0C=DVVG=0 .  BFR 

NC  =  NC  ♦  1  BFK 

IF  (SCA  ,LT.  T5)VC=-SCA*FACT*T3**3*T4*EXP( ( ( SCAfSCU)/2.-T5)/1  o) *oT  bFK 

CUMPUTE  CRITICAL  CRACK  SI2ES  FUR  STRESSES  DURING  UT  BFR 

IF  (H3  .LE.  3  .UR.  SCA  ,GE.  0.)  GU  TU  75  OFK 

CAS=CbS=CCS=1.  BFK 

IF  (SCO  .LT.  0. I  CAS=0.  7854* ( T 2/ SCO > ** 2  BFK 

IF  (SCOfSgA  .LT.  0. )  CBS*U. 7B54*(I2/ 10.5*1 SCUFSCA) ) )**2  BFR 

IF  (SCA  .LT.  0.1  CCS*0. 7854*1  T2/SCA)**2  BFK 

UU  73  N=1,NCG  BFK 

VELA=VELB*VELC=0.  BFr 

IF  (CLIJS.N)  .GT.  CAS)  VlLA=TI*U.-CAS/CL(JS,N)>  BFR 

IF  (CLIJS.N)  .GT.  CBS)  VELB* T l *  1 1  .-CBS/CL I JS ,N ) )  BFr 

IF  (CLIJS.N)  .GT.  CCS)  VEL  C= T i* I l . -CC S/CL  I JS ,N ) )  3FR 

CL  TIN)* CL I JS,N|F( VELAf4.*VELBfVELC  )*DT/6.  BFR 

VC=VC-SCA*FACf*CN( JS,N)*CLTIN)**J  BFR 

CONTINUE  BFR 

VC*  VC /OH  BFR 

DV  VG=  AM  INI  (  VC- WO ,  OVVGM  AX )  BFR 

COMPUTE  STRESS  CURRtSPONUI NG  TO  DWG  ANU  SCA  BFr 

KVV=NMfDVVG*OH  BFK 

PA*(P/(  l.-ALF*NM)-2.*EgSTCM*(UELV-DVVG)/( 2 .*VSU*UEL V-UV VGI I  BFK 

1  *(l.-ALF*RVVI  BFR 

SUH=  S-P-AMAX1 1 MUM* 1 1 .-SMF*RVV  )  ,0.  ) *l)tLV*l)H  BFK 

IF  (ABSISOH)  .IT.  Y*E*( i.-RVVI  )  GO  TO  100  BFR 


SUBROUTINE  BFR  ACT 

321 


YT  =  AMINl( AdS(  SUH) ,Y*YO*ABS(OH  JOLO ) 1 

dFK 

SO  Ft  =  S  l  G  N  ( Y  T  *F  *  ( l.-KVV) ,  SUH) 

dFR 

100 

SA=PA*SUH 

rtFR 

IF  (NC.EQ.l  .ANO.  VC.Eg.O.  .  AND.  SCU.GE.C.) 

Go  TO  300 

dFR 

IF  (NC  .GT.  1)  GO  TO  120 

dFR 

c 

PREPARE  Fuk  2  NO  I  T  tk AT  1  ON 

BFK 

SCA2=SCA  »  S A2=SA  $  SCA=SCO  i  GJ 

TO  55 

dFR 

120 

CONTINUE 

bFR 

SCB=SCA 

6FR 

C 

INT  ERPULAT  ION  FOR  NEW  fcSMMATt  UF  STRESS 

dFK 

SCAM  SCA2*SA-5A2*SCA)/l SA-iA2*ScA2-ScA ) 

dFR 

C 

TEST  i-Uk  COMPLETION  OF  ITERATIONS 

dFR 

IF  INC  .GE .  10)  GO  TC  300 

dFR 

IF  (ABS(SCB-SA)  .LT.  1.E7  I  GO  TO  30C 

BFK 

IF  (AdSISA-SCA)  iul>  AdS  1 S A2-S CA)  I  GL  Tti  dd 

dFK 

S  A2  =  S  A  $  SCA2  =  SCO  *  GO  TO  55 

BFK 

c 

BFK 

c 

END  I  No  KJUTlNt 

di-k 

300 

NT  =  0  . 

oF  « 

IF  (NCG  .LE.  0)  GO  TO  325 

dFK 

00  320  N=  l , NCG 

BFR 

CL ( JS,N)=CLT(N) 

dFR 

NT  =  NT  +  CM  J  S ,  N) 

dFR 

320 

CONTINUE 

BFK 

325 

CONT INUE 

BFk 

IF  (SCA  .gT.  Td)  GC  TO  350 

dF  k 

IF  (MUC<  3CG2.2)  .LG.  1  .Ok.  NCG2  .  EJ .  20)  uU 

TO  34  U 

BFK 

HJ  =  H  3  +  l 

dFK 

CL  (  JS ,NCG*1  )  =  T  3 

dFK 

CNI J  S  t  NCG*  l)=T4*EXP(((SCAFSCU)/2.-T5)/T6)*JT 

dFK 

N  T  =  N  T  *C  N  (  J  S ,  NC  G  ♦  l 1 

BFK 

VC=VC-SCA*FACT*T J**3*CN(JS,NCo*l) 

dFR 

GU  TO  350 

BFR 

340 

CNU  =  T4*  EXP l I  I SCA*SCU)/2.-T5)/T6)*DT 

BFR 

CL  I  JS  i  NCG  )  =  (  (CN( JS.NCGI  *CL(  JS.NCu)  **  3*  CNC*  T  3**  3 )  / 1  oN  1  J  S  ,NL  G )  *LNO  1  )BFK 

1  ** (  1 . / 3 .  ) 

BFK 

CN(  JS,NC0)=CN(  JS.NCGMCNU 

BFk 

IF  INCG2  .LT.  20)  H3=H3*1 

dr  K 

iMT^N  T  *CNU 

BFK 

350 

NM  =  VC 

oFH 

IF  (NM  .of.  0.6/ALF)  GO  TO  400 

BFK 

P=PA 

BFK 

S=SA 

BFK 

Y=YT 

BFR 

HE  TUKN 

dF  k 

C 

dFK 

C 

ENU  Wl TH  SEPAkAUON 

BFR 

400 

S=P=0. 

BFK 

Y=YT  »  H  3=26 

BFK 

kE  TURN 

BFK 

C 

BFK 

C 

FINAL  PkINTUCf 

BFR 

c 

BFK 

500 

IZERI)  =  l 

BFK 

00  520  1=1, 100 

dFK 

IF  (CL( I,l)+CN( 1,1)  .EG.  0.1  GO  TO  520 

BFK 

IF  (IZEKO  .EC.  1)  WKlU  (6,1500) 

dFR 

IZ  EKQ=  2 

dFR 

CNT I  1  )=CN( I  ,1 ) 

BFk 

00  510  1N=  2,10 

dFK 

510 

CNT 1 1 N  )  =CNT IlN-l )  +  CN ( I ,  IN) 

dFK 

WRITE  (6,1510)  I  ,  (CL  <  I  ,«.)  ,K=l,  10)  ,  (CN  (  I  ,KI  ,K- 

=  1  , 10  )  ,  (CNT  ( K 1  , K= 

1 ,  dFK 

1  10) 

8FK 

520 

CUNT INUE 

BFR 

RETURN 

BFk 

1  500 

FURMAT (  IHO  ,*  LISTING  UF  CRACK  LENGTFi  ANO  NUMdER  FUR  cVEKY  ♦, 

BFR 

1  *FRACTUK ING  CELL*/) 

dF  K 

1510 

FORMA I  (*  CELL  NUMdER* I 5/  *  CL= * loE 1 1 . 3/* 

CN=*lUE 11.3/* 

GUM=dFR 

1*10211.3/) 

dFR 

ENO 

BFR 

SUBROUTINE  BFRACT  (Concluded) 
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I 


U  700 
07  10 
0/20 

0730 
074o 
0  750 
u7oj 
0770 
07au 
0  7 00 
OdOO 
Oalo 
OdBO 
Oa  10 
0  640 
Jd  do 
Odoo 
ua70 
OdoO 
Ud90 
U900 
u9lo 
0920 
u930 
0900 
u95J 
0960 
09/0 
0960 
6990 
1000 
10  10 
1020 
10  30 
1040 
10  50 
1060 
lu  70 
lOdO 
1090 
1  loo 
1110 
1  icu 
1110 
1140 
lldO 
1160 
1170 
ll«o 
1190 
1200 
1210 
122U 
1/30 

1240 

12  50 
1  2  60 
12/0 
1  c  aO 
1290 
1300 
1310 
1320 
1330 
1340 
1 3dO 
1360 
13/0 
1360 
1390 


B TRACT 


Reset  CM 


This  routine  contain*  the 
equat  lo«-of -state  relation* 
for  aaterlal  undergoing  brittle 
fracture.  It  coapute*  *tre** 
and  al*o  nuaber  and  *lre  of 
crack*  at  each  call. 


Por  LS  0,  initial  tie  the  CL 
and  CR  array,  thick  alii  contain 
radii  and  nuaber.  of  crack*, 
for  LS  *  2  go  to  printout  sect  inn. 


If  H3s2£,  reparation  haa  occurred 
and  *tre*«e»  are  no  longer  compute*! . 


Coaput*  several  quantities  ehlch 
art  used  throughout  later 
calculation*. 


Recoapute  CR  to  pertain  to  the  nee 
•pacific  voluae  of  aaterlal. 


E*t laate  *tre*a  for  the  flr*t  cycle 
baaed  on  either  strain  only  or 
void  espanston  only. 


Begin  iteration 


Raved  on  the  est lasted  *tre*a, 
coapute  the  critical  ctack  radii. 


for  each  crack  group,  coapute 
the  velocities  of  groeth,  nee 
radiu*,  and  total  voluae. 


Coaput*  the  chaige  in  crack 
voluae,  and  the  stre**  quantities. 


Pol  losing  the  ftrat  iteration 
cycle  (NC*1),  net  the  stress 
e»t taste  to  SCO,  the  previous 
•tre*»,  and  return  for  another 
Iteration. 


Reestlaate  SC A  froa  result* 
of  2  previous  iterations. 


Coapare  est lasted  stress  eith 
stre**  resulting  froa  equation 
of  state  to  deteraine  convergence. 


Pnr  neat  iteration  and  interpolation 
choose  best  result*  of  previous 
Iterations. 


Reset  crack  radii  to  aost 
recent  coaputed  values. 


Por  nucleation  of  nes  groups  test 
RCG .  If  there  are  10  groups  go 
to  340. 


Add  paraaeters  for  a  naely 
nucleated  crack  group. 


RCTl'RR 


Average  the  radius  of  the  new 
group  with  that  in  tenth  group 
to  find  a  coapostte  radius. 


Test  crack  voluae  atth  the 
separation  criterion. 


Reset  sires*  quant  it n 


Por  separation,  aero  the  stress 
quantities  and  return. 


Printing  1*  done  for  all  cells 
in  ehlch  fracturing  has  been  begun. 
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LISTING  OF  c«ACK  LENGTH  AND  NUMBER  FOR  EVERT  FRACTURING  CfLL 
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LISTING  OF  RADII  (CL)  AND  NUMBER  1  cm3  (CN)  FOR  EACH  CRACK  GROUP  FOR  A  CALCULATION 
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PORTION  OF  SCRIBE  HISTORICAL  LISTING  OF  STRESSES 


NOMENCLATURE  FOR  APPENDIX  VIII 


UAH  ,C|1H  ,CCH 

CL 

CLT 

CN 

CNT 

DH 

DOLD 

DT 

DWG 

DVVGMAX 

E 

EQSTCM 

F 

FACT 

H  3 


critical  crock  size  at  beginning,  middle,  and  end  of 
time  increment,  cm/sec 

array  containing  crack  radii  of  each  crack  group 

temporary  array  for  crack  radii 

3 

array  containing  no. /cm  for  each  crack  group 
,  3 

cumulative  no. /cm  ,  summing  from  the  large  crack  to 
the  small 

,  3 

current  density,  gm/cm 

,  3 

density  at  previous  cycle,  gm/cm 
time  increment,  sec 

3  , 

change  in  total  crack  volume,  cm  /gm 

maximum  permitted  change  in  crack  volume 

2 

Young's  modulus,  dyn/cm 
,  2 

bulk  modulus ,  dyn/cm 

thermal  strength  reduction  factor 

4rr/l  3  \  4tt  2 

27^K  +  p/  =  5i  ’  Cm  /dyn 

H( J , 3 )  ,  a  fracturing  indication  in  SRI  PUFF 

H3  =  2  for  no  damage 

H3  =  26  for  full  separation 

H3-3  =  NCG,  the  number  of  crack  groups 
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K 

K 

IC 

MUM 

N 

NCG 

NM 

NT 

P 

PA 

R 

R* 

S 

SA 

SCA 

SCG 

SCO 

SDH 

T1 

T2 

T3 

T4 

T5 


bulk  modulus ,  EQSTC ,  dyn/cm 

3/2 

fracture  toughness  in  the  opening  mode,  dyn/cm 

2 

shear  modulus,  dyn/cm 

3 

number  of  cracks,  number/cm 


H3-3,  the  number  of  crack  groups 

relative  crack  volume 

,  3 

number  of  cracks/cm 

,  3 

pressure,  dyn/cm 

r 

pressure  computed  from  equation  of  state,  dyn/cm 
crack  radius  in  plan,  era 
critical  crack  radius,  cm 

/  X  ,  2 

stress  (negative  for  tension),  dyn/cm 

2 

stress  computed  from  equation  of  state,  dyn/cm 

.  2 

estimate  of  stress  for  an  iteration,  dyn/cm 

stress  estimate  based  on  growth  of  crack  volume, 
dyn/cm2 

,  2 

S,  stress  at  previous  cycle,  dyn/cm 
deviator  stress 

limiting  crack  growth  velocity,  cm 

3/2 

fracture  toughness,  K  ,  dyn/cm 
nucleation  crack  radius,  cm 

3 

nucleation  rate  coefficient,  no. /cm  /sec 

,  2 

nucleation  threshold  stress,  dyn/cm 
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T6 

VC 

VELA,  VELB ,  VELC 

VSO 

WO 

V 

c 

V 

t 

V 

YD 

t 


nucleation  parameter  ,  dyn/cm 

3 

total  crack  volume,  cm  /gm 

crack  growth  velocity  at  beginning,  middle, 
and  end  of  time  increment,  cm/sec 

3 

solid  specific  volume,  cm  /gm 

3 

specific  volume  of  cracks,  cm  /gm 
velocity  of  a  crack,  cm/sec 
limiting  crack  velocity,  cm/sec 
yield  strength 

strain  hardening  modulus,  defined  so  that  the 
increase  in  yield  is  YD*  |dh-D0LL>|  ,  dyn-cm/gm 

time 


v 

/ 

v 

Y 

v 

a 


crack  volume  per  unit  volume  of  material, 
dimensionless 

3 

volume  of  a  crack,  cm 

.  2 

surface  energy,  erg/cm 

2 

shear  modulus,  MU,  dyn/cm 
Poisson's  ratio 

stress  in  the  direction  of  propagation,  dyn/cm 

,  2 

threshold  stress  for  nucleation,  dyn/cm 
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APPENDIX  IX 


STATISTICAL  ANALYSIS  OF  CRACKS 


It  is  necessary  for  the  present  study  to  determine  the  volume  density 
of  cracks  as  a  function  of  applied  conditions.  Our  experimental  knowledge 
of  the  crack  distribution  is  derived  from  microphotographs  of  polished 
sections  of  the  shocked  specimens.  A  crack  is  characterized  by  the  trace 
length,  2c,  of  its  intersection  with  the  polished  surface  (the  surface 
was  always  parallel  to  the  shock  propagation  direction  ”z"),  the  trace 
width,  w,  and  the  angle  of  inclination,  a,  to  the  intersection  of  the  shock 
front  with  the  surface.  Thus  an  areal  cracK  density  function  n(c,w,Q-,z) 
of  cracks  of  c.w.o',  and  position  z  could  be  experimentally  determined  from 
the  microphotograph.  The  implicit  assumption  here  of  one-dimensional  sym¬ 
metry  is  justifiable  if  only  the  central  portions  of  the  specimen  are  used 
to  determine  the  density  function  (in  our  case  it  was  roughly  the  central 
third),  if  only  the  first  few  reverberations  of  the  shock  wave  have  a 
significant  effect  upon  the  crack  distribution,  and  if  these  reverbera¬ 
tions  are  planar.  To  satisfy  these  requirements,  only  the  central, 
third  of  the  specimen  was  used  for  analysis. 


The  problem  discussed  here  is  that  of  determining  the  volume  density 
of  cracks  from  the  observed  areal  density  n(c,w,a).*  If  we  assume  that 
an  individual  crack  is  penny-shaped,  it  can  be  described  by  its  size, 
shape,  and  orientation.  A  convenient  way  to  describe  the  orientation  of 


* 


For  the  calculations  in  this  appendix,  the  variables  z,  x,  o  and  t 
which  are  related  to  shock  history  and  discussed  in  the  test,  are 
dropped  because  they  do  not  enter  into  the  transformation  problem, 
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r 


the  crack  plane  is  by  the  angle  of  inclination  c.o  of  the  crack  normal  to 
the  tensile  axis  (or  shock  direction)  and  the  angle  of  rotation  9  of  the 
normal  about  the  tensile  axis.  The  angular  relationships  of  6,o,  and  a 
are  shown  in  Figure  97  where  the  angle  y  is  also  defined.  In  the  special 
case  of  spherical  voids  only  the  radius  c  is  important.  The  present 
statistical  analysis  for  brittle  cracks  will  contain  the  spherical  void 
I  mode  of  fracture  as  a  special  case. 


o 


FIGURE  97 


CIRCULAR  CRACK  INTERSECTING  PLANE  OF  POLISH 


In  our  work,  observations  have  been  made  on  only  one  polish  plane 
in  the  specimens  so  that  we  have  only  the  experimental  variables  c,w,  and 
a.  Until  we  have  more  extensive  data  (such  as  from  sections  on  planes  of 
a  number  of  orientations)  it  is  desirable  to  make  assumptions  on  crack 
shape  and  orientation  to  reduce  to  two  the  number  of  parameters  needed 
to  describe  the  volume  distribution.  A  number  of  ways  to  do  this  are 
possible.  For  example,  an  elliptical  crack  shape  could  he  assumed  in 
which  the  aspect  ratio  is  a  function  of  the  angle  c;.  In  addition  the 
orientation  distribution  could  be  assumed  lo  have  a  direct  relationship 
to  the  metallurgical  structure  and  a  measured  distribution  of  cleavage 
planes.  Although,  within  our  experimental  limitations,  these  assumptions 
might  be  the  most  physically  reasonable,  they  also  lead  to  a  relatively 
complex  analysis.  Therefore,  as  elsewhere  in  this  study,  we  have  used 
the  simplest  assumptions  consistent  with  experimental  observation  and 
physical  intuition.  If  these  prove  inadequate  for  the  central  problem 
of  prediction  of  shock-induced  damage,  we  can  go  back  and  refine  the 
analysis  further. 

The  assumptions  of  the  analysis  described  below  are:  (l)  cracks 
are  circular  and  specified  by  crack  radius  R,  (2)  the  crack  distribution 
is  axisymmetric  with  respect  to  e>,  and  (3)  the  finite  crack  width  w  can 
be  ignored  in  the  statistical  analysis.  Assumption  (l)  is  not  as  un¬ 
realistic  as  it  might  first  appear  because  of  the  qualitative  observations 
that  most  cracks  have  small  inclination  angles  c,  and  the  stresses  are 
high  enough  that  the  crack  growth  velocities  are  probably  near  the  limit¬ 
ing  value  in  most  directions.  Assumption  (2)  is  plausible  for  polycrystal¬ 
line  materials  without  texture.  Assumption  (3)  will  be  satisfied  if  the 
crack  width  is  a  function  of  the  crack  radius  for  given  stress  conditions, 
as  is  the  case  for  ideal  penny-shaped  cracks  (Ref. 32).  Thus  the  problem 
of  this  appendix  is  to  compute  the  volume  density  of  cracks  p(R,co)  of 
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radius  R  and  inclination  cp  from  a  knowledge  of  the  areal  density  n(c,ty) 
of  cracks  with  intersection  trace  lengths,  2c,  and  apparent  inclination  a. 

1.  DERIVATION  OF  THE  TRANSFORMATION  EQUATION 

We  first  relate  n(R,cp,9),  the  number  of  cracks  with  specified  R,cp, 
and  9,  which  intersect  the  plane  of  polish,  to  the  volume  density  p(R,cp). 
Then  the  observed  areal  density  n(c,Q?),  which  is  a  function  of  apparent 
length  c  and  apparent  inclination  a,  is  related  to  n(R,cp,9).  These  rela¬ 
tions  lead  to  an  equation  between  areal  density  n(c,a)  and  volume  density 
p(R,cd).  This  equation  provides  the  required  transformation. 

The  surface  density  of  cracks  n(R,co,9)  is  related  to  the  volume  density 
p(R,cd)  in  two  steps.  If  the  crack  is  to  be  cut  by  the  plane  of  polish, 
that  plane  must  fall  within  the  length  2R  cos  y,  the  length  of  the  crack 
normal  to  the  plane  of  polish  as  shown  in  Figure  97.  The  number  of  cracks 
with  centers  in  that  volume  is  2Rp  (R,co,9)  cos  y  per  unit  area,  where 
p(R,CD,9)  is  the  volume  density,  which  is  not  necessarily  axisymmetric 
(independent  of  9).  Therefore 

n(R,co,9)  =  2Rp(R,co,9)  cos  y  (246) 

If  all  angles  9  are  taken  as  equally  probable,  then 

p(R,CD,9)  =  p(R,©)P(9)  =  p(R,ffl)  (247) 
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where  P(0)  is  the  probability  of  finding  a  crack  of  angle  6.  Therefore 


n(R,o,9) 


£  p(R.®) 

TT 


cos  y 


(248) 


From  Figure  97  the  following  relations  can  be  derived: 


tan  Of  =  cos  8  tan  cp 
tan  y  =  sin  6  tan  cp 


2  19) 


Since  co  and  a  are  sufficient  to  specify  the  crack  orientation  as  long 
as  the  orientation  of  the  polish  plane  is  fixed,  n(r,cc,9)  can  be  trans¬ 
formed  to  n(R,CD,a)  through  the  use  of  the  following  equations: 


n(R,a>,a) 


n(R,cp,9) 


(250) 


cos  y 


1  + 


2 

cos  a 


2  1-1/2 

cos  cc 


2  2 
cos  a  cos  cd  J 


(251) 


The  expression  for  cos  y  can  be  derived  from  Eq.  (249).  Combining  these 
results  with  Eq.  (248)  leads  to 


n(R,cp,  O0 


R  P(R,  cp) 


12  2 
.  COS  U  -  COS  CD 

1  +  - 2 - 2 - 1 

cos  0;  cos  cp 


( 252) 
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From  the  first  of  Eqs.  (249)  we  can  also  compute  the  Jacobian  of  the 
transformation . 


i 

> 


cos  Ot 


-  cos  tp 


2  2 
cos  O'  -  cos  cp 


T 

2 


and  n(c,o)  can  be  related  to  n(R)Cp|Q,') 


n  (c  ,0!) 


oo  7T/2 


Rcpa)  n(R,cp,0')  dRdcp 


c  a 


(253) 


( 254) 


where  P(c|RcDQ,)is  the  probability  that  if  a  crack  of  R,C3,  and  a  is  inter¬ 
sected,  the  trace  will  be  of  length  2c,  Now  the  probability  is  derived. 

Suppose  r  is  the  radial  distance  of  the  crack  trace  from  the  crack 

6r 

center.  Since  the  probability  of  intersection  at  r  ±  —  is  proportional 
only  to  6r,  it  is  easy  to  derive 

P  (cl  R ,  Cp ,  Of)  =  - _  ~  (255) 

1  a/2  2 

R  >  R  -  c 

Thus  from  Eqs.  (252),  (253),  (254),  and  (255)  we  have  the  desired  trans¬ 
formation  equation: 
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Equation  (256)  is  an  integral  equation  for  p(R,cc),  and  a  method  for  its 
solution  is  described  in  the  next  section. 

An  equation,  similar  to  Eq.  (256)  was  derived  by  Kaechele  and  Tetelman 
(Ref.  30)  who  considered  the  same  problem  but  adopted  the  simplifying 
assumption  that  the  probability  that  a  crack  will  intersect  a  polished 
surface  parallel  to  the  tensile  axis  is  independent  of  the  crack  orienta¬ 
tion.  This  assumption  is  equivalent  to  assuming  that  a  tilted  crack  is 
elongated  in  such  a  way  that  its  shape  projected  on  the  plane  of  the 
shock  front  remains  a  circle.  In  terms  of  this  analysis,  their  result 
is  then  obtained  by  dropping  the  cos  y  term  from  Eq.  (248).  The  con¬ 
sequences  of  their  convenient,  but  unrealistic  assumption  have  not  yet 
been  examined  in  detail,  but  can  be  expected  to  lead  to  appreciable 
error  in  materials  where  many  cracks  of  large  inclination  cd  are  observed. 
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2. 


SOLUTION  OF  THE  INTEGRAL  EQUATION 


The  objective  is  to  determiiie  the  volume  distribution  p(R,cp)  from 
the  surface  distribution  n(c,o)  by  solution  of  the  integral  equation, 

Eq.  (256).  The  procedure  used  is  a  generalization  to  two  dimensions  of 
the  matrix  inversion  method  reported  by  Scheil  (Refs.  56,  57)  and  Saltykov 
(Ref.  58)  for  computing  the  volume  density  of  spherical  particles. 

To  simplify  notation  in  Eq.  (256),  define  for  R  5  c  and  cp  >■  a 


Gfa,c,R,cp)  s 


c  cos  cp 
7T  cos  01 


1  + 


cos^Of  -  coszcp\ 


2  2  I 

cos  Of  cos  cp  / 


.  2  2  .  .2  2.  )  2 

(cos  0!  -  cos  cp)  (R  -c  )  ( 


2 

c  sec  Of 


!  2  2  2  2  2  2 
(1  +  tan  cp  -  tan  a)  (tan  cp  -  tan  Of)  (R  -c  ) 


(257) 


Define  G(R,cp,c,o)  =  0  for  R  <  a-  Then  the  integral  equation  to  be  solved 
is 


00  tt/2 

n(c,of)  =  J  J  G(r,cd,c  ,of  )p  (R  ,cp)dRdcp  (258) 

c  a 


The  solution  is  carried  out  by  discretizing  the  functions  n  and  p  into 

matrices.  These  matrices  are  N  and  p  ,  defined  as  follows 

ij  rs 

(259) 


i 


Vi  cs+i 


I*  I 


dR  o  (R.9) 


(260) 


that  is,  p  is  the  number  of  cracks  per  unit  volume  with  orientation  cp 
rs 

between  a  and  a  and  radius  R  between  c  and  c  •  The  limits  are 
r  r+1  s  s+1 

expressed  in  terms  of  a  and  c  to  emphasize  that  the  same  intervals  are 

r  s 

chosen  for  m  and  a,  and  for  c  and  R.  These  matrices  N  and  p  are  re“ 
T  ij  rs 

lated  through  a  tensor  equation  analogous  to  Eq .  (258). 


N,  =  L,  a.  p 

ij  rs  1Jrs  rs 


(261) 


The  elements  of  the  tensor  a  are  found  as  follows.  Replace  n(c,a) 

ijrs 

in  Eq.  (259)  by  its  value  in  Eq.  (258)  to  obtain 


^i+l  °j+l  00  tt/2 


N  =  J*  da  J*  dc  J  dR  J  dcpG  (R  ,cp,  c  ,Qf  )p  (R  ,cp) 


(262  ) 


“i  "j 


C  Of 


Now  change  the  order  of  integration,  discard  terms  that  go  to  zero,  and 
obtain 


ij  J  J  ^  J 

c .  a.  c 

ff/2  c  a.  ,  R 

y  J+l  1+1 

+  J  dcp  J  dR  /  dQ|d 

0!  c  $  c 

1+1  j  “i  Ci 


dc  G(R,cp,c,0!)  p  (R,cp) 


dc  GCR.cp.c.a)  p(R,cp) 


:*«  :  !  >i 


+  J*  dcp  J*  dR  Jda  j  < 
al  cj+l  ai  cj 


dc  G(R,cp,  c,a)  p  (R,cp) 


ff/2  oo  &  c 

/•  /•  -i+1  „J+1 


+  J  Cicp  J  dR  J  da  J  dc  G(R,cp,c,a)  p  (R,cp) 


oj.  , ,  c .  a  c 
i+l  j+l  a  Cj 


•  ■«*  step  is  to  perform  the  two  outer  intogl.als  ^  ^ 

intervale  used  to  define  .  Then,  by  coppering  Eqs.  (260,  (261),  and 

(263),  we  find  the  elements  of  a.  a,e  ratios  of  this  type 


01  ,  .  C  /V  C 

f r+i  rs+1  ?i+i  f, 

l dtc  K 


dc  G(R,cp,c,o;)  p  CR,cp) 


X _ s  ~i 


«  .  c 

r r+ 1  _  s+1 


J'-rf. 

0!  ■'c 

r  s 


dR  p  (R,cp) 


where  r  >  i  and  s  >  i 


For  terms  in  which  i  =  r,  the  upper  limit  for  the  integral  over  a  must 


be  replaced  by  co-  Similarly,  for  terms  in  which  j  =  s,  the  upper  limit 
in  the  integral  over  c  must  be  replaced  by  R.  Formally,  the  problem  is 

solved  by  evaluating  Eq .  (263)  for  the  matrix  elements,  computing  the 

-1 

inverse  matrix  a  ,  and  writing  the  solution  as 
i  jrs 


P  =  \  a  *  N 
ij  Z-f  i.irs  rs 
r  s 


^263  ) 


3.  EVALUATION  OF  THE  MATRIX  ELEMENTS 

The  a  can  be  easily  evaluated  if  the  intervals  fiar  and  6c  are 

i  jrs 

chosen  small  enough  that  over  each  interval  p(R,cp)  can  be  considered  to 
be  constant.  In  this  case  p(R,cp)  can  be  cancelled  out  of  the  terms  in 
Eq .  (264),  and  we  are  left  with  integrals  such  as 

a  = 

ijrs 


Ci  _  c  ,  a  ,  c 

i  ('  fs  f  r3*1 

"J  dRJ  aaj  - 


c  sec  o:  dc 


j  (l+tan'cp-tan^O!)  (tan^cp-tan^a)  (R2-c2) 


ot 


a 


c . 
j 


(  266) 


which  are  independent  of  the  form  of  the  distribution.  This  integral  can 
be  separated  into  two  independent  parts,  one  containing  length  variables 
and  one  with  angle  variables,  as  follows: 


F  G 
js  ir 

a  =  - 

ijrs  2rr6cy  6c 
r  s 


(267) 
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where 


(268 


and 


G 

ir 


O'  O' 

r+1  .  i+1 


/  -/  - 


a 


a . 


2 

_ sec  gdot _ 

~2  2  ~  2  2  .1/2 
[(1  +  tan  cp  -  tan  a) (tan  cp  -  tan  ojj 


(269) 


Equations  (268)  and  (269)  are  written  for  the  cases  s  >  j  and  r  >  i.  For 
s  =  j  and  r  =  i,  the  upper  limit  of  the  inner  integrals  are  R  and  cp, 
respectively.  F  and  G  are  zero  for  s  <  j  and  r  <  i.  The  value  of  F  can 
be  obtained  analytically.  For  s  >  j 


F 

js 


2 

c 

J 


/2  2 
c  +  /c  -  c  . 

s+1  s+1  J 

2 

+  c  log 

J+l 

/  2  2 

c  i  +  /c  -  -  c 

s+1  y  s+1  J+l 

c  +  /c2  -  c2 

c  +  /c2  -  c2 

s  V  s  j 

S  Vs  j+l 

(270) 
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For  s  =  j 


JJ 


/  2  2  2 

c  /  c  -  c  -  c  log 

j+1  v  j+l  j  j 


/  2  2 

C  !  +  /C  -1  “  c  . 

j+1  J  j+1  j 


(271 ) 


To  integrate  Eq .  (239)  it  is  convenient  to  replace  a  by  the  variablt 


-1/tan  a 

u  =  sm 


i  tan 


tP 
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With  this  transformation  Eq .  (269)  becomes 


ir 


a  ,  a.  , 

-  r+1  p  l+l 

’  J  dtpi 


du 


a 


4  [ 


2  2 

1  +  cos  u  tan  cp 


1/2 


’273  ) 


When  11'  lor  of  integration  is  reversed,  the  inner  integral  can  be 
eval;  lyticaliy. 


v  ■  J 


arcsin( tana  /tana  „ ) 
i+1  r+1 


arcsin(tana  /tana  ^) 
i  r+1' 


co=a 

f  1  1 

du  I 
sin  u  J 


cp=a 


d[arc  sin  (sin  u  sin  rp)] 


(274) 


The  limits  of  integration  and  the  meaning  of  the  reversal  of  order  of 
integration  may  be  visualized  with  the  aid  of  Figure  98.  In  Figure  98a 
the  region  of  integration  in  the  a-cp  plane  is  shown.  Each  numbered  tri¬ 
angle  or  square  represents  a  region  of  integration  for  one  element  of  the 

G  matrix.  The  transformed  areas  are  shown  in  Figure  98b  in  the 
ir 
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a.  REGION  OF  INTEGRATION  b.  INTEGRATION  REGION 

IN  a  -  0  PLANE  IN  u  -  0  PLANE 


0 

c.  A  TYPICAL  SEGMENT  OF  THE  REGION  OF 
INTEGRATION  IN  THE  u  -  0  PLANE 

GA-8678  77 

FIGURE  98  REGION  OF  INTEGRATION  FOR  COMPUTING  ELEMENTS 
OF  THE  ANGLE  FUNCTION,  G;r 


u-cp  plane.  A  typical  numbered  element  is  shown  in  Figure  98c  with  its 
u-cp  coordinates  labeled.  The  inner  integral  in  Eq.  (274)  is  evaluated 
over  a  strip  such  as  B;  then  the  outer  integral  is  evaluated  by  adding 
together  values  from  all  strips.  It  is  apparent  from  Figures  98b  and  98c 
that  the  simple  limits  given  in  Eq.  (274)  for  the  inner  integral  must 
be  modified  for  strips  such  as  A  and  D.  The  combination  of  numerical 
and  analytical  integration  required  to  obtain  was  written  into  a 

small  computer  program  called  ANGLINT;  it  is  described  in  the  next 
appendix. 

Following  computation  of  F  and  G  ,  a  was  obtained  from 

js  ir  ijrs 

Eq .  (267),  and  Eq.  (265  )  was  used  to  obtain  p(R,cp).  The  results  of  some 
sample  calculations  are  given  in  the  following  subsection. 

4.  EXAMPLE  VOLUME  DIST1  ALCULATED 

FROM  SURFACE  DISTRI1 

The  computer  programs  called  BABS  2  and  ANGLINT,  which  were  written 
to  compute  the  volume  distribution  of  cracks  p  ,  are  described  in 

ij 

Appendix  X.  Here  we  give  an  illustrative  example  of  results  from  such 
computations . 

The  example  is  an  artificial  case  selected  to  test  the  computer 
routines.  In  Eq.  (256)  we  see  that  the  integral  is  appreciably  simpli¬ 
fied  if  p(R,cp)  is  assumed  to  be 


p(R,cp) 


2 

4R  tan  cp  sec  cp 

2 

R 

m 


(275 
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for  0  ^  cp  S  45°  and 


p(R.cp)  =  0 


276 


for  cd  >  45°,  where  R  is  the  maximum  crack  radius.  In  this  case  Eq .  (262 

m 

can  be  easily  integrated  to  yield 


ij  2 

3ttR 

m 


3/2  , 

/  2  2  \  /  2  2 

R  -  C  -  R  -  C 

\  m  j  I  V  m  j+1 


3/2 


tana 

i+1 

X  J  i’ll  1 2 

tana 


L 

/ 


1 3  -  2y 2  +  2(2  -  3y~  4  y 1  j 


1/2 


dy  (27?; 


Furthermore,  Eq .  (261 )  can  be  integrated  to  yield  the  volume  distribution 
of  cracks 


Pij 


r  *  / 


j+i 


dR  p  ( R ,  cp ) 


cp. 


2  2  2  2  2 
R  -  R  )(tan  cp  -  tan  cp  ),  R 
j+1  j  i+1  i  m 


278  ) 


for  R  R  and  cp  s  45°, 
m 

Thus,  we  get  a  good  test  of  the  computer  routine  if  we  assume  that 
we  observed  a  surface  distribution  given  by  Eq.  (277  j ,  and  then  compute 
the  values  of  the  volume  distribution  p.  .  fi  im  Eq.  '265)  with  the  computer 
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routines.  These  results  may  then  be  compared  with  the  "true''  values  ob¬ 
tained  from  Eq.  (278).  This  has  been  done;  the  results  are  shown  in 
Figure  99.  In  this  figure  we  plot  the  crack  angle  distributions  summed 
over  all  lengths,  namely, 


(  279) 


and 


N  =  £  N.  . 

1  J  LJ 


(280) 


and  the  crack  length  distributions  summed  over  all  angles,  namely, 


P 


J 


(281) 


and 


N  =  E  N  (282) 

j  ij 

Good  agreement  is  attained  between  the  computed  and  the  "true" 
curves,  indicating  that  the  computer  code  functions  properly. 

This  example  is  particularly  interesting  because  the  angle  distri¬ 
bution  happens  to  be  very  similar  to  those  discussed  by  Kaechele  and 
Tetelman  (Ref.  30 )  as  being  of  the  type  expected  in  Armco  iron  because 
of  the  distribution  of  cleavage  planes  in  that  material.  However, 

Kaechele  and  Tetelman  measured  an^le  distributions  that  differed  from 
the  expected  ones;  the  normals  to  the  crack  planes  were  grouped  at 
smaller  angles  to  the  major  principal  stress  direction  than  expected. 

Our  measurements  in  Armco  iron  also  show  this  effect,  and  examples  of 
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FIGURE  99 


TEST  CASE:  COMPUTED  VOLUME  DISTRIBUTIONS  COMPARED  WITH  TRUE 
VOLUME  DISTRIBUTIONS.  The  discrepancy  is  too  small  to  be  resolved  in 
these  graphs. 


volume  distributions  calculated  from  observed  surface  distributions 
with  the  computer  program  BABS  2  are  given  in  the  text. 

Another  test  of  the  BABS  2  program  is  that  it  should  yield  results 
identical  to  the  BABS  1  program,  which  was  developed  earlier  (Ref.  12) 
for  ductile  spherical  voids,  if  the  cracks  are  assumed  to  be  independent 
of  angle  and  to  have  only  a  size  distribution.  This  case  was  computed, 
and  the  results  were  found  to  indeed  agree  with  the  results  of  the 
BABS  1  computation. 

In  summary,  the  BABS  2  program  for  converting  observed  surface  dis¬ 
tributions  of  crocks  to  volume  distributions  has  been  tested  and  has  been 
found  to  function  satisfactorily. 


NOMENCLATURE  FOR  APPENDIX  IX 


transformation  factor  dependent  only  on  R  and  c,  cm 


transformation  factor  dependent  only  on  rp  and  a 


G(Q%c,R,cp)  transformation  factor 


areal  density  of  cracks  within  the  ith  interval  in 

tv,  2 

cp  and  jLU  interval  in  c,  number/cm 


radius  of  crack,  cm 


fourth  rank  tensor  relating  areal  and  volume  crack 


densities 


half  length  of  crack  trace  on  a  surface,  cm 


observed  areal  density  of  cracks,  number/cm 


observed  crack  opening,  cm 


direction  on  plane  of  polish  perpendicular  to  direction 
of  propagation 


direction  perpendicular  to  plane  of  polish 


direction  of  shock  propagation 


observed  angle  of  inclination  of  normal  to  crack 
with  respect  to  z  axis 


inclination  to  x-y  plane  of  line  in  crack  plane 
perpendicular  to  crack  trace  on  plane  of  polish 


<y  -a 
i+1  i 


c .  .  ~  c 
J+l  J 


If 


350 


Appendix  X 


Statistical  Analysis  Program:  BABS  2 

1.  LISTING  AND  FLOW  CHARTS  FOR  BABS  2 

BABS  2  is  a  computer  program  that  carries  out  the  procedure  outlined 
in  Appendix  IX.  It  analyzes  surface  count  data  from  partially  fractured 
specimens  and  converts  these  numbers  to  volume  count  data.  The  storage 
required  is  about  31,500  (octal)  words,  and  the  running  time  per  problem 
on  SRI's  CDC  6400  is  about  7  seconds.  BABS  2  is  an  extension  of  the 
spherical  void  count  program  BABS  1  reported  earlier  (Ref.  12). 

Another  small  program,  ANGLINT,  evaluates  certain  integrals  over 
the  crack  orientation  angle  intervals  that  are  chosen  in  the  original 
surface  count.  The  angle  integrals  are  those  appearing  in  Eq.  (269)  of 
Appendix  IX.  The  results  from  ANGLINT  are  punched  on  data  cards  and  are 
used  as  input  to  BABS  2.  If  the  chosen  crack  orientation  angle  intervals 
are  the  same  for  several  different  experimental  specimens,  the  same 
ANGLINT  results  may  be  used  as  BABS  2  input  for  all  these  specimens. 

In  the  cases  reported  in  this  report,  we  have  chosen  either  10  or  20 
angle  intervals  between  0°  and  90°.  The  storage  required  for  ANGLINT 
is  about  13,000  (octal)  words,  and  the  running  time  is  about  20  seconds, 
or  about  three  times  that  for  BABS  2.  It  is  therefore  efficient  to 
maintain  the  same  angle  intervals  from  specimen  to  specimen  and  thus  to 
minimize  the  number  of  times  that  ANGLINT  must  be  run. 

The  output  of  ANGLINT  consists  of  a  table  of  values  for  G  of 

lk 

Eq.  (269)  in  Appendix  IX,  where  G  is  called  GS(l,K)  in  the  program 

ir 

listing.  To  save  memory  location,  the  matrix  GS(l,K)  is  relisted  as 
the  quantity  GT(l),  a  vector  containing  all  the  nonzero  terms  in  GS(l,K). 


In  this  vector  L  =  (i-l)  ■  (K  -  1/2)  +  K,  and  where  L  runs  from  1  to 

max 

(I  -l)  •  (K  -I  /2)  i-  K 
max  max  max  max 

In  this  appendix  we  give  program  listings,  flow  charts,  and  glos¬ 
saries  for  BABS  2  and  for  the  auxiliary  program  ANGLINT. 

2.  SAMPLE  COMPUTATION  WITH  ANGLINT  AND  BABS 

In  the  following  pages  are  the  printout  from  an  ANGLINT  run  and  the 
printout  from  a  BABS  2  run  for  Armco  iron  shot  S25. 

There  is  no  input  to  ANGLINT.  The  output  is  simply  the  GT  array, 
which  is  printed  (as  shown)  and  punched  on  cards. 

The  BABS  2  printout  includes  a  list  of  all  input  data,  in  a  form 
similar  to  the  input  for  convenience.  The  input  includes  a  line  of 
identification,  the  GT  array  from  ANGLINT,  the  crack  radius  information, 
the  number  of  zones  and  number  of  photos.  Then  for  each  zone,  the  area 
of  the  zone  on  each  photo  and  the  crack  counts  are  listed  as  shown.  The 
table  of  crack  counts  contains  elements  for  each  angle  interval  (j)  and 
radius  interval  (i).  These  count  data  are  normalized  according  to  the 
areas  and  smoothed  to  produce  the  NAC  table  shown  for  the  same  intervals 
of  angle  and  radius.  The  transformation  produces  the  NPR  table,  the 
volume  distribution.  For  convenience  the  NPR  values  are  summed  over  all 
angles  to  produce  the  NPR  (LEN)  vector  at  the  end  of  the  listing.  Only 
the  printout  for  the  first  zone  is  shown. 
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PROGRAM  BABS2  1  OUTPUT , I NPUT ,T APE5  = 

INPUT, TAPE6=0UTPUT,TAPE4) 

BAD 

0010 

01  MENS  ION  FS(  10, 10) ,GS( 10, 10), AS! 

55,55  ),NPR(10,10),NAC(10,10), 

BAB 

0020 

1GT I  55) ,A(  10),C(ll) .AREA (10) ,NAC1  ( 1 0 , 1 0 , 1 0) 

, NACN( 10,10, 

10) 

BAB 

0030 

2  , AVG( 10,10) 

BAB 

0040 

c 

BAB 

00  50 

c 

NA  IS  NUMBER  OF  ANGLE  INTERVALS  BETWEEN  0  AND  PI/2 

BAB 

0060 

c 

BAB 

00  70 

c 

NUMBER  OF  RADIUS  INTERVALS  IS  10 

BAB 

OOBO 

c 

BAB 

0090 

c 

GS»AS,NPR»NAC*GT»  ABOVE  SHOULD  BE 

GS(NA.NA) 

,AS(NF,55),NPR(NA,10), 

BAB 

0100 

c 

NAC(NA.IO),  ANO  GT(NF) 

BAB 

0110 

REAL  N AC , NPR , NACN 

BAB 

0120 

NA  =  10 

BAB 

0130 

NF  =  NA*(NA«-l)/2 

BAB 

0140 

A(  1  )  =  1 OH  DATE  = 

BAB 

0150 

CALL  S DAT E( DAT) 

BAB 

0160 

A( 2 )=OAT 

BAB 

0170 

c 

READ  GENERAL  HEADING  CARD 

BAB 

0 1  BO 

100 

READ  ( 5, 1604)(A(I) ,1=3,10) 

BAB 

0190 

IF  l EOF  , 5 )  102,103 

BAB 

0200 

10? 

STOP  20102 

BAB 

0210 

103 

WRITE  (6,1611) 

BAB 

U220 

WRITE  (6,  1604)  (All), 1  =  1, 2) 

BAB 

0230 

WRITE  (6,16041 (A( I ), 1=3, 10) 

BAB 

0240 

c 

READ  ANGLE  FUNCTION  GS(I.K)  IN 

A  LINEAR 

AKRAV  (FROM 

ANGL1NT) 

BAB 

0250 

RE  AO (5, 1600) (GT(L) ,L=1,NF) 

BAB 

0260 

IF  (NF  . LE •  10)  105,107 

BAB 

0270 

105 

WRITE  (6,1602)  (GT ( L 1 ,L=l , NF ) 

BAB 

02  BO 

GO  TO  109 

BAB 

0290 

107 

WRITE  (6,1602)  (GT(L ) ,L=l ,10) 

BAB 

0300 

WRITE  (6,1606)  (GT(L),L=11,NF) 

BAB 

0310 

109 

CONTINUE 

BAB 

0320 

r 

READ  C ( 2 )  -  FIRST  LENGTH  INTERVAL,  RATIO 

-  THE  RATIO 

UE  SUCCES-BAB 

0330 

c 

SIVE  INTERVALS,  NZUNES  -  NO.  OF 

ZONES  UN 

EACH  PHOIO, 

NPHOTUS. 

BAB 

0340 

RF AO  (5,1601  )  A 1 , C ( 2  I ,A2, RATIO, A3, N2 ONES,  A4, 

NPHOTQS 

BAB 

0350 

WRITE!  6, 1601)A1,C(2) , A2 ,R AT  10, A 3.NZ0NES , A4 , 

NPHOTOS 

BAB 

0360 

DA =3.1416/(2 *N A) 

BAB 

0370 

L=0 . 

BAB 

0  3d0 

00  110  1=1, NA 

BAB 

0390 

DO  110  K= I , NA 

BAB 

0400 

L*L  +  1 

BAB 

0410 

110 

GS ( 1 ,K ) =GT 1 L  ) 

BAB 

0420 

C(  1»  =  0. 

BAB 

0430 

DC  *C  ( 2  ) 

BAB 

0440 

DO  111  J*3,  11 

BAB 

04  50 

DC  *0C^RAT1  0 

BAB 

0460 

111 

C(  J)«C( J-1MDC 

BAB 

04  70 

PRINT  1609, (C( J) ,J=1 ,11) 

BAB 

0400 

c 

SET  FACTORS  FUR  SMOOTHING  THE  RAW  DATA 

BAB 

0490 

FA=0.7  t  FB=0.075 

BAB 

0500 

WRITE  (6,1704)  FA.FB 

BAB 

0510 

c 

COMPUTE  SUE  FUNCTION  FS(J.M) 

BAB 

0520 

SR1=SK2=SR3=SR4=SR5=0. 

BAB 

0530 

00  200  J=l,  10 

BAB 

0540 

00  160  M=J  ,  10 

BAB 

0550 

CJ=C(J) 

BAB 

0560 

CJ P=C(  J«-l) 

BAB 

0570 

CM=C(M) 

BAB 

05  80 

CMP=C(  M+  1) 

BAB 

0590 

IF(M.NE.J)  GO  TO  120 

BAB 

0600 

IF  (CJ.NE.O.)  GO  TO  115 

BAB 

0610 

FS( J.MJ-CJP/OA 

BAB 

0620 

GO  TO  150 

BAB 

06  30 

115 

SR  1  =  S0RT(CJP*CJP-CJ*CJ) 

BAB 

0640 

FS( J,N)=(CJP*SR1-CJ*CJ*ALUG( (CMP* SKI )/CJ) ) / ( DA*( C JP-C J ) ) 

BAB 

0650 

GO  TO  150 

BAB 

0660 

LISTING  OF  PROGRAM  BABS2 
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iao 

SR2=SQRTICMP*CMP-CJ*CJ) 

BAB 

06  70 

SR3*  SURT  I CM*CM-C J*C J  > 

BAB 

0 680 

SR4=SQRT ICMP*CMP-C JP*CJP) 

BAB 

0690 

SUH*ICMP*SR2-CM*SK3-CMP*S'-  V-CJ*CJ*ALUGl  ICMP+SK2 )/ ICM*SR3 >  1  1 

BAB 

0  700 

IF ( M.NE . ( J* l ) )  GO  TO  130 

BAB 

0710 

FSI J,M)=I  SUM*CJP*CJP*ALUGI t  CMP *SR4 )/CH ) ) /  l  DA* I CMP-C M I ) 

BAB 

0720 

GO  TO  150 

BAa 

0730 

130 

SR5*SQRT(CM*CM-CJP*CJP) 

BAB 

0740 

FSI  J  »  M )  =  I SUM+C  M*SR  5*C  JP  *C JP* ALOG 1  1  CMP  +  SR4  ) / I CM+SR5 )  )  )/  .  0A*< 

BAB 

0750 

1CMP-CM) ) 

BAB 

0760 

150 

CONTINUE 

BAa 

0770 

160 

CONTINUE 

BA  B 

07B0 

700 

CONT INUE 

BAU 

0790 

c 

COMPUTE  TRANSFORMATION  MATRIX  ASII.K.J.M) 

BAB 

0800 

DO  400  J*l,  10 

BAB 

08  IJ 

DO  390  M=J  , 10 

BAa 

0820 

DO  380  I =1 ,  NA 

BAB 

08  3'- 

00  370  K*I,NA 

BAB 

0840 

L*K*( I -1 l*NA-l ( 1-11*11/2 

BAB 

0850 

N=M*I J-l 1*10-1  I J-l)*Jl/2 

BAb 

0860 

ASIL,NI=GSI I ,K) *FSI J.MI/6.  28  32 

BAB 

08  70 

370 

CONTINUE 

BAB 

08  80 

380 

CONTINUE 

BAB 

089U 

390 

CONTINUE 

BAB 

0900 

400 

CONTINUE 

BAU 

0910 

c 

CUMPUTE  VOLUME  DISTRIBUTION  OF  CRACKS  NPKII.J) 

BAB 

0920 

c 

READ  AND  WRITE  DATA  FUR  EACH  ZONE 

uAB 

0930 

DO  1000  NZ*1 ,NZUNES 

BAB 

0940 

PRINT  1611 

BAB 

09  50 

IFdPH0T0S.LE.7  1  651,652 

BAd 

0960 

651 

READ  (  5,1802)  A1.A2,  I AR EA I  1 1 , 1  =  1 ,NPHU TOS 1 

BAB 

0970 

WR  I  TE  I  6, 1802  1  AI.A2,  (  AREA!  I  )  ,  1*1  .NPHUTCJS) 

BAB 

09a0 

GO  TO  653 

BAB 

099U 

652 

READ  (5,1802)  A1.A2,  I  ARE A ( K ) , K=1 , 7 ) 

BAd 

1000 

WR I TE (6 , 18  02 )  Al,A2,  I  ARE A I K) , K= l,  7) 

BAB 

1010 

READ  (  5,  1803)  1  AREA  1 K) , K«8, NPHOTOS ) 

BAU 

1020 

WRI TF ( 6 , 1 8  0  3 )  ( ARE A( K) , K>8, NPHOTOS) 

BAd 

1030 

653 

PRINT  1 804, I M, M* 1 , 10 ) 

BAB 

IU40 

DO  660  K-l, NPHOTOS 

BAd 

1050 

READ  (41  A1.A2, ( IN AC (( J,  !,K) ,1s 1 ,NA) ,J~l ,10) 

BAB 

1060 

PRINT  1805,  A1,A2,(J,(  fLACI  (  J ,  I  ,K  ) ,  1  *  l  ,  N  A )  ,  J  *  1 ,  1 0) 

BAd 

1070 

C 

NORMALIZE  ALL  NACI  TO  NACN  FOR  AREA (AVERAGE  OVER  PHOTOS 

BAB 

luBO 

DO  660  1*1, NA 

UAB 

10  >0 

DO  660  J*l,10 

BAB 

1100 

NACNI  J,  I  ,K  I  *NAC  1 1  J,  I  ,K  )  /  AR EAIK ) 

BAB 

1110 

660 

CONTINUE 

BAB 

1120 

DO  710  1=1, NA 

BAB 

1130 

00  710  J*l,  10 

BAB 

1140 

SUMNACN*0. 

BAB 

1150 

DO  705  K*l, NPHOTOS 

BAU 

UoO 

SUMNACN=SUMNACN»NACN( J,  I  ,  K) 

BAB 

11  70 

705 

CONTINUE 

BAB 

lido 

NACI I , J1=SUMNACN/ NPHOTOS 

BAd 

1190 

710 

CONTINUE 

BAB 

1200 

00  730  1*1, NA 

UAB 

1210 

DO  730  J*1,10 

BAB 

1220 

AVG( I , J ) *F A*NAC I  I , J ) 

BAB 

1230 

IF  (I  .GT.  1)  AVGI 1 , J) * AVGI l» J) *F B*NACI I— 1 • J ) 

BAB 

1240 

IF  (I  .IT.  NA)  AVGI I,JI*AVG(I, J ) *FB*NAC ( I *1  ,J) 

BAB 

1250 

IF  IJ  .GT.  1)  AVG(I,J)*AVG(I,J)*FB*NAC(  I, J-l) 

BAB 

1260 

IF  (J  .LT.  10)  AVGI I,J)=AVG(I,J) ♦FB*NAC 1 1 , J  +  l ) 

BAB 

1270 

730 

CONTINUE 

BAb 

12  BO 

DO  750  1*1, NA 

BAB 

1290 

DO  750  J*l,10 

BAB 

1300 

NAC(!,J)=FA*AVGU,J) 

BAd 

1310 

IF  (I  .GT.  1)  NACII,J)»NACII,J)*FB*AVGII-l,J) 

BAB 

1320 

IF  II  .LT.  NA)  NAC(1, Jt-NACII,  JI*FB*AVG( l*l,J> 

BAB 

1330 

IF  (J  .GT.  1)  NACI I , J ) *NAC 1 I , J)*FB*AVG I I , J-l ) 

BAB 

1340 

IF  IJ  .LT.  10)  NAC II,J)=NACII,J)»FB*AVGI 1 , J *1 ) 

BAB 

1350 

LISTING  OF  PROGRAM  BABS2  (Continued) 
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7*50 

CONT  INUE 

UA8 

1360 

WRITE  (6,1705) 

8AB 

1370 

WRITE  (6,1703)  (<NAC(I,J),  I-  1 ,  N  A) , J= 1, 10) 

BAB 

13dO 

DO  500  II=1,NA 

BA8 

1390 

l=NA*l-l  l 

B  Ad 

1400 

DO  490  JJ=  l,  10 

BAB 

1410 

J=11-JJ 

BAB 

1420 

Sl/M=0. 

BAB 

1430 

IE  (I  .EQ.  NA>  GO  TO  430 

BAB 

1440 

KK*  1  +  1 

BAB 

1450 

N* J ♦( J- l )* 10-1  ( J-l  )* J )/2 

BAd 

1460 

DO  425  K=KK ,NA 

BAB 

1470 

L  =  K  ♦( I  - 1  )*NA-(  ( I  - 1 )  *  I 1/2 

BAB 

1480 

425 

SUM=SUM*AS1L,N) *NPR< K, J) 

BAB 

1490 

430 

IF  (J  .EQ.  10)  GO  TO  460 

BAB 

1500 

MM= J+l 

BAB 

1510 

00  450  H=MM,10 

BAB 

1520 

N=M*( J-l  ) *10-1  I J-l ) * J) /2 

BAB 

1530 

DO  450  K= I , NA 

BAB 

1540 

L  =  K*( l-l >*NA-( I  1-1 >•!  1/2 

BAB 

1550 

450 

SUM=AS(L,N)*NPR(K,M)4SUM 

BAB 

1560 

460 

L= I ♦  ( l-l )*NA-(  I  1-1 )*l )/2 

BAB 

15/0 

N=J»(J-l)*lO-((J-l)*J)/2 

BAB 

1580 

NPRI  I,J l  =  (NAC(  I »J)-SUM)/AS(L*N) 

BAB 

1590 

490 

CONTINUE 

BAB 

1600 

500 

CONTINUE 

BAB 

1610 

WRITE  (6,1705) 

BAB 

1620 

WRITF  (6,1608)  (INPR(I.J),  1= 1 ,NA) , J=  l, 10) 

BAd 

16  30 

DO  800  J=l,  10 

BAB 

1640 

DO  800  I =2 , NA 

BAB 

1650 

BOO 

NPK ( 1 , J )  =  N  P  K ( l,  J)*NPR(  I,  Jl 

BAd 

1660 

WRITE  (6,1612)  1NPRI 1, J) ,J=1, 10) 

BAB 

1670 

1000 

CONTINUE 

BAd 

1680 

GO  TO  100 

BAB 

1690 

1600 

FORMAT  (  8E 1 0 . 3  ) 

BAB 

1700 

1601 

FORMAT(2(AIO,E 10.3)  ,2 (A  1 0, 1 10) ) 

BAd 

1 7 10 

1602 

FORMAT!/*  GT(L)  »  *,10E10.3) 

BAd 

1/20 

1604 

FURMATI 8 A 1 0 ) 

BAB 

1730 

1606 

F(1RMAT(10X,10E10.3) 

BAd 

1740 

1608 

FORMAT (2X,*NPR(  ANG.LEN)**,  10E12.3I 

BAB 

1750 

1609 

FORMAT!*  C  =  *» 1 1  El l .3/) 

BAB 

1/60 

1611 

FORMAT! 1HI,//I 

BAB 

1773 

1612 

FURMAT(///2X,*NPR(tEN)=*,4XflOE12.3/ ) 

dAB 

1780 

170  3 

FORMAT (2X,*NAC(  ANG, L  EN) =*,  10E 12. 3) 

BAB 

1790 

1704 

FORMAT ( 20X , *FA  =*,  E12.3,  10X,  *FH  =*,  E  12 . 3/ / ) 

BAB 

1800 

1705 

FORMAT!///) 

BAB 

1810 

1802 

FORMAT  (2A5.7F10.4I 

dAB 

1820 

1803 

FORMAT  (8F10.4) 

BAB 

1830 

1804 

FORMAT(//26X,*I=*,2X, 101 10/) 

BAB 

1840 

1805 

FORMAT(2X,2A10,5X,*J=*, 15, 101 l0/9< 27X,*J**, 15, 10 I 10/) ) 

BAB 

1850 

END 

BAB 

I860 

LISTING  OF  PROGRAM  BABS2  (Concluded) 


BABS  2 


This  program  transforms  surface  crack  counts 
to  volume  distributions  of  cracks,  grouped 
according  to  length  and  orientation. 


Head  in  problem  identification, 
GT(L)  arrary  from  ANGLINT,  smallest 
crack  size,  ratio  of  successive 
crack  size  intervals,  number  of 
zones  and  number  ol  photos. 

Compute  GS  matrix  from  the 
GT  array. 


Lay  out  crack  size  intervals. 


Compute  the  crack  length  portion 
of  the  tra isf orma t ion  matrix. 

Compute  4th  rank  tensor  AS  as 
a  product  of  GS  and  FS.  AS(L,N) 
is  a  compacted  form  of  the  full 
tensor. 


Read  in  data  for  one  zone  from  all 
photos.  Data  consists  of  area  of 
each  zone  and  counts  in  each  length 
and  angle  interval. 

Count  data,  NACI,  is  averaged  over 
photos  and  then  smoothed  twice  to 
produce  NAC  surface  distribution. 


Compute  volume  distribution,  NPR, 
from  surface  distribution,  NAC,  and 
transformation  matrix,  AS. 


End  of  loop  for  each  zone.  Return 
to  beginning  to  read  drta  for  next 
zone. 


FLOW  CHART  FOR  PROGRAM  BABS2  (Complete) 
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o  o 


PROGRAM  ANGL1NTIOUTPUT, PUNCH) 

DIMENSION  GSI20.20) ,AI50)  .GTI210I 

PROGRAM  COMPUTES  THE  ANGLE  FUNCTION  GStl.K)  FOR  USE  IN  bA6‘,  2. 
(CHECK  DIMENSIONS  OF  GT  (  NA*  ( NAM  I  U  )  AND  GS(NA.NA)  WITH  NA.  ) 
NA*20 

NF*NA*(NA*l)/2 
PRINT  1300 
DA*3.1416/(2*NA) 

N=  SO 

00  1000  I=1,NA 
00  900  K* I  *  NA 
ALPHA*  OA*  (  I -1 ) 

TANA*TAN( ALPHA) 

PHI =DA* ( K-l  ) 

TANP=T  AN( PHI ) 

UU*  3. 1416/2  . 

UL  =  0. 

IF  I  I.NE.l  .ANU.I.NE.NAI  UL*A SI N( TANA/ T AN! DA*K)  I 
IFIK.NE.I )  UU*ASIN(TAN(DA*I)/TANP) 

G*0. 

DU* I UU-UL I / ( 2 • *N ) 

U1=UU 

IFIK.NE.I)  U1=AS1N( TANA/TANP) 

U3=UU 

IFIK.NE. I ) U3* AS  IN  t  T  AN (OA * I l/TAN(OA*KI  ) 

00  200  J*1  ,N 
U«UL*(2*J-l.l*0U 
SINO=SIN(Ul 
PH  I L*  PH  I 

IF  (U  .LT.  UII  PHIL=ATAN(TANA/SINU) 

PH  I R=DA*K 

IF  (U  .GT.  U3 )  PHIK*ATAN(TAN(OA*I l/SINU) 

200  G*G*( AS  I N( SlNU*S INI PHIRI  1-AS IN ( S I NU* S I N(PH [L ) I t/SINU 

GS<  I ,K ) =( UU-UL )*G/N 
900  CONTINUE 
1000  CONTINUE 
L*0 

DO  1150  1*1, NA 
00  1150  K* I , NA 
L*  L  ♦  l 

1150  GT ( L I =GS ( I , K ) 

PRINT  1310, ( GT ( L ) ,L=1,NF) 

PUNCH  1310, (GT(L) ,L*1,NF  ) 

1300  FORMAT  (IH1,*  PROGRAM  ANGLINT  ♦) 

1310  FORMAT  (8F10.B) 

END 


ANG 

010 

ANG 

020 

ANG 

0  30 

ANG 

040 

ANG 

050 

ANG 

060 

ANG 

07G 

ANG 

080 

ANG 

090 

ANG 

100 

ANG 

110 

ANG 

120 

ANG 

130 

ANG 

140 

ANG 

150 

ANG 

160 

ANG 

170 

ANG 

180 

ANG 

190 

ANG 

200 

ANG 

210 

ANG 

22C 

ANG 

2  30 

ANG 

240 

ANG 

250 

ANG 

260 

ANG 

270 

ANG 

280 

ANG 

290 

ANG 

300 

ANG 

310 

ANG 

320 

ANG 

3  30 

ANG 

340 

ANG 

350 

ANG 

360 

ANG 

370 

ANG 

380 

ANG 

390 

ANG 

400 

ANG 

410 

ANG 

420 

ANG 

430 

ANG 

440 

ANG 

450 

ANG 

460 

LISTING  OF  PROGRAM  ANGLINT  (Complete) 
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i 


/ 


ANGL1NT 


Program  evaluates  double  integrals  to  provide  GS  array, 
a  factor  in  the  AS  transformation  matrix  of  BABS  2. 


Set  the  number  of  angle  intervals 
(NA)t  and  the  number  of  sub- 
intervals  (N)  into  which  each 
angle  is  subdivided  for  integra¬ 
tion. 

During  each  pass  through  the 
loop,  one  item  of  the  GS  array 
is  computed. 


Set  U-coordinates  of  all  four 
bounding  points  of  the  quadri¬ 
lateral  in  the  u  -  (0  plane. 


Within  loop,  divide  quadri¬ 
lateral  into  strips  and 
integrate  over  each. 


Compute  left  and  right  O 
values  for  each  strip. 


Compute  integral  for  each  strip 
and  sum. 


Compute  array  element  tor  each 
quadrilateral . 


Assemble  GS  into  a  vector  GT. 


Punch  GT  array  for  use  in 
BABS  2 


FLOW  CHART  OF  PROGRAM  ANGLINT  (Complete) 


P80G84M  49GLINT 


.2462331*  .12057959  .05820052  .03547799  .02250678  .01397291  .00806329  .00401032 
.00144948  .00020515  .12258476  .06233709  .04142169  .02502312  .01517297  .00863217 
.00425531  .00152963  .00021592  .09641648  ,06605313  .03195899  ,01814651  .00997320 
.00481393  .00170885  .00023970  .08438808  .05628409  .02498744  ,01269586  .0058772} 
.00203735  ,00028266  .07823(58  .04885218  ,01880168  .00794690  .00263444  .00035820 
.07523224  .04161387  .01269061  ,00380851  .00049805  .07373263  ,03282724  .00665216 
.00079279  « 77146699  .02132680  .00160207  .06330977  .00779506  .0341060} 


PRINTOUT  FROM  ANGLINT  FOR  NA  =  10 
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tf 


I  2  i 

< 


N*C(*NG,LEN 


NOMENCLATURE  FOR  APPENDIX  X 


A  ( I ) 

ALPHA 
AREA  (I) 

AS (I ,K ,  J ,M) 
C(I) 

FS(J,M) 

GS ( I ,K) 
GT(L) 

N 

NA 

NAC(I , J) 
NPHOTOS 
NPR(I ,J) 
NZONES 

PHI 

PHIL 

PHIR 


BABS  2  and  ANGL1NT  INPUT  and  COMMON  TERMS 

Label  In  ANGLINT  referring  to  region  of  integration. 

A (I)  appears  in  output  as  A,  B,  C,  or  I)  corresponding 
to  junctions  101,  102,  103  and  104  in  the  flow  diagram 
for  ANGLINT. 

angle  a  in  Appendix  IX 

O 

input-area  of  T ' th  zone  on  a  photo,  cnr 

transformation  matrix  from  surface  count  to  volume  count 
crack  size  c^ 

part  of  AS(I ,K ,  J  ,M)  referring  to  size  distribution 

part  of  AS (I , K,J  ,M)  referring  to  angle  distribution 

re-listing  of  GS(I,K),  L=(I-1)(K  -l/2)+K 

max 

number  of  intervals  used  to  evaluate  (G(I,K)  in  ANGLINT 
number  of  angle  intervals  between  0  and  n/2 

r> 

surface  crack  distribution  function,  number/cm^ 
number  of  photos  for  a  given  zone 
volume  crack  distribution  function,  number/cm^ 
number  of  zones  for  a  given  specimen 
angle  to  in  Appendix  IX 

lower  limit  of  integration  over  cp  in  ANGLINT 
upper  limit  of  integration  over  to  in  ANGLINT 
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U  u  =  sin-*  (tan  o^tan  cp)  ,  variable 
U1  an  intermediate  integration  limit 
U3  an  intermediate  integration  limit 


UL 

lower 

limit 

of 

integration 

over  U 

Ul' 

upper 

limit 

of 

integration 

over  U 

in  ANGLINT 
for  U  in  ANGLINT 
for  U  in  ANGLINT 
in  ANGLINT 
in  ANGLINT 
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